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APPROXIMATION OF BOGEL CONTINUOUS FUNCTIONS AND
DEFERRED WEIGHTED A-STATISTICAL CONVERGENCE BY
BERNSTEIN-KANTOROVICH TYPE OPERATORS ON A TRIANGLE

P. N. AGRAWAL, ANA MARIA ACU, RUCHI CHAUHAN AND TARUL GARG

(Communicated by I. Rasa)

Abstract. The present article is in continuation of the work done by Kajla (Math. Methods Appl.
Sci., 42(12), (2019), 4365-4377) on Bernstein-Kantorovich type operators on a triangle. We
discuss the deferred weighted A-statistical approximation and 7-th order generalization of these
operators by means of a Taylor polynomial. We also investigate the convergence estimates for
the functions in a Bogel space by these operators.

1. Introduction

Stancu [28] introduced a new kind of Bernstein operators involving two parameters
r,s € Ng:=NU{0} as

V—sr

N + r
Lyl 2 by (¥) Y by ()8 (M> (1)
=0

1%

where b, (x) = (1)x*(1 —x)"*, 0 < x < 1. Clearly, for any r € Ny and 5 =0, the
operators (1.1) reduce to the classical Bernstein polynomials. Abel et al. [1] proposed
a Durrmeyer version of the sequence of operators (1.1) and derived some approxima-
tion properties and a complete asymptotic expansion for these operators. Kajla [17]
considered the Kantorovich variant of the operators (1.1) as

V—sr + r+t
Ji/vrs g )C 2 by srul Z bsu2 / (M) dt, (1.2)

=0

and studied some direct approximation theorems and the A-statistical convergence by
these operators. Later, Kajla [ 18] proposed a bivariate generalized Bernstein-Kantorovich
type operator on a triangle, associated with the operators (1.2) as follows:

V—srV—sr—H s S—V
%v,r,s(g;x) = 2 2 Wy— \r[,l 2 2 W\v
=0 Ho= =0 Vlf()vz 0

// (,LL1—|-rv1—|—t1,/,L2+i;:/2+t2>dtldt2 (13)
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for all r,s € Ng, g € C(T), C(T) being the space of all continuous functions on T,
vEN, xeT,where T := {x=(x;,x2) € R?:x1,00 > 0,x1 + x> < 1} and wy 4 (x) =
v!
p(v—|u)!
U1+ to, u! =y 'up!, and studied the approximation degree with the aid of the Pee-
tre’s K-functional and the modulus of continuity. Korovkin and Voronovskaja type
theorems were also established in [18] by the author using the weighted A -statistical
convergence. Note that for any » € Ny and s = 0, (1.3) includes the classical bivariate
Bernstein-Kantorovich operator on a triangle having a slightly different form than the
operators introduced by Pop and Farcas [25]. Deshwal et al. [9] studied the rate of con-
vergence in terms of the moduli of continuity for the bivariate operators defined in [25]
and also examined the approximation degree with the aid of the Peetre’s K -functional
for the associated GBS (Generalized Boolean Sum) operator. For other significant con-
tributions in this direction, we refer the reader to the book [14] and the references

therein.

In the present paper, we study the deferred weighted A-statistical convergence
properties of the bivariate operator % ... Also, a Tth -generalization of %, s by
means of a Taylor polynomial is considered to approximate the functions in C*(7T),
the space of T times continuously differentiable functions in T. The GBS case of the
operator %y s is introduced and the approximation degree for the GBS operators is ob-
tained with the help of the Lipschitz class of Bogel continuous functions and the mixed
modulus of smoothness.

(L= ) = () € NBL x| = x4, o = 212, (u| =

2. Preliminaries

We give some basic results for (1.3), using the test functions e; ;(x) = x"lxé , (i, )=
0,1,2) as follows:

LEMMA 1. [18] For the operators Yy s given by (1.3), we have
1. %vms(eO,O;X) =1;

1
2. %vms(el,o;x) =x1+ Es

1
3. %vms(eo,l;x) =X+ E’

xi(1—x sr(r—1 X 1
4. Uy rs(e20:%) = x] + 1( ; 1) <1+ (V )>+_1+_.

1— -1 1
5. %V,r,s(eO,Z;X):x%"rxz( . *2) <1+Sr(rv )) y2y 1

!
LI
5v4
+15(r— 1) (s —2)s — 15(r — 1)r2s(s +2) + 10V (=3 + (r — 1)r(7 +4r)s)

6. Uy rs(esn;x) =x1+ [SSV — 30V +30v2rs — 30(—1 +r)rs — 30v2r2s
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3
+ 5% 40v® — 80v — 120v2 — 30v2rs + 80(r — 1)rs + 60v2r2s
+50(r —1)r?s —30v(r— 1)rs(2r+5) — 30r3s(r — 1) (s — 2)

+ 1525 (r— 1) + 157> (r— 1) (s + 2)]

L
n 5% 752 —75v —T5rs(r— 1) — 6572s(r — 1) — 53s(r — 1)

+20vrs(r— 1) +15rs(s — 2) — 157252 (r — 1)}

[ 1
at 30v+25rs(r—1) 4+ 15r2s(r — 1) + 5r%s(r — l)} +—

5v4 Sv4

4
X
7. Uy rs(eoa;x) = x5+ ﬁ [55\/2 —30v3 +30v2rs — 30(—1 +r)rs — 30v2r2s

+15(r— 1) (s —2)s — 15(r — D)r2s(s +2) + 10V (=3 + (r — 1)r(7 +4r)s)
3
X

5v4
+50(r—1)r2s — 30v(r— 1)rs(2r+5) — 30r3s(r — 1) (s — 2)

+ 157252 (r— 1) + 151252 (r — 1)(s—|-2)]

[40\/3 —80v — 120v% — 30v?rs + 80(r — 1)rs + 60v3rs

2
+ 5% [75v2 —75v—T5rs(r— 1) — 65r%s(r— 1) — 5r3s(r— 1)

+20vrs(r—1) +157s(s —2) — 1575 (r — 1)}

1

+ 2 [30v+25rs(r— )+ 15r25(r— 1) —|—5r3s(r— 1)} + RE

Své

Let p=1;—x1, g=1t,—x; and t = (11,1;). As a consequence of the above lemma,
we obtain:

LEMMA 2. [18] The operators %y s defined by (1.3) satisfy the following inden-
tities:

, 1
(i) Uy rs(p:x) = o

1
(i) %V,V,S(q;x) = E;

(1= xy) <1+sr(r—1)> .

%rv 2; = R
(i) W) = 10 L

. 2. _ _
() horala?x) = : s

01— 1) <1+sr(r—1)>+ .
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) %v7r7s(p4;x) _ 3x41' (v2 452+ (s —2) +rs —2r%s) + 2v(rs — rs — 1))

A
N 2x3 (v(6rs — 6rs+8) — 30n* + rs(r—1)(8 = 3r2(s —2) + r(8 + 2s)))
4
n
N x (3v2+3v(2r2s —2rs —5) +rs(r—1)(r*(3s—7) — r(3s+ 13) — 15))
Y
xi (rs(rP +2r7 +2r—5)+5v) 1
- + =55
v4 5v4

33 (VE4rs(24+r3(s=2)+rs—=2r%)+2v(ris—rs— 1
R I ] G A R R R )

N 233 (v(6rs — 6r2s+8) —30v2+ rs(r— 1)(8 = 3r2(s — 2) + (8 + 25)))

4
n
N x5 (3n?+3n(2r%s —2rs—5) + rs(r—1)(r*(3s—7) — r(3s+ 13) — 15))
4
n
xp (rs(rP 422 +2r=5) +5v) 1
+ I =
% Sv

From Lemma 2, we have the following important basic result:

REMARK 1. [18] Forall x € T and v € N, there holds

Clearly, | %y.»s(p*)|| = |%v.r5(q*)|| = Vv.r.s, where ||| denotes the sup-norm on

T.

3. Deferred A-statistical convergence

Firstly, Zygmund [31], introduced the notion of the statistical convergence. Kara-
kaya and Chishti [19] gave the concept of weighted statistical convergence. Mohiuddin
(see [16], [23], [24]) established the relation of statistical weighted A-summability of
a sequence with weighted A-statistical convergence. Srivastava et al. [27] defined the

concept of deferred weighted A-statistical convergence.

Let A = (ay;) be a non-negative infinite summability matrix. For any sequence

(xv) of real or complex numbers, the A-transform (Ax), is defined as

(Ax)y = Z AyiXk
k=1
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such that the series converges for each v. A is called regular if limy (Ax), = a when-
ever limy x, = a. Then, x = (x,) is said to be A-statistically convergent to o, i.e.
st —limy xy = o if for every € > 0, limy X[y, —gzeavk = 0.

Let (sy) be a sequence of non-negative real numbers such that s; > 0. Further, let
R, = 2}’2 1 si and (xy) be a sequence of real or complex numbers. A matrix A = (¢; j)
is called a weighted regular matrix if

I & &
lim — 2 2 SidjjXj = L,

v RviZ1j=l

whenever
limx, = L.
\%

Let (ay), (bv) be the sequences of non-negative integers satisfying the regularity
conditions

(i) ay <by, veNand
(li) limv_wq bv — 0o,

Further, let S, = fquav L1 5m-
A matrix A = (ayy) is called deferred weighted regular matrix if

by o
lim 5 Z S Xy = L
MY m=ay+1k=1
whenever
limx, = L.
v

If A= (ay) be a non-negative deferred weighted regular matrix then the sequence
x = (xy) of real or complex numbers is said to be deferred weighted A-statistically
convergent to a number ¢, if for every € >0,

by
limi Z Z S = 0,

v Sy m=ay+1keE;

where E; = {k€ N:|x, — | > ¢€}. Let A = (ay;) be a non negative deferred weighted
regular matrix and (dy) be a positive non increasing sequence. Then the sequence
(xy) is said to converge deferred weighted A-statistically to the number o with the rate
o(dy) provided for every € >0,

N
hm—{— 2 smamk}:O.
SV m=ay+1kcEg

(w

We denote it as xy — ot = sNtf ) —o(dy).If ay =0, by =v, forall v €N, then deferred
weighted A-statistical convergence coincides with weighted A-statistical convergence
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[24]. Furthermore, if a, =0, by = v, A=C| and s, = 1, then deferred weighted
A-statistical convergence reduces to statistical convergence [12].

Throughout this section, let us assume that A = (ayx) is a non-negative deferred
weighted regular matrix and (ay), (by) are the sequences of non-negative integers.
First, we prove the Korovkin type theorem for the operators (1.3) using deferred weighted
A-statistical convergence.

THEOREM 1. For g € C(T), we have
~ D(W .
StA( ) 11‘1:11 || %v,r,s(g) —8 ”: 0.
Proof. Following ([13], Theorem 1), it is adequate to show that

~D(W .
g™ = lim || %) = ey | =0,

where ¢;;(t) =#it], 0<i+j <1 and 55"

0. Enforcing Lemma 1, we have

—lim || %y r5(e20 + €02) — (€20 +€02) || =

|| %y r,s(e00) —eoo ||= 0.

Hence,
~D(W .
™) —im || %15 (e00) = evo ||= 0.

Again applying Lemma 1,

1
X1 +— —x1

1 %.55(e10) = ero || = sup i + 5

xeT

_1
T2y’

For every € > 0, let us define the sets:
M={veN:|%,s(ewn)—ew ||> €}

and |
II) ={veN:— >¢}.
! { < 2v }

Then, IT C Iy, which implies that

1 by 1 by
S_ z smz,amkgs_ z smzamk~
Vm=ay+1  kell Vm=ay+1 kell;
Since )
-D .
stA(W) —lim— =0,

v 2v
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we have -
~D(W) .
Sty —11‘1/11 | %y rs(e10) —e10 [|=0

Similarly,
g™ —lim || s (eor) —eor [|=0

Now, let us consider

|| %y rs(e20 + eq2) — (€20 + €q2) || = sup

x1(1—x;) <l+sr(r—l)> +)ﬂ+ 1
1% 1%

xeT 3V2
1-— —1 1
x2( x2)<1+sr(r ))+)2+_2
\Y \Y v 3v
5 Bsrjr—1|+4
{—+—.
2v+ 6v?

We define the following sets:
I = {v e N:|| % ,s(exn+en) — (exn+en) =&}
5 £
I = { pp— _}
s=veligy 2s
3sr(r—1)+4 _ ¢
o= {ven, 2 Drd ey
4 ve 6v2 2
Then, we can write I, C I3 UTl4, which leads us to

2 Sm D ke < = 2 stakarS Z S Y, Q-
Vm Vm

SV nant kell, ay+1  kells ay+1  kelly
Now, since
~D(W) ..
st —lim— =0
A v oy
and 3sr(r—1)+4
~D(W . sr(ir—1)+
st ( )—hmizo’
A \% 6V2

it follows that
itf(w) - li\{n | %y.r.5(e20 + €02) — (20 + €02) [[= 0

This completes the proof of the theorem. [

Next, we establish the Voronovskaja type theorem for the operators %y ,, in de-
ferred weighted A-statistical approximation.

THEOREM 2. Forevery g" € C(T), we have

1 1
ngl (X) + 5

b x1)8 (00) 121~ x2)80 (),

)" —lim (%, 15(g:%) — g(x)) = 80, (%)

uniformlyin xeT.
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Proof. For g" € C(T), we may write
1
g(t) = g(X) +8x (X)p +8x, (X)q + 5 {gxlxl (X)p2 + 28x1x2 (X)pq + &xoxy (X)qz}
+0(t;x)1/ (p* +¢*), (3.1
where 6(t;x) € C(T) and 0(t,x) — 0, as t — x. Applying %, ,(;x) on (3.1), we get
%V,ns(g; X) = (X) "’gxl( )%V,r,s (p3x) + 8xy (X)%V,r,s (g:x)
+3 {gxlxl (X)%v,r,s(Pz;X)
+28x1xz( V%y.rs(PG:X) + Gy (X)%v.,r,S(Clz;X)}
+ Uy rs(0(6:x)\/ (P*+ ¢*):%).

In view of Lemma 2, we get
1 1

ngl (X) + 5

30 (=180 () 221~ x2)801 ()}

) —tim (2, 5(g%) — 2(%)) = 86 (%)
N im v, (0(6:X)\/ (p* +4*):x).

Using Cauchy-Schwarz inequality

| Wy,1,5(0(6:%)V/ p* + g% X)| < (% 15(02(:%)5X)) ? {\/ Uy rs(p*:X) + Uy rs(q*:x)}
(3.2)

Applying Theorem 1, we have
s~t£( ) lim %, .5(62(t;x) = 6%(x) = 0,
I g

uniformlyin x € T, as 6(t;x) € C(T). Further by Lemma 2, s?f(w) —limy V2%, ,5(p*;x)
=332 =200, + 1), 2™ —limy v2%, (g% x) = 3x3(x3 — 20x, + 1), uniformly in
x € T, hence from (3.2) we obtain

s~t§(W) — li‘I/n VU, rs(0(t:x)\/ p*+ g% x) =0,

uniformlyinxe 7. [

The following theorem yields us the rate of the deferred weighted A-statistical
convergence of the operators %, ,(g) for g € C(T).

THEOREM 3. If, @(g;+/2Vy ) = ﬁf(w) —o(dy), as v — o, where g € C(T),
then we have Do
1%ys(8) — gll = 5" —o(dy), as v — oo,

where Vy . is as defined in Remark 1.
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Proof. Since g € C(T), for any v > 0,

| Uy rs(8(1);%) — g(X)| < %y rs(lg(t) — g(x);%)|)
< U (( 4P 1;" ) o(g;v ),x) 050
1

[1+ — Ay s (P%:X) + Uy s (¢ X)}] o(g:v).

Hence,

|%,.5(g) — 8ll < 20(g; /20y 15), (3.3)
where v = /20y ;.

For € > 0, let us consider the sets:

Ly = {v:[%,s(e) =4l

L, = {V : Z(D(g; VvV 2‘Uv r,s

Then, from (3.3), we have L; C L,.
Thus,

> e} and
> e}

{Svmz S 2“’”"} {Svmz S 2“’”"}

ay+1 k€L ay+1  k€ly

Hence taking limit as v — oo and using ®(g;/2Vy rs) = itf(w)

desired result. [

—o(dy), we reach the

4. 7'"-order generalization

The studies of Voronovskaja [30] and Korovkin [21] showed that the order of

approximation by linear positive operators is, at best, O , however smooth the

n2
function may be. In order to deal with this problem of operators not responding to the
smoothness of the function f, Kirov and Popova [20], introduced 7" order general-
ization of the operators with the help of Taylor’s polynomial of f. Tasdelen et al. [29]
extended this study to the case of certain linear positive operators defined for functions
of two variables. Subsequently, this idea has been applied by researchers to several
sequences of operators (cf. [15], [10], [2], [1 1], [6] and [26] etc.). Motivated by these
studies, we define the 1'% -generalization of %, ., to approximate smooth functions as:

V—sr V—sr—y s S—V]
wUy;

vrs( )— z 2 Wy— sr# 2 EWSV

O[JQO V1 OVQO

/ / { }dtldtz, @.1)
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where

s : s asg t s—i i
d’g(t) = % <l> Ti(&lé(m —1) (=) 4.2)

Let (a, ) be a unit vector such that (x; —11,x, — 1) = w(et,3), where w = |(x] —
t1,xp —1)|. Then, we may write

g(x) = g(ti+ (x1 —11), 2+ (2 — 1))
= g(t +wa,t, +wh) = Q(w), say.

Hence, Q7 (w) is given by

0w =y, C) gl twents twb) orig, (43)

= dx{ 'oxy

Thus from (4.2)and (4.3), it is obvious that

= WTQ(T) (0). (4.4)

Our following result provides the approximation degree for functions in C*(T') by the
operators (4.1).

THEOREM 4. For all g € C*(T) such that Q%) (w) € Lipy(&), & € (0,1], we

have
15,0(6) 6l < o T2 (-5 1

Proof. Let g € C*(T) and x € T. By the definition (4.1) of %, (g;.), and V
TeN

V—srV—sr—l S—V]
8(x) = %/,s(8(t):x) = Z Z Wy—sru (X Z 2 wia(x
=0 = vi=0v=0

/ / { Xs'( )}dt dn. 4.5)

From Taylor’s formula, we can write

SR ORI

} /OI(I_Z)H (2 (r) Oglntz(xi—n) h+a(xo—n)) (xl—tl)“(xz—tz)i> dz.

T—1 1
dx] 'ox,
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Hence, in view of (4.3), we have

T—1 g5
g(x) - Zédf—!(t)

w? 1 _ L 3 8Tg(t1+zwoc,t2 +Zwﬂ) TP
= — 1_ 7 -1 ) . T—1Q1 d
(’L’—l)!/o( 2 (%(z PREFFEE R L

T

1
w _
RECE /0 (1-2)"'0" (zw)dz.
From (4.4), it is obvious that

g~ 3 P = [0 ) - 00

= G

Now, since Q'%)(w) € Lipy (&), from the definition of Beta function, it follows that

T do(t T 1
g(x)_sgo f‘() < (T|vi|1)'/0 (1—Z)T_1|Q(T)(ZW)_Q(T)(O)‘dz
M‘W|T+§ 5 1' 1
S (t—1)! / dz
_ M é&B¢Ev, .
STl Eic X1 —t1,x0 — 1o (4.6)

Finally using (4.6) in (4.5), we obtain the desired assertion. [l

REMARK 2. Let f(u,v) =|(x; —u,xo —v)|**¢ then f(x) =0 Clearly, f € C(T),
hence applying Theorem 1
li\I,n %5 (F)] =0,
and consequently, from Theorem 4

REMARK 3. It is well known that for any 2 € C(T) and 6 > 0, there holds the
inequality

() — h(x)| < {1+ 8 _x1)2;2(t2 —0) ) (s 8), VX € T,

hence
1
1% (D1 < 0(F38){1 + 55 % s (01 =) + (12 = v)?) |1}
20(f:96),
where f(u,v) = |(x —u,x2 —v)|*T and 6% = || %y s ((x1 —1)? + (x2 —)?) ||
Consequently,

1% rs(8) —gll <

NN

2M

o1 (810 (1 P+ (2 —vP) ).
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5. GBS operator related to %,

The idea of Bogel-continuous and Bogel-differentiable functions was initiated by
Bogel in [7] and [8]. Badea et al. [5] gave the proof of the very famous “Test function
theorem” for Bogel continuous functions. A quantitative Korovkin-type theorem for
these functions was established by Badea et al. in [4].

GBS operators are used in uniform approximation of B-continuous (Bogel contin-
uous) functions. For a detailed account of the research work in this direction, we refer
the reader to [22], [14] and the references therein.

A real-valued function g defined on T, is called B-continuous at x € T if

lim Yy g(x) =0,
where Y g(x) = g(t) — g(x1,12) — g(t1,%2) +g(x). Let G(T) = {g : g is B-continuous
on T}. The function g : 7 — R is B-bounded on T if forall t,x € T

Te(x)| <M,

where M is some positive constant. Let B,(T) denote the set of all B-bounded func-
tions on 7', with the norm ||g||s = sup |Y'()g(x)|. Let B(T) be the space of all bounded

txeT

(in the usual sense) functions on 7 endowed with the sup-norm ||.||., and C(T) = {f €
B(T) : f is continuous} . It is obvious that C(T) C Cp(T).

The function g: T — R is uniformly B-continuous on 7 if and only if for any
€>0,3v=v(g) >0 such that

Yg(x)| <e,
whenever max{|p|,|¢q|} < v, forallt,x € T. Clearly, every g € C,(T) is uniformly
B-continuous on 7. A function g: T — R is called Bogel differentiable at x € T, if

Y
i T8 (x)

= D oo,
" B8(X) <

Here, Dpg is called the B-derivative of g and the space of all B-differentiable functions
is denoted by Dy(T).
The mixed modulus of smoothness of g € C,(T) is defined as

Omixed (g7 V1, 1)2) = Sup sup {|Y(X1 +h1,x2+h2)g(x) ‘}7
X X+heT 0<|h|<v;,0<]hz|<v;

forany h = (hy,hy) € Rg xRy ,. Itis known [3] that ®yixeq (85 V1, 2) is an increasing
function of v; and v;, and for all positive numbers A4, A, there holds

wmixed(g;zflvlalflb) < (I'HA'I D (I'HAZD wmixed(g;vlva)
< (1+A1) (1 + A2) Opivea (&5 V1, 02), (5.1

where A [ denotes the integral part of A.
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Forevery g € C,(T) and each x € T, the GBS operator G
is defined as

v.rs associated to %y

GT/ rs( ) = G;r,s(g( ) ) U, r\( (tl,x2)+g(x1,t2) g(t)'X)

—sr V—sr—Uu .\'
_ v 1wv » s— VIW” ;,L1+rv1+l1 X
[J

=0 =0 v1 Ovz 0
+rvy+t +rvy+t +rvy+t
—l—g(xl,u)—g(“l 1 17#2 2 2>}dt1dt2.
v v v
(5.2)
Clearly, Gy, ., is a linear operator from C,(T) into C(T) and Gy, , ((1;x) =1, Vx€T.

Our next theorem deals with the order of approximation by G, , ; for functions in
Cp(T) in terms of @yixeq -

THEOREM 5. Forevery g € Cy(T), there holds the inequality

1G,(6) — (3] <4wm,-xed<g;%,\%>.

Proof. Using the definition of @,x.4(g;V1,V2) and (5.1), we have

Y e(X)| < Omivea(g:1P];1q])

< <1+M> (1 q')wmmd(g,vl,vz)
V1 V2

lpl gl 1
I+ —+=+— Opi V1, 2),
( + + Vs + Ule(|quD mtxed(g 1 2)

for every x,t € T and for any vy, v > 0. Further, by the definition of Y )g(x), we get
g(t1,x2) +g(x1,12) — g(t) = g(x) — Yy g(x). (5.3)
Applying %y ,s(;x) on (5.3)
Gy ,5(8:%) = g(X) %y rs(1;X) = Uy 15 (Y 1y 8(X)5X).
Now considering Lemma | and the Cauchy-Schwarz inequality, we obtain
|Gy rs(8:%) = g(X)| < %y s (IY ()8 (%) ]:X)

1 1
< <%v7r,s(1;x) +— %v,r,s(pz;x) + 1)_ %v,r,s(qz;x)

1)11) \/%v 7S l? X)%vrs(q X)) wmtxed(gsvlaUZ)
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1
Again applying Lemma I, Remark 1 and choosing vy = v, = \/_V’ we get the required

result. [

In the following theorem, we present an estimate of error in the approximation of

a Lipschitz B-continuous function by Gy, ..

For g € Gy(T), the Lipschitz class Lipy (&), 0 < & < 1, of Bégel continuous
functions is defined by

Lipyp (&) = {g €Gy(T) : [Ypg(x)| < M{pz—i—qz}%, fort,x € T}.

THEOREM 6. For g € Lipy (§), we have

& 1
1Gy 5(8) —8(x)|| <227 My,

where M is certain positive constant and Vy . is as defined in Remark 1.

Proof. By the definition of G, .. and our hypothesis, we get

v,r,s

|Gy 5 (8:%) — g(X)| < %y s (I (9 8(X)]:X)
4
S MUy s ({p2 +q2} 2 ;x) :

Now, an application of the Holder’s inequality and Lemma 1, easily leads us to the
desired assertion. [

Next, we discuss the degree of approximation by the operators Gy, , ; for functions

whose Bogel derivative is bounded.

THEOREM 7. If g € Dy(T) and Dpg € Co(T)NB(T), then there holds the in-
equality

<IX

1Gsl®) 8l < = [3ID88 = + Omisea Dmgs v v 12|

where M is a constant.

Proof. Considering the mean value theorem, we have
Y8(x) = (p)(q)Dpg(ax,B), where x| <o <t; xa <f <t. (5.4)
By the definition of Y )g(x), we have

Y Dpg(a,B) = Dpg(a,B) — Dpg(at,12) — Dpg(t1, B) + Dpg(t)
= Dpg(a,B) = YyDpg(c, B) + Dpg(a,12) + Dpg(t1, B) — Dpg(t).  (5.5)
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Since Dpg € Co(T)NB(T), |Dpg(x)| < ||Dpgll- for every x € T. Hence in view of

(5.4) and (5.5), we obtain

< | Uy s (Y (1 8(x):X) |

< l%rs(\pﬂcﬂ YtyDpg(ct, B)]
+|Dpg(o,12)| +[Dpg(t1, B)| + |Dpg(t)]):¥)|

< %V,F,S(|pHQ‘wmixed(DBg; |t1 — al,|ta — B|);x)
+3 IDBf | %y rs(|pl|ql3%).

|Gy r5(8:%) —g(x)]

By the properties of @jyeq, for v,V > 0, we can write

wmixed(DBg;|tl (X| ‘t2_ﬁ|) wmzxed(DBgs|p‘ |CI|)

< (1 + |£|) (1 q|) wleEd(DBgs 1)171)2)'
V1 V2

Therefore from (5.6), (5.7) and the Cauchy-Schwarz inequality, we get

|Gy 1.s(8:%) = 8(x)| < 3|Dpg =%y rs(IPllgl: %) + <%v,r,.v(plql;X)
1 1
+_%v,r,s(p2‘q|;x)+_%v,r,.\'(‘p|q2;x)
V1 V2

1
+ %v,r,s (quz;X)> Wpixed (DBg; V1, 1)2)
V1 V2

< 3108y %o (P0)+ (PP

1 1
e \/%v,r,.y(p“q%X) + > \/%v,r,.\' (P%q*;x)

W%vrs(p q X)) Opived (DBg; V1, 12).

From Remark 1,

o M
Yyrs(P'q’ %) < —ps X ET and i,j € No
vz

(5.6)

(5.7)

for some constant M > 0. Hence by choosing v; = — and v; = , we reach the

desired result. [
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