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Summary 

In the paper is p resented a new method 
f o r a c c e l e r a t i n g the convergence o f the 
s t o c h a s t i c app rox ima t i on method.which can 
be used as a mathemat i ca l techn ique to 
so l ve some l e a r n i n g p rob lems. 

1 . I n t r o d u c t i o n 

One of the main aims of contemporary theo­
ry o f a d a p t i v e , l e a r n i n g and s e l f - l e a r n i n g 
systems i s the u n i f i c a t i o n o f the p r o b ­
lems of a d a p t a t i o n , l e a r n i n g and s e l f - l e a r ­
n i n g from one p o i n t o f v i e w , i . e . t h e de ­
t e r m i n a t i o n o f the a p p r o p r i a t e mathema­
t i c a l t echn ique which would be ab le to 
s o l v e as l a r g e a c l a s s of problems as 
p o s s i b l e . T h e o r e t i c a l l y i t seems t h a t the 
t h e o r y o f s t o c h a s t i c a p p r o x i m a t i o n cou ld 
s o l v e t h i s p rob lem 9 1 4 . 

I n the l e a r n i n g problem o f d i v i d i n g 
i n p u t s i t u a t i o n s i n t o n c l a s s e s , i t i s pos­
s i b l e in a d e t e r m i n i s t i c case to cons ide r 
the l e a r n i n g - i s i s known 1 2 -as an a p p r o x i ­
ma t i on o f the f u n c t i o n , w h i c h d i v i d e s two 
d i s j o i n t c l a s s e s . L e t t h i s d e c i s i o n f u n c ­
t i o n b e w r i t t e n a s 

0 ) 
where x is an 1-d imens iona l v e c t o r and y 
i s a q u a n t i t y showing the c l a s s to wh ich 
a p a t t e r n b e l o n g s . I n the s t o c h a s t i c f o r ­
m u l a t i o n o f the problem where the c o n d i ­
t i o n o f d i s j o i n t c lasses i s not r e q u i r e d , 
y can be taken as the p r o b a b i l i t y t h a t x 
be longs to one c l a s s and 1-y is the p r o ­
b a b i l i t y t h a t x belongs t o another c l a s s . 
The f u n c t i o n f in equa t i on (1)can be ap­
p rox imated by the f i n i t e expans ion 

where is an n -d imens iona l v e c t o r o f 
c o e f f i c i e n t s , (p(2)iB an n -d imens iona l vec ­
t o r o f l i n e a r independent func t ions and 
T s tands f o r t r a n s p o s i t i o n . L e t P) be an 
unknown p r o b a b i l i t y d e n s i t y f u n c t i o n o f 
t he observed v e c t o r "x\A measure of the 
a p p r o x i m a t i o n of i(t) t h rough c2) can be 
p rov i ded by t he mean va lue o f any s t r i c t ­

l y convex f u n c t i o n / " w i t h argument f£u;-ftf))* 
Then we can w r i t e the measure of the ap-

w h e r e ^ I i s the space o f a l l observed vec ­
t o r s A .The best app rox ima t i on c o r r e s ­
ponds to such a cho ice of v e c t o r ^ t h a t 
t?a; a t t a i n s i t s minimum.This problem can 
be so lved by the s t o c h a s t i c approx imat ion 
method where the i n f l u e n c e of no ise can 
a l s o be c o n s i d e r e d . 

The p r a c t i c a l use of the s t o c h a s t i c 
app rox ima t i on method as a mathemat ica l 
techn ique f o r l e a r n i n g , s e l f - l e a r n i n g , and 
a d a p t a t i o n depends on the speed of con ­
vergence of the methods used .Th i s paper 
dea ls w i t h t h i s problem.From the p rac ­
t i c a l p o i n t o f v i e w , t h e s o l u t i o n o f ex -
t remumsearching problems has g rea t s i g ­
n i f i c a n c e .The s t o c h a s t i c app rox ima t i on 
methods,as methods o f s e q u e n t i a l i t e r a ­
t i o n s i n the case o f ex t remum-search ing 
p r o b l e m s , e x p l o i t v a r i o u s forms o f the 
i t e r a t i v e g r a d i e n t method.Asympto t i c be­
h a v i o u r and the speed of convergence we­
re observed by many au tho rs f o r v a r i o u s 
m o d i f i c a t i o n s of t h i s method.A common 
f e a t u r e o f a l l these a l g o r i t h m s o f g r a ­
d i e n t methods an a l l these m o d i f i c a t i o n s 
d i d n o t , h o w e v e r , c h a n g e . T h i s is a way in 
wh ich i n f o r m a t i o n i s ga ined d u r i n g the 
i t e r a t i v e process .The way o f g a i n i n g i n ­
f o r m a t i o n , t h e s t r u c t u r e o f the i n f o r m a ­
t i o n and i t s i n t e r c o n n e c t i o n p r o v i d e the 
bas ic c l ue to the c o n s t r u c t i o n of the new 
a l g o r i t h m s and are a l s o the c r i t e r i o n o f 
q u a l i t y . I f t h e r e i s not s u f f i c i e n t i n f o r ­
ma t i on t o make the next s t ep i n t he i t e ­
r a t i v e scheme,then a d d i t i o n a l i n f o r m a t i o n 
must be ga ined by e x p e r i m e n t a l i n t e r i m 
s teps .F rom t h i s p o i n t o f v i e w , t h o s e a l ­
g o r i t h m s are i m p o r t a n t wh ich do not need 
e x p e r i m e n t a l s teps be fo re the next s tep 
can be made.The s t a b i l i t y of used a l g o ­
r i t h m s aga ins t n o i s e depends d i r e c t l y on 
the s t r u c t u r e o f ga ined i n f o r m a t i o n and 
i t s i n t e r c o n n e c t i o n . N o t every a l g o r i t h m 
wh ich s o l v e s the problem in the d e t e r m i ­
n i s t i c case i s s t a b l e aga ins t n o i s e . 
Many c o n t r o l processes can be desc r i bed 
on l y t h r o u g h the mathemat i ca l models pos­
sess i ng some u n c e r t a i n t i e s in the form 
o f a s e t o f random v a r i a b l e s w i t h u n ­
known p r o b a b i l i s t i c d e s c r i p t i o n s . 
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In t h i s paper we d e s c r i b e an a l g o -
r i t h m wh ich has the above ment ioned p r o ­
p e r t i e s ; i . e . , i t does not use e x p e r i m e n t a l 
s t e p s and i n f o r m a t i o n i s ga ined by s t e p s 
d u r i n g the i t e r a t i v e p rocess ,and i t s o l ­
ves the ex t remum-search ing prob lem in the 
presence o f n o i s e . 

2 . S t o c h a s t i c a p p r o x i m a t i o n 
methods" 

The f i r s t methods o f s t o c h a s t i c a p p r o x i ­
ma t ion were the a l g o r i t h m s of Robbins and 
Monro* , B l u m * , K i e f e r and W o l f o w i t z l 

f o r f i n d i n g t he ze ro p o i n t o f t he f u n c ­
t i o n o r t he extremum o f the one-d imen­
s i o n a l f u n c t i o n i n t he presence o f n o i s e . 
A g e n e r a l i z a t i o n f o r m u l t i d i m e n s i o n a l 
f u n c t i o n s was made l a t e r by B lum* and 
these r e s u l t s were u n i f i e d b y D v o r e t z k y ' , 
whose r e s u l t s we s h a l l use.As t he speed 
of convergence of the method g i v e n by Ro­
bb ins and Monro depends on the t ype of 
f u n c t i o n , o f t e n t h i s speed i s no t s a t i s f a c ­
t o r y f rom the p r a c t i c a l p o i n t o f v i e w . 

We s h a l l use the two f o l l o w i n g ways 
o f a c c e l e r a t i n g the convergence . Le t *(l) 
be a f i x e d but unknown f u n c t i o n , w h i c h has 
a un ique r o o t x = .Le t 2 is a random v a ­
r i a b l e w i t h d i s t r i b u t i o n f u n c t i o n W(Vt) 9 
wh ich depends on t h e r e a l parameter £ ♦ 
The Robbins-Monro procedure i s d e f i n e d 
f o r s e a r c h i n g the ze ro p o i n t o f r e g r e s i o n 
f u n c t i o n 

e x p r e s s i o n 4«y*CVVi) r e t a i n s i t s s ignore, 
t hen the va l ue o f o in t he a l g o r i t h m does 
no t decrease / a s i t does i n t he a l g o r i t h m 
of Robbins and Monro / 4 bu t remains unchan­
ged u n t i l t he f i r s t change o f signum.On 
the c o n d i t i o n t h a t a*, i s a n o n i n c r e a s i n g 
sequence,Kesten shows the convergence of 
t h i s a l g o r i t h m w i t h p r o b a b i l i t y one.The 
advantage o f t h i s a l g o r i t h m l i e s i n the 
f a c t t h a t , u n t i l the i t e r a t i v e process 
reaches the domain o f i t s ex t remum,the 
a l g o r i t h m r e t a i n s a g r e a t e r va lue o f step 
and so decreases the i n f l u e n c e o f n o i s e , 
as t h i s i s i n d i r e c t l y dependent on the 
va lue o f the s t e p , i . e . , t h e g r e a t e r the va­
lue o f the s t e p the s m a l l e r the i n f l u e n c e 
of the random component .Kesten examined 
the p o s s i b i l i t y o f also u t i l i z i n g t h i s i dea 
a l s o f o r the a l g o r i t h m o f K i e f f e r - W o l f o -
w i t z 

a) 
i n o rder t o f i n d the extremum o f the r e ­
g r e s s i o n f u n c t i o n . K e s t e n shows the c o n ­
vergence o f t h i s a l g o r i t h m o n l y w i t h an 
a d d i t i o n a l s t r o n g c o n d i t i o n f o r sequence 
C . I ns tead o f the o r i g i n a l c o n d i t i o n C o f 
the c o n d i t i o n c+* coast, is e s s e n t i a l .And so, 
i n t h i s case,* , i n g e n e r a l does not have 
t o converge t o the p o i n t i n wh ich the 
r e g r e s s i o n f u n c t i o n ach ieves i t s e x t r e -
mum.This leads to two oppos ing demands: 

on one hand , the c o n d i t i o n of c o n ­
vergence i t s e l f , i . e . t h a t the va lue o f 
shou ld be as low as p o s s i b l e ; o n the o t h e r 
hand , the q u e s t i o n o f the speed o f conve r ­
gence, because, the g r e a t e r the va lue o f 
the s m a l l e r the i n f l u e n c e o f n o i s e . 
Obv ious l y , t h i s i s v a l i d on ly so long as 
the a l g o r i t h m does not ach ieve i t s e x t r e ­
mum domain.The idea behind these a l g o ­
r i t h m s f o r ex t remum-search ing o f the 
k - d i m e n s i o n a l f u n c t i o n i s the way o f de­
t e r m i n a t i o n o f the g r a d i e n t . U p to now 
used s tanda rd method f o r s e a r c h i n g the 
g r a d i e n t is a s t a t i c one and the g r a d i e n t 
i s de te rmined u s i n g the e x p e r i m e n t a l 
s t e p s . I n the case o f s t o c h a s t i c a p p r o x i ­
ma t ion the symmetr ic g r a d i e n t i s t he most 
s u i t a b l e , a n d t h i s needs 2k e x p e r i m e n t a l 
s teps f o r the d e t e r m i n a t i o n o f d i r e c t i o n 
o f the g r a d i e n t . F u r t h e r , i t w i l l b e g i v e n 
the a l g o r i t h m wh ich c r e a t e s a s e q u e n t i a l 
p rocess d u r i n g wh i ch the g r a d i e n t i s 
searched w i t h o u t u s i n g the e x p e r i m e n t a l 
s t e p 8 . T h i s s e q u e n t i a l m u l t i d i m e n s i o n a l 
search a l g o r i t h m c r e a t e s a s e q u e n t i a l 
p rocess o f k oned imens iona l sea rch a l g o ­
r i t h m s . T h i s a l g o r i t h m does not have the 
above drawbacks and i t s speed of c o n v e r ­
gence i s b e t t e r t han t he speed o f c o n v e r ­
gence o f the above-ment ioned m o d i f i c a ­
t i o n s . 
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ge va l ue are used f a r f rom the extremum; 
and the nea re r t he ex t remum, the s m a l l e r 
t he s t e p becomes*The f a c t t h a t t h i s me­
thod does not use the e x p e r i m e n t a l s teps 
means t h a t , i n t h i s c a s e , t h e convergence 
i s a c c e l e r a t e d and the method g i v e s c o n ­
s i d e r a b l e b e t t e r r e s u l t s t han o t h e r me­
thods .The method was used in p a t t e r n r e ­
c o g n i t i o n f o r d i s j o i n t c l a s s e s . 
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