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QUOMODO TRANSFORMATIONE BIS ADHIBITA PERVENITUR AD MULTIPLICATIONEM. 81

D Ol U e Sl = L
= (1 Futv)y—ut v(u* oY) (w25 y +%5'L’ﬁ(u+v5)y

erui:

dz __uto® dy .
Vi—) (1—wzh)  ull+*0) (1—y*) (1 —0)

Jam cum ex aequatione:
b — b - 5uto?(ut—v%) bun (1 —uboh) = 0

sequatur :

(u 4 %) (v —u°) wv (1— wtod) — (uS—v8) .
m(l—}—ué}j\lmuw) uv (1 ubv)(1—uv®) = 9,
fieri videmus:
dz . 5dx

Vi—a)(—wz)  I—a)(1—ua?)
Tta transformatione bis adhibita pervenitur ad multiplicationem.

Hace duo exempla, videlicet transformationes tertii et quinti ordinis, iam
prius in litteris exhibui, quas mense Tunio a. 1827 ad CI"™. Schumacher dedi.
Vide Nova Astronomica Nr. 123. Nec non ibidem methodi, qua eruta sunt, ge-
neralitatem praedicabam. Alterum biennio ante iam a Cl°. Legendre inven-

tum erat.

DE NOTATIONE NOVA FUNCTIONUM ELLIPTICARUM.

17.

Missis factis quaestionibus algebraicis, accuratius inquiramus in naturam
analyticam functionum nostrarum. Antea autem notationis modum, cuius in
sequentibus usus erit, indicemus necesse est.

__d¢
o Y1—k¥sin?e
geometrac consueverunt. Hunc igitur angulum in sequentibus denotabimus per
amplu seu brevius per: '

Posito = u, angulum ¢ amplitudinem functionis » vocare

¢ = amu.

Ita, ubi

. f \/(1———9@‘)(1——]52 2)
erit: & = sin am «.

Insuper posito:

L
11




32 7 DE TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM.

T

' . k3
f do I T
o VI —a%) (1 —Fkz% o V1—/k®sin®y ’

vocabimus K —u complementum functionis #; complementi amplitudinem de-
signabimus per coam, ita ut sit:
am (K—u) = coamu.

- e Ty T dam ' :
Expressionem \/1—7%%sin*amwu = T Y, duce CI° Le gendre, denotabi-

mus per:
Aamu = \1—J*sinamu.
Complementum, quod vocatur a CI°. L.egendre, moduli % designabo
per &, ita ut sit:
EE-KE = 1.
Porro e notatione nostra erit:
s
2 do

K= [ —=t .
o VI—EFsin?g

Modulus, qui subintelligi debet, ubi opus erit, sive uncis inclusus addetur sive
in margine adiicietur. Modulo non addito, in sequentibus eundem ubique mo-
dulum % subintelligas.

Ipsas expressiones sinamw, sincoamw, cosamu, coscoamu, Aamu,
Acoamu etc. ac generaliter functiones trigonometricas amplitudinis in sequenti-
bus functionum ellipticarwm nomine insignire convenit, ita ut ei nomini aliam
quandam tribuamus notionem atque hactenus factum est ab analystis. Ipsam
u dicemus argumentum functiomis ellipticae, ita ut, posito » = sinamuw, sit
u=argsiname. E notatione proposita erit:

. cosamu
sin coamu == — —
Aamu
%/ sin amu
coscoamy == —
Aamu
V4
Acoamu = ———
Aamau
te coamu !
& T Ktgamu
k!
cotgcoamuy =

cotgamu
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FORMULAE ADDITIONIS. 83

FORMULAE IN ANALYSI FUNCTIONUM ELLIPTICARUM

FUNDAMENTALES.

18.

Ponamus amu = @, amv = b, am(u-v) = o, am (u —v) = ¥; notae

sunt fo

mulae additionis et subtractionis functionum ellipticarum fundamentales:

sina cosbAb--sinb cosalda

sine == e
1 —k?sin*asin?d
cos cosa cosh-—sinasind AaAb
g o= T .
1 —k%sin®a sin®b
A AaAb—R2sinasinb cosa cosb
g == TG T
1 —k?sin®asin®b
sinh — sina cosh Ab—sinb cosalda
- 1—Fk%sintasin®b
08 — cosacosh | sinasinbAaldb
- 1—F?sin®a sin?b
AD = AaAb- k*sinasinb cos @ cosh

1— k?sin®a sin®b

Ut in promptu sint omnia, quorum in posterum usus erit, adnotemus ad-
huc formulas sequentes, quae facile demonstrantur, et quarum facile augetur

numeras:

(1)
@)
)
(4)
(5
®)

9sina cosbAb

gino -+ sind = 5 -
+ 1—/2sinasin®bd
2 cosa cosh
€080 -} €08 == "
+ 1-—k?gin%a sin®b
2AaAb
Ao 4 AD = Tt an?
1 —Fk%sin?a sin®b
cino—sind = 2ginbeosala
1 —k%sinta sin®b
008 §— €086 = osinasinbAaAbd
1 —k%sina sin?b
2 k¥sina sind cos ¢ cosb
AS— Ag = 08 & COS

1— k2%sin?a sin®d
11 %
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(")

(8.)

(9.)
(10.)
(11)
(12.)
(18.)
(14))
(15.)
(16.)
(17.)
(18.)
(19.)
(20.)
(21.)
(22.)

(25.)

DE TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM.

sin®q—sin?b

gino sind = T 7

1-47%sins sind ==

1-}-sins sin &

1--cosscos

14+ AsA9

1 —/%%sinosind

1—sginosind

1—cosccosd

1—AcAb

(1 +sino) (1 +sind)

(1 +Esino)(1 +%sind)

(1+Esins) (1 F&sin )

(1+coss) (1+cost)
(1 +coss) (1 ¥ cos)
(14 As) (1A

(1+A40)(1FAY)

A%b - L% sin%q cos?h
1-—Fk%sin*a sin®b

__cos?b-sinfa A%h
T 1 —ksin?asin?h

__ cos?a-}-cos?b
T 1—7%sin®asin?b
A% A%

T 1—Fk*sin%asin?b

AfZg -4 k*sin®b eos®a
T 1—k?sin®asin®b

cos*a -+ sin’b A%
1—k2sin®asin?b
sin?a A?b-}-sin?b Afg
1 —%%sinasin®b

_ /P (sin*acos®h - sin®b cosa)
T 1 —J*sin%a sin®d

__ (cosb +sina Ab)?

T 1—k2sin®asin?b

__ (cosa+sinbAa)
T 1—k%sinfasin?b

__ (Ab+ksinag cosh)?
T 1—k*sin*usin?b

__ (Aa+ksinbcosa)?
T 1—k*sin*asin?b

(cosa + cos b)?
1—k?sin®asin?d

(sina Ab T sinb Aa)?
1—/Fk%sin*asin?b

(Aa+ Ab)?
1—/7*sin®usin®b

kisin®(a £b)

f

1 —k?sinfasin®b
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94) gin s cosd sinacosaﬁb+sinbcosb$a
inse g T
(2%) ° 1 —k*sin®asin®b

ginacosaldb _—ginbeosbAa

95, sinJeoss = - :
(25.) 1 —k?sin®asin®b

cosb sinaAa-cosasinbd Ab

(26.) sinodd = 1—Fk#sinasin®b

cosbsinaAa-—COSG sinbAb

(27) sinds = — 7 jsin’asin®

cosacosbAaldb— KK sinasinb

b = 5
(28.) coso A 1—k?sin®a sin®b

cosacosbAadb- Kksina sind

. $As = : ;
(29.) cos ° 1 k?sin®a sin®b

ogina cosadb
. 5 0 J T T A
(30.) sin(s+¥) = {_jFgin?asinb

9ginbecosbAa

1. sin(6—18) = 574 :
(31.) in( ) 1 —%?sin®asin®b

cos?a—sin®aA?D
9. {} e TG
(32) cos (s 4 9) 1 —’sin® ¢ sin®b

. costh—sin?bA%a
. ' ) == T o E g
(33.) cos(3 ) 1 —%?sin’a sin®b

DE IMAGINARIIS FUNCTIONUM ELLIPTICARUM VALORIBUS.
PRINCIPIUM DUPLICIS PERIODL

19.
Ponamus sing = 1tgd, ubi i loco V—1 positum gst more plerisque
. . . 1 Tdd .
geometris usitato, erit cos@ = secdh = —> unde do = 4% Hine fit:
co8 Y cos ¢
do idy idd

_ I Ll S e
Vi—sinty  VeosPy+ 10 sinfy  VI—K#sin®Y

Quam e notatione nostra in hane abire videmus aequationem:

‘ 1) sinam (i, k) = itgam (¥ ).
~ Hine sequitur:
2) cosam (iu, k) = secam (% E)

(3, tg am (iu, k) == isinam (u, &)
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(4)
(5.)
(6.)
()
(8)

DE TRANSFORMATIONE FUN CTIONUM ELLIPTICARUM.

Aam (in, k) =

sincoam (7w, k)
cos coam (7 u, )
tg coam (iu, k)

A coam (vu, k)

Aamnk) L
cosam(u, k') sincoam (k')
1

e [
= 2% cos coam (u, &)

k
Pt o - 2:._._._.._.—‘_._.
"~ Ksinam(u, ¥)

== k'sin coam (u, ).

Aliud, quod hine fluit, formularum systema hoc est:

)
(10.)
(11.)
(12,
(13.)
(14

(15.)

(16.)
) 17)
(18.)

(19.)

(20.)
(21.)

E formulis praecedentibus,
lysi functionum ellipticarum consi

sinam 20K’
sinamiK’

sinam (- 2iK")

cosam(u--2:K")

Aam (u--2iK")
sinam (u-+iK")

cosam(u—+iK') =

tgam (u - ¢K')
Aam(u+-iK")
sincoam (-5 K")
coscoam(u - i K')
tg coam (v i K")
A coam (u -} iK')

== 0

= 00, vel si placet +ico
== gsinamu

= —cosamu

= — Aamuy

1
= ksinamu
—iAamu
" ksinamu
2
Aamuy
= ~—qcotgamu
Aamu 1
= Foos amu ksin coamu
EEBEEEY&

—
" kcoscoamu

=== L’ Aamu

= {k'tgamu.

quae ct ipsae tamquam fundamentales in ana-
iderari debent, elucet:

a) functiones ellipticas argumenti 1mag31ncuu i, moduli %, transformari posse

in alias argumenti realis v, moduli # = Vi—&*.

Unde generaliter
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PRINCIPIUM DUPLICIS PERIODI.

rgumentl imaginarii w--1v, moduli £, componere

Lctiones ellipticas a
rgumenti «, moduli k, et aliis argumenti v,

functionibus ellipticis a

fuy
licet ©
moduli A

p functiones cllipticas duplici gaudere periodo, altera reali, altera imaginaria,

% est realis. Utraque fit imaginaria, ubi modulus et

siquidem modulus
Quod principium duplicis periodi nuncupabimus. E

est imaginarius.

ipse
quo, cum universam, quae fingi potest, amplectatur periodicitatem ana-
lyticam, elucet functiones ellipticas non aliis adnumerari debere transcen-

dentibus, quac quibusdam caudent elegantiis, fortasse pluribus illas aut

maijoribus, sed speciem quandam iis inesse perfecti et absoluti.

TIEORIA ANALYTICA TRANSFORMATIONIS FUNCTIONUM
ELLIPTICARUM.

20.
Vidimus in antecedentibus, quoties fanctiones elementi @ rationales inte-

, B, C, D, U, V7 ita determinentur, ut sit:
V4+U = (1+2)44

grae A

V—U = (1—2)BB
VAU = (1+ka)CC
V—AU = (1—kaz)DD,
posito y = %, fore:
dy dx

VA= (=) | MVa—ea— ke

Tam expressiones illarum functionum

designante M quantitatem constantem.
analyticas generales proponamus.

sint m, m' numeri integri quilibet positivi
e numerum

. . .
Sit # numerus impar quilibet,

seu negativi, qui tamen factorem communem O habeant, qui et ips

n metitur, ponamus:

m K+ m'iK’

R
13 ’




88 . DE TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM.

— _..___ﬁf._w><_ %i.m) (1— i )
U= M(l sin? am 4o/ \! sin? am Sw ! sinam 2(n — 1) w
V= (1 —k22? sin?am 4(9) (1 —k*z?sin®am 8w ) e <1 ~— k?2®sin® am 2(n— l)m)

x z z
4= (1 + Sncoam 2w ) (1 + 5 coa:}“n'§—5“> o (1 + S coam 2(n~—-1)w)
x x x
B (1 sin coam 4o ) <1 sin ecam 8w ) ( sin coam 2(n— 1) )
C == (1 - k2 sin coam 4w> (1 -+ ko sin coamSm) e (1 -k sin coam 2(%——»1)(»)

D = (1-—kxsin coam 4u>> (1 —kasin eoamSw) e (1 —kasin coam Z(fn-——l)w)

A= E {sin coam 4w sin coam8ow . . . . sin coam 2(n — 1)w%4
sin coam 4w sin coam 8w . ... sincoam 2(n— 1) w )2
M= (— By g : :
sinam 4w sin am 8w .... sin am 2(n—1)e

. ., . . . . . u
Quibus positis, ubi x = sin am, fit y = {—/{« == ginam (ﬂ’ }\).

Antequam ipsam aggrediamur formularum demonstrationem, earum trans-

formationem quandam indicabimus. Quem in finem sequentes adnotamus for-
mulas, quae statim e formulis §. 18. decurrunt:

ginfam« — sin*am o
1—Zk%sinam usinfama

( 1+ sinamu )2

(1) sin am (¢ - o) sin am (4 —o) =

) [14-sinam (v~ )][1 + sin am (¥ — a)] . sin coam o
) cos® am o T 1—/*sinfamusin®ama
( sin am
3) [1 —sin am (4 o)][1 — sin am (4 — )] . sin coam o
- cos?amo  1—/A’sinamu sinam o
() [1 Zsin am(u+a)][1+ksmam(u———a)_} (1 + ksin amu sin coam a)?
' A?ama = 1 /Psinfamusin’ame
) [1 —Fksinam (u -+ o)][1— % sin am (u—o)] _ (1 —ksinamu sin coam a)?
) Afama 1—/*sin?amu sinfama
E quibus formulis etiam sequitur:
sin?amu
(6) cosam (u-o)cosam (w—a) sin? coam
) cos*amo T 1—k?*sinfamusin® am o
(7) Aam(u-o)dam(u—o)  1—FK?sin®amusin? coam o

Afamo T 1—/?sin*amu sin®amo
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Posito ¥ = sinam @, nanciscimur e formula (1.:

192

T sin? ama . wsmam{zz—{—ﬂsmammmw
T— k%P sinfam o sinfama

o N

e formulis 2., (3¢

1+ _
( sin coam o./ a> [l+ sin am (v - 2)] J[1%sinam(u— a)]
T 7irtsin®amo " cos?ama

o formulis (4., (8.
(1% kw sineoama)® [1*ksinam (« 4-o)][1% ksinam(u—a)]
RS hiioflidnantidisitioc
1—E*r*sin®ama Afama

[inc ubi loco @ successive ponitur 4o, 8w, ...2n—1)w, loco —a autem

inw—a, obtinemus:

(i iza) (= siae) * (— siramn
U M <1"—§‘{h‘zam—zf$ sin”am 8o sin?am 2(19,-——1)w)

(8) Vv T 1= Fasinam4e][1— k2r?sin®am 8w].---- [1—Zk%?sin® am 2(n—1)w]

siname sinam (u+4m) sinam (u+ 8<») ~~~~~ sin am (u-}4(n—1)w)
[sm coam 4o sin coam 8w - .sin coam 2(n— l)wjﬁ

(1ba)dd (142 ){( +m>< +smcoam8m>'m( +smcoam2(n-—1)w>}2

[1—k*z?sin?am o] [1— IPz?sinfam8w]- - - - [1— A2 sin® am 2(n—1)v]

[1—{— sin am ][ 1} sin am (u+-4m)] [1-}-sinam (u—{—Sw)] - [1--sinam(u-}4(n-—1)w)]

[cos am 4w cos am 8w - - - - 608 am 2(n—1)w}*

{(1—x)BB _ (1—2) 3 ( sin coam 4(n>< sin coam 8w> T (1“sin coamﬁ(n——l)m) } 2

[1—k*z¥sin® am 4o )[1—F*2* sinfam 8w] .- [ 1—/A%z?sin®*am 2(n—1)w]

[1—-— sin am o[ 1—sin am (u--4o)][1 —sin am (u+8m)] ~[1—ginam (u-4{n—1)w)]
[cosam 4o cosam 8w - - - - oS am 2(n— ol?

(1»{%9&) [1-4-kz sin coam 4o ][ 1--Fz sincoam8o] .- -[14-kzsin coam 2(7@-—4)(»]} 2
[1— k%?sin®am 4o ][1— k*z*sin’ am 8w ] - - [1— k*z*sin*am 2(n—1)w]

it ’?CC —

_ - sin am o] [1-+-F sin am (u--4w) ] [14-F sinam (¢--8w)]---[1--ksinam (u4-4(n—1)w)]
[Aam4w Aam8w---Aam 2(n—1)o]?

. {12)@1@ _ (I—kz); {[1—kx sincoam 4o ] [1— kzsin coam 8o |- - [1—Fkxsincoam 2(@T1)w] } 2

[1— k%?sinfam 40 ][1— k% sinam 8w] -- [1—/k*z?sin®am 2(n—1)0]

__ [1—ksiname][1—Fksinam(u—-4w)][1 —;sin am(u+8m)] - [1—F sin am (u-+4(n—1)w)]
[Aamdo AamB8w- - - Aam2(n— Ljo J*

12




90 DE TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM.

Hinc etiam sequuntur formulae :

il
e I e —
\/1 z AB _ \/1*—“ sin? coam 4w sm2 eoam Sw sin?coam 2(n —1)w
(1—Fk*z*sin®*am 4o [ 1—k*%?sin’am 8w ]--- [1 — k2x%sin? am2(n—1)w)

(13.)

cosamu cos am(u - 4w) cosam (4 - 8w) - - - cosam (w4 4 (n—1)w)
[cos am 40 cos am 8w - - - cos am 2(n—1)w]?

a 4:)\/ —Fk xECD \/ 1 [1—FE%?sin®coam 4w ][1-—k%2? gin® coamSw] - [1— k*2%sin®coam 2(1n~1)a
[1—Z%*sin®am 4o [ 1—/%2%sin*am 8w ] - - - [1— A%2sin®am 2(n—1)w]
_ Aamu dam(u+4o) Aam (x4 8v)- - - 'Aam (u - 4(n—1)w)
- [Aam4ow dam8w - - - - Aam2(n—1)w * '

DEMONSTRATIO FORMULARUM ANALYTICARUM PRO
TRANSFORMATIONE.

21.

Iam demonstremus, posito:

P 2
- (1—2) K sin coam 4w ) ( sin coam 8(») ( " sin coam 2(n—1)w ) }
y = [1—Fz*sin*am 4o ] [1—A*z®sin®am 8w] - - - - [1— k%2 sin®am 2(n—1)w]

[1—— sinam#]{ 1— sin am (#~44w)][1—sinam (u—}—&n)] [1—sinam (ui- 4(1@——1)«»)]
[cosam 4w cosam 8w - - - - cosam 2(n—1)w J?

et reliquas erui formulas et hanc:

dy — dz
Va—yH(1—2%%  MVO—2)(A—k?)

siquidem :
A= k" [sincoam 4w sincoam 8w - - - - sincoam 2(n — Dw]* °
(— L [sin coam 4o sin coam 8w - - - - sin coam 2(n—1)w]?
- .
[sinam 40 sinam 8o ---- sinam 2(n—1)o?

L. formula proposita apparet minime mutari y, quoties » abit in #-4w.
Tum enim quivis factor in subsequentem abit, ultimus vero in primum. Unde

generaliter y non mutatur, siquidem loco u ponatur w#--4pw, designante p

numerum integrum positivum seu negativum. Ubi vero » = 0, fit:




DEMONSTRATIO FORMULARUM ANALYTICARUM PRO TRANSFORMATIONE. 91

. [1—sinam 4] [1—sinam 8w]- - - [1—sinam 4(n—1)o] 1
— T R T e R SRy J—
Y [cos am 4w cosam 8w - - - cosam 2(n—1 Yo P !

dve y = 0. Facile enim patet fore:
— ginam 4(n—1jw = sin am 4o

. —ginam 4(n—2)0 = sinam 8o,

. .

unde:
[1—sinam 4w][1—sin am 4n—1)o] = cos?am 4w

[1—sin am8w][1—sinam 4n—2)0] = cos?am 8w

[1—sinam o(n—1)o)[1— ginam 2(n+1o] = cos?am 2(n—1)w.
quoties u = 0 neque mutatar ¥, ubi loco » ponitur

Tam quia ¥ = 0>
it y, quoties u valores induit:

w4 dpw, generaliter evanese
0, 4w, 8w, o0 4n—2)w, 4(n—L)w,

quibus respondent valores quantitatis & = sinamw:

0, sinamio, ginam8w, - . -, Si am4(n—2)o, sin am4(n—1)w,
quos ita etiam exhibere licet:

0, +sinam4ow, +ginam8w, -+ + sin am 2(n—1)o,
ive etiam hunc in modum

0, tsinam2w, +ginam4o, - + gin am (n—1)o.

anescente y induere potest, omnes inter se di-

Qui valores elementi @, quos €v
Jam ex aequatione inter x et ¥

versi erunt, eorumque npumerus erit 7.
supposita, e qua profectl sumus, elucet, positis:
.. [1— k®z?sin® am 2(n—1)w])

V = [1—k?sin’am 4v] [1— k*2?sin’am 8w) -+
[1— k*z*sin® am (n—1)w],

= [1— k2*sin® am 20] [1—k** ginfam4o] - -

y=v fieri U functionem elemenfl & rationalem integram nt ordinis. Quae
cum simul cum y evanescat pro valoribus quantitatis p pumero n et inter se
diversis sequentibus:

0, *sinam2e, +ginam4w, .-« + gin am (R—1)o,

:fecessa.rio formam induit:
12%




92 DE TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM.

U=

M smgan{:;) ( 1= é-fﬂ** am4o ) ( sinam (?zml)w )

s ( sin?am 4m>( sin Zam Sm) ( 5535?@%)

designante M constantem. Cum, posito @ = 1, fiat 1—y =10, y =1, obti-

nemus ex aequatione y = %; :

( “sm am 2m>< sin® am4m> ( smEam(n——l)w )

1= M[1—k*sin*am 20 ][1— F¥sin’am do]- - [1—Ek%sin®* am (n—1)w]
n—1
__ (—1)? [sincoam 2w sincoam4w - - - - sin coam (n—1)w]?
- M[sinam2w sinam4w - - - - sinam (n—1)w]? ’
unde :
n—1
”— (—1)% [sin coam 2w sin coam 4w - - - - 5in coam (n—1)w]?

[sinam 2w sinam 4o - - - - sinam (—1w]?

Inter functiones U, V' memorabilis intelcedit correlatio, illam dico supra

loco @, simul y in L abeat, de-

memoratam, cuius beneficio fit, ut, posito v

k z
signante A constantem.

Posito enim 7&% loco @, abit:

z x? ) (1 z? ) (1 z? )
M sin*am 2o- sin“am4o sin®am (n—1)w
in hanc expressionem :

n—1

(—n* 7 .

Mz"" k*[sinam 2w sinam 4o - - - - sin am (n—1)o]? '

Contra vero, eadem substitutione facta,
V = [1—k**sin®am 20][1 — k%?sin%am do]- - [1—F%2sin?am (n—1)o]
in hanc expressionem abit :

71

(CEVER U - M[sinam 2w sinam 4w - - - - sinam (n—1)w]?

. 1 U ... .
Unde, loco # posito V=7 abit in:

V. 1

U MM K" [sinam 20 sinam 4o - - - - 5in am (n—1)w]*’
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2

. 1 . . .
sive g 1n vk siquidem ponitur:
% = MM [sinam2o sinam4e - - - sinam (7 —1)o]*

= J/ [sin coam 20 sincoam 4w - - - sin coam (n—1)w]"

Id quod demonstrandum erat.

Ex acquatione proposita:

( (1,, ,«_JL_*) (1_w___£..,_> e (1__ « )%‘
— (1—2) { sin coam 4 sin coam 8w sin coam 2(r—1)w
l—y = ( [1—k*z®sin®am 4] [1—Fk*x*sin*am8w]- - - [1—E2%*sin? am2(n—1)w] ’

posito 71; loco =z, 7127 loco y, quod ex antecedentibus licet, eruimus:

2
L

1 F: . . .
;% —l = = l;w { [1—Fz sin coam 4w][1— Kk sin coam 8w]-- - - [1—Fkxsin coam 2(n—1)w] }

quod ductum in Ay = Z‘TQ praebet:

Iy = (1—Ta) {[1—kx sin coam 4o] [1—Fk2 sin coam ;m] .+ [l — kxsin coam 2(n—1)w]}? ’

Ceterum patet y = —g« abire in —y, ubi # in —a mutatur, quo facto igitur

statim etiam 1y, 14-Ay ex 1—y, 1—A\y obtinemus.
Tam igitur eiusmodi invenimus functiones elementi @ rationales integras
U, V, utsit:
Vo U= VQ+y) = (+a0)44
V— U= V(—y) = (1—«) BB
VAU = V(+My) = (1+kx)CC
Ve U = V(1—ky) = (1—kz)DD,

designantibus 4, B, C, D et ipsis functiones elementi @ rationales Integras.
Hine autem secundum principia transformationis initio stabilita statim sequitur:

dy dz

V== Mya—a)i—ka)

Multiplicatorem M, quem vocabimus, €X observatione §. 14. facta obti-
fins. Unde iam omnes formulae analyticae generales, quae theoriam trans-
rmationis functionum ellipticarum concernunt, demonstratae sunt.



94 DE TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM.

22.

Demonstratio proposita ex ea, quam dedimus in Nowis Astronomicis a (e,

- ne}
Schumacher editis Nr. 127, eruitur, ubi ponitur @ loco & s (=0 M
” J

loco M, aliis omnibus immutatis manentibus. Ipsum theorema analyticum ge-
nerale de transformatione sub forma paulo alia iam prius ibidem Nr. 123 cum
analystis communicaveram. Demonstrationem Cl. Legendre, summus in hac
doctrina arbiter, ibidem Nr. 130 benigne et praeclare recensere voluit. Obser~
vat ibi vir multis nominibus venerandus aequationem :

al av ABCD T
Ve U =~ = i

cuius beneficio demonstratio conficitur, et quae nobis e principiis transformatio-
nis mere algebraicis sequebatur, etiam sine illis analytice probari posse. Quod
cum ex ipsa viri clarissimi sententia egregiam theoremati nostro lucem affundat,
praeeunte illo, paucis hunc in modum demonstremus.

Aequationem propositam :

dU . dV _ ABCD T
el e TRl e
ita quoque exhibere licet:
dU _ dV _ dlogU_dlogV _ ABCD T
Uds  Vidz ~  dx de  — MUV ~— MOV’

Invenimus autem :

= o s (i) ()
T M\ sinam2e sin’am 4o sin? am (n—1)w
V = [1—k%x%sin® am 20][1—Fk%?sin®am 4] - - - [1—k2%2sin% am (n—1)w],
unde :

dloglU dlogV’ 1
de dz +2

xX

— 22 + 2k%x sin®am 2¢gw
% sinfam 2gw — z? 1—k*z%sin®am 2qw.

. . . B . R ! -
numero ¢ in summa designata tributis valoribus 1, 2, 3, ..., - Porro in-

VONImus ;
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2
15 = (1= grezs) O e ) (0~ s )
‘ sin® coam 2o sin* coaméw sin? coam (n—1)w

0D = [1—k*x*sin® coam 2w ] [1—F%z?sin®coam 40] - - - [1—£%2? sin® coam (r—1)w],

) (1—T2x®sin® coam 2pw)

T ABCD x H< sm2 coam 2pw
== b

uvy Moy 2?11 (1 — k%2 sin? am 2po)

sin‘am 2pw >(1

siquidem in productis, brevitatis causa praefixo signo II denotatis, elemento p

. n-—1 - ) . . . . .
valores tribuuntur 1, 2,3, ...., —5—- Hanc expressionem in fractiones sim-

-

plices discerpere licet, ita ut formam induat:

AP BOg )
z +2 ( sin®am 2gw — z* + 1—JPztsinam 2qw /

quo facto ut evictum habeamus, quod propositum est, demonstrari debet fore:
A® — —2,  B® = 2}?sin?am2qo.

Denotabimus in sequentibus praefixo signo 1 productum ita formatum,

n

. —1 .
ut clemento p valores tribuantur 1, 2,3, ..., —, omisso tamen valore p =g¢.

Hinc ¢ pracceptis fractionum simplicium theoria¢ abunde notis sequitur:

sin®am 2go
H T sin® coam 2pw
1—k?sin? am 2¢go sin®am 2pw
sin®*am 2go

(@ it S
I I sinZam 2po
1—? sin? am 2qgo sin? coam 2pe

Tam ¢ formulis supra a nobis exhibitis fit:

AW = (1—F?sin?am 2qo sin?coam2qw)

sin? am 2qw
"~ sin?eoam 2po cos am (2¢ -} 2p)w cos am (2 — 2p Yo
1—/*sin’am 2qwsin’am 2po cos?am 2pow
sin*am 2o ’
" sinfam 2po __ cos coam (2p -+ 2q) cos coamn (2p — 29)w
1—Fk%sin’am 2go sin®coam 2po cos® coam 2po

‘acile autem patet, sublatis qui in denominatore et numeratore iidem inveniun-
r factoribus, fieri:
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[y cosam (2¢+ 2p)w cos am (2 — plo +1
cos®am 2pw T cosam2gw
T ¢os coam (2p4-29)w cos coam ( p—20)0 F1 cos coam 2gw _ Feos coam 2gew
cos? coam 2pw coscoam2gm coscoam4gwm | oS coam 4@; ’
unde:

A@ — —(—k*sin®am 2gw sin? coam 2qw) cos coam 4o
o €os am 2gw cos coam 2gw

At e nota de duplicatione formula fit :

2 ' sin am 2gw cos am 2gw A am 2gw
1—2k%sin® am 2go - 4?sin*am 2gw

€os coam 4quw ==

. — _ 2K sinam 2¢o cos am 2qow A am 2gw
"~ A%am2gw — k¥ sin?am 2ge cosiam 2q0

2 cos am 2gw cos coam 2qw
LN . 2
1—Fk*sin® am 2go sin? coam 2qw

unde tandem, quod demonstrandum erat, A® — — 2. Prorsus simili modo al-
teram aequationem: B® = 24%sin*am 2gw probare licet; quod tamen, iam
invento A® = — 2, facilius ita fit.
Facile patet, loco @ posito 7{1; » non mutari expressionem :
z? ‘
(1 —_———— ) (1—£*” sin® coam 2pw)

sin? coam 2pw

2
H (1—k*x*sin®am 2pw) (1-— L)

sin®am 2po

b

quam vidimus aequalem poni posse expressioni:

— 22 D@ 2
1+> sin?am 2qw — 22 +2 1—/*x*sin® am 2gw

. . . 1 ..
Haec autem expressio, posito e loco @, abit in hanc:

k
2 — B®
1 I Ew ;
+2 1—k*z*sin® am 2qo +x k*(sin® am 2go — z?)
B® 2k%2% sinam 2gw — B® z?
SVE R R e L
T2 k*sin?am2qw +2 1—Fk*z*sin® am 2qo + Zk2 sin*am 2go  sin*am 2gw—z?’

unde ut immutata illa maneat, quod debet, fieri oportet:

BO = 2}?sin*am 2¢w .

Q.D. E.
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23.
F formula (14.) §. 20. sequitur:

¥

(D
Vl""’ Lyt = \/1«—-&3@: A

P 27 L —kr%sin%coam2e || 1w—iﬂxgsm2mam4m] - [1—]*sin*coam(n—1)w]

= Vl———}'a’x‘* P X 12,02 qin 2 3
[1—k%?sin®am 2] (1—F4 2isin?am 4] | L—k%z sin?am (n—1)o]
Posito @ = 1. unde etiam y = 1, ac \/1-:[ =\, fit:
O Acoam 2o A coam 4w - - - - A coam (n—1)w

- Aam2wAamdoe - - - - Aam(n—1)w

Tam vero est: ‘
Acoamy == - k s
Aamu
unde:
K"
(1) N o= ! i’
[Aam20 Aamdw - - - - Aam (n—1)w]

Porro in usum vocatis formulis:

(2.) h o= Ji*[sin coam 20 sin coam 4w - - - - sincoam (n—1)yolt
4 ..e8l 47 e 2
(3 M= (— 1) 5 =1 [sin coam 2o sin coam 4o - Sin coam (n 1»)}»]
[sinam 2o sinam 4o - - - - sinam (n—I Yo l?
nanciscimur:
el
(4 =0 \/L = [sinam2w sinam4o - - - - sinam (n—1)w]?
M k"
5 }\k,n
(5 o = [eosam2w cosam 4oy - -+ cosam (n—1)o]?
(6.) \/]i['“ — [Aam20 Aam 4o - - - - Aam (n—1)o]”
n—1
(17 /¥
() Vi = [tgam 20 tgam 4w - - - - tgam (n—1)o]?
(8) \/«A— = [sin coam 2o sin coam 4w - - - - sin coam (n—1)w]?
k" '
L

i3
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7t S
— 1) g ,
99 L-?ﬂ)«»— V/ igr‘ == [coscoam 2w cos coam 4w - - - - cog coam (n—1)w]?
(10.) Vir™ = [Acoam 2w Acoam 4w - - - - A coam (n—1)w]?
n-1
(11) = [tgcoam 2w tg coam 4 - - . . tg coam (n—1)w]2,

Harum formularum ope formulae (8., ( 13.), (14., §. 20. in sequentes abeunt:

(12.) sinam (%, )= \/«- sinam ¢ sin am (u 4w) sinam (u-4-8w) - - - sin am (u4(n—1)w)
Nk

(18.) cosam ,}\) \/ e cosamu cos am(u-}4wm) cos am (u+8w) - - - cog am (u+4(n—1)w)

(14) Aam *]g‘,)\) = \/—}%,—z Aamu Aam (u+4w)Aam (4 +8w)--- Aam (w4 4(n—1)w),

unde etiam :

15.) tgam fi:k == Z@tg am# tg am (u - 4w) tg am (2 - Sw cetgam (u+ 4n—1)o).
M X g

Aliud ita invenitur formularum systema.  Ex aequatione ( 4.) sequitur:

s = [sinam2w sinam4w - - - - sinam (r—1)w]t,
Mk
unde:
x2
. % ,sm *am 2pw _ M 2% — sin® am 2paw
— sinam(2.1) = wamzp
Y stnam <M MH 1—7%%sin? Zam2po e vl 2 L
k*sin*am 2pw
sive:
= <l iwam— o ()Lt
0 zll (2 —sin?am pw) 7 ﬂ[ sin am ) I st am 2pe

Radices huius aequationis i ordinis sunt:
2 = sinamw, sinam (¥+4w), sinam (#+8w),..., sinam (4 4(n—1)w),

unde aequationem nanciscimur identieam:

. 1 >
2 qin? o) 2
211 (2 Sin"am 2pe) k ’}Z sinam Ii[ ) I (Q: F¥sin?am pr

= [z—sinamu][z—sin am (4 —+40)] [z —sinam (#~8w)] - - - [@—gin am (104 4n—1)w)].

Hine prodit summa radicum -
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. Ao /TN
(16.) S sin am (w4 4qw) = jar Simam (EI’_’ A) .
Fodem modo invenitur:
From ]
17 S cosam (1 + 4qw) = = )2 A eosam<~——a}>
Gy kM M
n—1
(18.) ZAam(u+4qw)—~—(~ DY, ( k)
L M
(19.) S tg am (u - 4qw) = ——k;tgamcg,)\)a
’ FM M

in quibus formulis numero ¢ tribuuntur valores 0, 1,2, 3,...,2—1. Quas

formulas ctiam hune in modum repraesentare convenit:

Y U . . .
5 am <ﬁf’ k) = sinamu- Y, [sm am (u - 4qo) - sinam (v —4qw)]

1

e " ¢o ( A) = 4
sam { 370k ) = cosamu -+ S [cos am (v +- qow) -+ cosam (4 — 4gw)]

M
n—1

(Mﬂn )* am ]’Z{”’}‘) = Aamu -+ [Aam (u 4 4quw) -+ A am (u— 4qo)]

tgam w4 3 [tg am (v 4qo) -+ tg am (u—4gow)],

I

'y < %
o e em M”O

ubi numero ¢ tribuuntur valores 1,2,3, ..

—1
., "==. Tam adnotentur formulae:

. . 2 cos am 4gw A am 4go sin amu
sin am (- 4go) +-sinam (u— 49w) =~ j7sin’ am 4gw sin® amu

2 cos am 4gw coSam
cos am (4 -+ 4qow)-}-cosam (u—4g0) = T JFginfam Igo s amu

2 A am4qo Aamu
bam (4 -+4q0) + A am (4—499) = T fFpian 4qw sin® amw

2Aam4gw sinamu coSamy
tg am (- 4g0) +tg am (n—4ge) = cos?am 4go — A?am 4go sin® amu %)

quarum ope formulae (16.) — (19.) in has abeunt:

*) of. §. 18, formulas (1.), (2.), (3.); formula postrema e formulis (1¢.), {30.) fluit, ubi reputas esse

0+tg8 = Sin(s )

€086 cO8 &

13%
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YO %o ) . 2 cos am4qo A am4go sin am e
(20) kg Smam (ﬁ’ b) = sinamu+ 3 1—k*sin? am 4gw sin®am %
e,
(—1)2 & u ) _ 2 cos am 4ge cos amu
(21.) Thar eosam\ gpoA) = cosamu - 3 1—/*sin*am 4gw sin®am
2l
(—1)2 A % ) 2Aam4ge Aamy
. R vk }\ = A [ T 3 s
(22) M am 7 am w+ 3, 1—£k*sin® am 4gw sin® am
N u 2 Aam4go sinamu cos amu
) it <~—, A) = tgamu e
(23.) K 8 M\ ap gamu+3 cos®am 4gw — A%am 4qw sinfam 7

quae etiam obtinentur, ubi formulae supra propositac ¢ methodis notis in fractio-

nes simplices resolvuntur.

DE VARIIS EIUSDEM ORDINIS TRANSFORMATIONIBUS.
TRANSFORMATIONES DUAE REALES, MATORIS MODULI IN MINOREM
' ET MINORIS IN MAIOREM.

24.

] .. oo . - mK-Lmh K
Elemento o vidimus tribui posse valorem quemlibet schematis &1 MK

b
designantibus m, m' numeros Integros positivos seu negativos, qui tamen, quo-
ties » est numerus compositus, nullum ipsius 7 factorem communem habent.

. . . . mK - gm'i K .
Facile autem patet, ubi ¢ sit primus ad %, valores o — j!,_,_“%i_i{i; substi-

tutiones diversas non exhibituros esse. Hinc ubi ipse # est numerns primus,
valores elementi o, qui transformationes diversas suppeditant, erunt omnes:

KK KK K4%K . KASiKC E+(n-1)iK’

7 n 7 n 7 ’ n
sive etiam :

K iK' KK 2KiK SK-iK’ (n—1)KAiK"’
5 =, 2Rt o SERET S (KK

3

% n % 7 7 ’ ' #
aut, si placet:

K K

o [
E+iK'  K£%K  K+3iK' Sl

3 e e 3 e ey

H ¥

1 [ n w H 1
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sive etiam:
1 _—
’ ’ .
n’ e " n n n J

quorum est numerus n-+1. Ac reapse vidimus in transformationibus tertii@et
quinti ordinis, supra tamquam exemplis propositis, aequationes inter » = Vi
ot ©— V1, quas aequationes modulares nuncupabimus, resp. ad quartum et
sextum gradum ascendisse. Quoties vero n est numerus compositus, iste valde
angetur rnumerus; accedunt enim casus, quibus sive m, sive m’ sive etiam uter-
qué factorem habet cum 7 communem, modo ne utrisque m, m idem communis
sit cum 7. Generaliter autem valet theorema:
snumerum substitutionum n® ordinis inter se diversarum, quarum ope transfor-
»mare liceat functiones ellipticas, aequare summam Sactorum ipsius n, qui ta-
viner numerus , quoties n per quadratum dividitur, et substitutiones amplectitur
vex transformatione et multiplicatione mizvtas, adeoque, quoties n ipsum est qua-
wdratum, ipsam multiplicationem.«
Tsta igitur factorum summa designabit gradum, ad quem pro dato numero » ae-
quatio modularis ascendet, ubi adnotandum est, quoties # sit numerus quadra-
tus, unam ¢ radicum numero praebituram esse & = A, ac gemeraliter, quoties
n = m*v, designante m® quadratum maximum, per quod numeram =z dividere
licet, ¢ numero radicum fore etiam ommnes radices aequationis modularis, quae
ad ipsum v pertinet.

Inter valores elementi w supra propositos, qui casu, quo % est primus,
quem, cum in eum reliqui redeant, sive unice sive prae ceteris considerare con-
venit, universam transformationum copiam suggerunt, duo tantum generaliter
loquendo *) inveniuntur, qui transformationes reales suppeditant, hos dico

K 1K' . . . . .
W 0= Tllam in sequentibus vocabimus transformationem primam,
hanc secundam; modulosque, qui his respondent, designabimus resp. per A, A,

" ; ’ . . . s «
eorumque complementa per N, A;. Argumenta amplitudinis —'2-, quae his mo-

dulis respondent, (functiones integras vocat Cl. Legendre), designabimus per
AT 2 . -
A, Ay, N, A, Formulae nostrae generales pro his casibus evadunt sequentes.

o ) Nam infinitis casibus pro modulis specialibus fit, ut par radicum imaginariarum aequationum mo-
ularium sibi acquale evadat ideogue reale fat.
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I
FORMULAE PRO TRANSFORMATIONE REALI PRIMA MODULI % IN MODULUM .

al . 2K 4K , (n-1)K)*
A = k" !sin coam —;~ Sin coam =, "t sincoam =

k,n
Vo= 5K ik =Y e
{Aam-éam—- RRRNY Aammm}
n n
[ . 2K 4K . (n—1) K2
Sincoam —-— sin¢oam-—— - - - - gin coam
M n % n
) 2K . 4K . (n-1)K
Silam — SInam ~—— «.... gipgm o 18
7 n 7
sinamu 1 sin?am gy sinamu 1 sin?amu
M c g 2K .y 4K s oo (n=1)K
sin?am - sin?am — sin?am v

. %

sln am ( Ty A) = -
. . . . . —1 .

M ( 1—Z%%in%am —-iffsm fam u) ( 1—k%sin%am -——‘if{sm%m u) . ( 1—%sin2am QET )Ksm2 am u)

n—1 by ) B
= (—-——1)—~§. \/ij— sin am  sin am (’&6 —-f__ %?) sinam!{ u ..’_ %{g <o sinam (u + 4(7@ 9:_1{{)

cosa 1 sin?amu 1 sin?amu 1 sin?amu
mu e — e Y e a —— e
. g - 1K - (n-1)K
sin® coam 7 sinZcoam o sin? coam T

e

£03am (u )\)
e h ) —
M ping, 2K . Y oei g .
1—Ek%in%am TSID amu )| 1—ZXk%in%am 73111 ame }.-{ 1—%%in%am e sin‘am u
7 . N

Vin

— k 4K> 8K> 4(%~1)K>
== \/Akmcosamu cos am u—}~7 cosam u+——7;~ ¢osam u-{—T

) 2K . . 4K |, | . n-1)K .
" Aamu( 1~lszsm2eoam—ﬁ—smgam u) < 1—k%sin%coam - sin®amw )--( 1—k2%sin%oam (an* sin®am
Aam (——~,A = '
M . 2K . 4K , n—-1)A
1— /c“sm?am—ﬁ—wmzamu) (1——7ﬁ2sin2am - sin®am u) oo (1—-—1{;231112&111 L__Jm sin‘amu
; %

_ /¥ 41{)/ ( 7. dn-1)K
== ]?AamuAam(u—}—T Aam u—}—? Aam(e&—{—m—;;m)
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1+smam<ﬁ,h>

1+smam<ﬁ s A)

sin am u N sinam u ) sinam 2
Y ¢ . 81 . Sn-1K
e sin coam —— sin coam —— sin coam S/

sinam n n oy

- \ 1+ sinamu 1+__smam;zi__ 1 sinamu \ o Sin am

. 41 . . 2An-1)K
sin coam — sin coam —— sin coam =t
7 '

s
1+A sma,m<~ﬁ, }\>

1+ Xsinam (%}, )\)

8K .,
e (1——7csm coam%sm amu) <1——Lsm coam——sin amu) (1~ksm coamgi2 1) Ksm am u)
/1—/sin amu n n

w\ 1-+Jsin amu

) ] 8K
(1 L -ksin coam%{sm amu) (1 ~}-ksin coam%— sin amu) (1 ~+ksin coamz( - 12{{ sin amu)
2

‘ (—1)?cosam 20 KA am 2K sinamu
* ginam (fﬁ, }> = ginamy -} 2 E %
EM M 1—Z%%sin?am —%%I—{ sinfamu
2
) (—1)?cosam 2K s amu
,,ﬁ., cos am (~%—7 }\) == COSamde + 2 E d
hM L 1--—,792sin2amg%gg sin?amu
2
) " Aam -%E Aamwu
+ O am <~—’)\) = Aamu-}2 E
M
M 1— k%sin?am 2qK sin?amu
Aam ?—Q-E sin am cos amu

i; kd 7
k,Mtga,m(ﬁ,)) = tgamu+gz gf

2q K ; 20K .
cosam ~1— A?am-—%—- sin%am «
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IT1.

4. FORMULAE PRO TRANSFORMATIONE REALI & SECUNDA, MODULI % IN MODULUM Ay,
SUB FORMA IMAGINARIA.

af . K, 4iK . (n=13K" )4
Ay = k"{sincoam -~ sin coam — -- .- . gin coam B
7 % # )
E"
%
}\' recenud T e T
1 21K’ 4K’ (n—-1pK")*
Aam——Aam " ..., A gm 20
7 n 7
/. UK HK’ (n— 1)@](" 2
n—1 t8incoam —,— Sincoam T - sin eoam - w'
M, == (—1)2 [ - ~
! (=1 . K, ’ . (n—l)zK ’
SIn am —-—  §in am —— -+« gin am — L
7 n %
sinamu 1 sin?amu 1 sinamu» 1 sin? amu
M, oy 2K Y o (n-13K
u sin®am — sin®am — sin am-«j;ww
sinam(«—rkl) = ! . 5
M, 1 sin? amu 1 sin®amu 1 sin?am %
oo 1K 3K .y (n—-25nK’
sinfam -~ gin?am sin? am ~—--=0
7 7 7
2 . ' SZK . An—1%K’
= \/~ 8in am sinam (u -} %~—> sinam (u = --.-ginam (u—}— -(—~——~)-_—~
, #n
1
sinfamu sinfamu sinfamu
cos amuf 1— e \ [ l— s \ e f 1 T Y
- P . 44 s (n-1)iK’
sin coam‘;;v- sin®coam—— sincoam
cosam(—-—«y}\l e — 7 .
M, " sin®amu i sinfamu 1 sinfamu
. 1K’ - K T n—2% K’
sin?am - sin?am—-"- sinam gw-—lw
7 n n
A 81K’ 4n-1w K’
f— L cosamu cosam u—§—~~~—« cosam u—f———~ <eesCOSAmM (u+wm
13
Ak \ 7%
sin®am u sin*amu i
Aamuf 1— s V[ 1— AN R SP am uz K
. 4.0 34 n
sin? coam —- sin®coam ——- smgcoam( )
A w X . 7 7 7
)= sin® ar infam
) m sinam u sinfam
BT <f | a7 A R B EE K
sin%am sin®am : sin? am 7/
n 7 7
/A

AamuAam(u—F%—%Ki«)Aam u—{-g._w@f ...,Aam<u+4(n—1)i]f’)
‘ ' 7%

=V
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DE VARIS
[ 1—s8in am{ —~y- A
z M t
1--sin xm( L >
in ¢ — kA
i < M . 1‘
1 sinam 1 sin amu
. %K’ LK’
gin eoarn sin eoam ————
\ 1—msm amu 7 7
= ¥ 14-sin amu sin am# sinamu Csinamu
T amu N[ 1 e R I
sin coam —-— - sin coam ————
. U ) i“'**
1—4, sinam (—M~, A1>
1
. /u
1A, sinam { ;- A >
T NS TR
L sinam % 1 sinam % . sinamu
S P sin coam K sin coam S @ﬂzﬁf{’
\/ 1—ksinamu n ’ n sin coam - T
1+ ksinamw m ~ sinamu n sin am u 1 . sin am u
: K Sil T ek
sin coam —— sin coam —— sin coam ~———-—
] n n

(2¢-1)K" (2q-1)iK’

\ " 9 cosam-~ E Aam ‘sin amw
L. ginam <~—~ ’ )\1> = ginamu— 5 - ! L
EM, M, k : / (bq 1\¢K
sin® am*—— = — sinfamu
n—1 2
(—1)2 o(— 1) = (—1 )Qsmam(—m (,_Q_,_L__A COS amu
ML M o8 am(AM—; > = cos amu- E —
1
sin”am - sin?am w
S
n—1 — 2¢—1 !
(—1)% Aa ( o(— 1) am (—1)%in am<-~g—-—>~~1rg 084 ﬁ___.(l _)zK Aamu
S Aam (g5, ) = Aamut S :)_: ~~~~~~~~~~
M, M, me - . (20~ 1)K Ly
sin?am - > ——sin” amu

r

2k,
(—1)Aam S ginamu eos amu
Vi

i b = ' R
kM gam(M ;}\) tgamu+2z i 2k,
“n ey

14
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B. FORMULAE PRO TRANSFORMATIONE REALI SECUNDA SUB FORMA REALL

A =

gAanl MM,L)Aam(A«m,Z,) <A m(mﬁ )Kf )2
Ny o= " % sin coam (%fg—; k’) sin coam (45;, L) +++- 8in coam Cn—:}—{f, k’) } ’

s sin coam («2—5—, k') sin coam (él—{, k’) ++++gin coam ((n LK — 7»)

. 2K N . 1K’ _ (n— 1)1{' o
S1n am (*—n‘ﬁ; ]i? ) Sin am { —— Zo *++ 8ln am e t
/

’
7

M, =

. sin?am _sin*amy ' sin? am _ sin’amy sin®am g
simame y -1 14—

M, tg am( ,A) tg zi,m( ) = toza;nr((% UK';L)}

. (2 '

e tg? ammt . ”§1+ te? am wﬂf_’, k'),

7%

ratd 1 ’
cosamu{l -sin alnuA?am<—~—,L>§ 31 -sin®amud fam —«—;k');-- 1—sinZamuA2am (n- ,;Z.)Jg ;k);

cosam(M 2 ) [ sinfamy ) | sin®amu i A sin®am
+ ' “H—M —1. -31_{— T
.. (KN SET N - Z)K
tg?am (72-,]; } ] tgtam Tk ) I tgfam ( —— L7 Y

l
5

Aamu 1-—sin2amuy Azam(h />§ 31 -ginamu A? am(-f!f—,ic); 21~sm?am?dzam<(n 2)K ;L)f

A am (m}A >~.. - 1 - sinamu ( (1—1»»  sinfamu -!\1 . _ sin® alngL~M1
T ()| i (| i
% tg am (‘”‘J L) ? tg*am (\ ~~"7;—; k )} % tg ami ~——22 ~ F 5

(n-1)K' ]>£

e )( 1—sin am#u Aam(m;il )( 51—-smam?mam ww—;
_ (/im0 AN | L

14-sin amn&am(

14-sinamu {

7 NI 1 TNFFTTTUTT
:L ) 2 §1+3m amu _kamkwggv »7;’) f g 1-+sinamu Aam(w n)——ﬁi; k )}
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—

,!1 g (u ; 3
[ 1—4, sinam i w774
t M, Y

u
14, sin am(ﬁw;AJ

% 1~—Aam (é ia’)sin arnou ! 1— am<w — >sm amu

!1w/'smcm ¢ !
““\ 1+lz&1ncmm

i

%1——331 (\\?2"‘%57‘") 5 )Smamzi%

{
f
1+A m(»w sk )sm amug %1+A‘LIH<*~M; E )sm amuz §1+Aa1 x(iﬁ%f—%;—;h )sm amu§

A
m C fffff 4 }]{f_) ;") sin am
by (u ! ) sin am w- 2 E . g
rrrrrr ginam| 5= Ay )= SN - !
M, M, k sin®am <(2g 1>A 5k )*}—Cos am \(%-J-}»K k') sin? am
i NI
"4_ < (—1)%in alql((J—L)Ig >;\a CZG DR 7c>cosamu
(1) .

"""" T2
- CO8 am( i /\ == ¢GOS amy — —— . :
M, M, I % ((2q NE" ) cosam @1 DK, )Sm -

14 N\ "Y/'I
- {20-1)X

)7 i (—1)'sinam { — T k') Aama
\ T Aam(—-«;k ) ._Aamu———2(-1)2 E 7 : Y
M, M sin®am ((ij DA ok )—}*coqﬁwm (2q —}l)—] ik )snﬁ amu

, /a’) sinamu cosame

\ (1) cos am (2515{— ; 7i'> Aam
7['M tg am ( M’ )\1> = tgamu--2 z

2gK’ .
1—A%am w%f— ,k )sinZamu

n—1

In formulis pro transformatione prima positum est (—i)* M loco M.

Formulas pro transformatione secunda dupliciter exhibere placuit, et sub

ami K’
forma imaginaria et sub forma reali, in quibus praeterea loco ksinam —
. 2m K’ . . —1 1
ksin coam ete. ubique scr
§ 208 — . ue sciiptum est o ete.:
v ! I (n-2my kK~ (n—2m)i K’ ’

sinam —————  gincoam
"

id quod, sicuti reductio in formam realem, ope formularum §'. 19. facile trans-

(J
actum est.  Ubi signum ambiguum =+ positum est, altecrum - eligendum est,

Tpmn i . 1 . .
ubi == est numerus par, alterum —, ubi “— est numerus impar; de signo
F contrarium valet. In summis praefixo 2 designatis numero ¢ valores
12 27 35 e i

1 . .
s 5 tribuendi sunt.

14 %




108 DE TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM.

E formulis pro transformatione prima propositis patet, quoties u fiat suc-

cessive:
o, K 2K 3K 4K
" n n n
fore a (,_@f, \):
(4] m M y A
Eis 3
O 2—; i —2‘ s 2’7‘ y
unde obtinemus:
K _
nM T

Contra vero videmus in transformatione secunda, quoties u fiat: 0, K, 2K, 3K, ..

sive amu: 0, &, @, 5F fieri am( S > ot ipsam =0, =, &, 5%
S amu: s T P SN T ¢ v 1 e sa, — Uy -, 5 TSy s e ey
2 2 M, 2 2
unde hoc casu:
ry
o, =N
1

Ceterum e formulis pro modulis A, N, A, A} exhibitis elucet, crescente n,
modulos A, )| rapide ad nihilum convergere, ideoque simul modulos X, A,
proxime accedere ad unitatem. Itaque transformationem moduli primam dicere
convenit maioris in minorem, sccundam minoris in maiorem.

DE TRANSFORMATIONIBUS COMPLEMENTARIIS
SEU QUOMODO E TRANSFORMATIONE MODULI IN MODULUM ALIA
DERIVATUR COMPLEMENTI IN COMPLEMENTUM.

25.

In formula supra inventa:

fgam 0 }\> = \/7 tgamutgam(u+4w)tgam (u+8w) - - - - tgam (w4 (n—1)w)
mI - m K o ' K'—mi K
— D = T,

7 n

ponamus u = fu, o = {w., ita ut sit w —

T S5 Y] Q : .
+am vero est (§. 19.):

tgam (i, k) = isinam (u', ')
tgam (i, 1) = esinam (', 3'),
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unde formulam allegatam in sequentem abire videmus:

sl [5 N

7o’ - ]L . ‘s 1 T Pt ’ . ’ N F
sin am &;} ; !) z==(—1) 2 \/ S sinamu sin am(y'-4o’)sinam{u'--8w’)--sin am(u' -+ 4(n—1)o") (mod. K’y

Porro invenimus formulas:

W=

41[ == (—“‘1 );‘2 »»»»»»»»

quac e formulis :
1
sin coam (u, &)
1

Aam(iu, k) =
sincoam (iu, k) =

wnde etiam sequitur:

sin coant (in, k) __ — _ —isincoam (u, k)
sinam (i, o)  tgam(u, &) dam(u, £') T sinam(u, k')

in sequentes abeunt:

¥ = I [sincoam 20’ sin coam 4w’ - - - 8in coam (n—1)w'J* (mod. k")

[sin coam 2o’ sin coam 4w’
[sin am 20’ sinam 4o’

. . gin coam (n—1)o' *

M= sinam (n—1)o ]

(mod. k)

His formulis comparatis cum illis, guae transformationi moduli 4 in modulum
A inserviunt:

sinam (%}; }\> = \/]—;: ginam» sinam (1 }-4w) sin am (u-80) - - - - sinam (v 44 (n—1)w)

A = %*[sin coam 2o sin coam 4o - - - - 8in coam (n—1Dow]*
M= (— 1)"’——;3 [sin coam 2o sincoam 4w - - - - sin coam (n—1)0]?
[sinam 2o sinam4w - - - - sinam (n—1)o?

clucet theorema, quod maximi momenti censeri debet in theoria transformationis:

Quaecunque de transformatione moduli k in modulum N propont possint formu-
2]

lae, easdem valere, mutato k in K, h in X, win o = © M (—1)® M

(2

iy .
I'ransformationem autem complementi in complementum, dicto modo e transfor-

matione proposita derivatam, dicemus transformationem complementariam.
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Facile patet, transformationum realium moduli % transformationes realeg

moduli A complementarias esse,

&, secundac moduli % prima mod

mate modo proposito ponitur

. . . w
moduli % primae et secundge respondet, fit o — 2 _

quod transformationibus moduli
Ron, cum crescente modulo decre

W = 7, fr

ita tamen ut primae moduli % secunda modyy;

uli 4’ complementaria sit, Ubi enim in theore-
+iK

Vi 7

> quod transformationibyy
+iK + K’

2 T—

¢y ¢ 7
& respondet Tesp. secundae et primae, Nec

¥

scat complementum ac vice versa transformatiq
b2

moduli in modulum ubj est maioris in minorem, transformatio complementi i

complementum sey transformatio complementaria minoris in maiorem esse debet

ac vice versa,

Videmus igitur, mutato £ in %, abire A ip Ay, A, in X,

Nec

non multiplicator M, transformationi primae eiusque complementariae commu-
nis %), abibit in M,, quiad transformationem secundam elusque complementa-
riam pertinet, ac vice versa M, in M. Hinc e formulis Supra inventis :

A =

sequuntur hae:
AT
A =
unde proveniunt formulae summi
A
A

R (=i

X K
oM’ = M,
KoK
77171:’ T M
momenti in hac theoria -
oA _ 1k
K’ X Tu%

Hae formulae genuinum transformationig propositae characterem constituunt,

unde patet, bono iure singulas nog transformationes ad singulos numeros 5 re-

tulisse. Adnotabo, quoties 5

sit numerus compositus

= n'n’, e singulis radi-

cibus realibus acquationum modularium sey o singulis modulig realibus, in quos

datum modulum % per substitutionem n% opdinig transformare liceat, provenire

aequationes huiusmody -

B

*) Hoe generaliter tantum neglecto sj

11—

“\; _n K
A

gno valet; vidimus enim, quod in altera transformatione era:

M, in complementaris esse (—1)2 J7; at nostris casibus €0, quod in transformatione prima loco A po-

P2

situm est (—1)2 ' y {v. supra), signi ambiguitas tollitur, ita ut transformationibus realibus complementa-

tiis omnine idem st multiplicator M,
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quae singulis discerptionibus numeri # in duos factores respondent. FE quarum

vo. quoties n est numerus quadratus, erit etiam haec:
<

T= K unde & == &,

casu quo n est quadratum, e numero substitutionum esse unam,

joitur nume

quae docet,

quae multiplicationem suppeditet.

DE TRANSFORMATIONIBUS SUPPLEMENTARIIS AD
. MULTIPLICATIONEM.

Revocemus formulas:

VLK N 1K
[ A, n K

{

A

quibus hunc in modum seriptis:

A K’
AT 'K
K’ Al
“E“:'** = N K: 2

clucet, eodem modo pendere modulum \ a modulo k atque modulum k a modulo \,,
sive eodem modo pendere modulum k a modulo ) atque modulum A, a modulo k.
[taque per transformationem primam seu maioris in minorem, qua & in A, trans-
formabitur A, in k; per transformationem secundam seu minoris in maiorem,
qua k in \,, transformabitur A in k. Itaque post transformationem primam ad-
libita secunda seu post secundam adlibita prima, modulus k in se redit, sew trans-
formationes prima et secunda successive adhibitae, utro ordine placet, multiplicatio-
nem praebent.

Vocemus M’ multiplicatorem, qui eodem modo a A pendet atque M, a £,
M, multiplicatorem, qui eodem modo a A, pendet atque M a £, ita ut obti-

neantur aequationes:

dy . ax
Va—y1—ity®)  MV(I—a*)(1—F2?)
dz dy

V= 2H(1— 2% M'\/(l—yg)(l—%Q?/:")_ ’
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quarum altera transformationi moduli % in modulum X\ per transformationem
primam, altera transformationi moduli A in modulum % per transformationem
sccundam respondet. Ex his aequationibus provenit:

dz m= da unde 2 = sinam <iﬁ—>-
VO —(1—F2%) MMV(I—o*)(1 —k'z?) MM’

At ex aequatione A, = LS mutando % in A, quo facto Kin A, X, ink, A, in K,

Ml
M, in M’ abit, obtinetur K = -]%,, qua aequatione comparata cum illa A = 7@%{’

1

= 5, unde:
MMI ¥

provenit

dz . ndx )
V(I —2)(1—724) V(l—zH)(1—kz?)

Eodem modo ex aequatione A = %% mutando & in Ay, quo facto K in A,,

AMin k£, A in K, M, in M abit, provenit K — ;—L%%-, qua aequatione com-
1

parata cum hac A, — KI}:, provenit —M—I—M,— = n; unde videmus, duobus illis
casibus post binas transformationes successive adhibitas multiplicari argumen-
tum per numerum .

Ubi post transformationem moduli % in modulum A modulus A rursus in
modulum % transformatur, ita ut multiplicatio proveniat, hanc transformatio-
nem illius supplementariam ad multiplicationem seu simpliciter supplementariam
nuncupabimus.

Apponamus cum exempli causa tum in usum sequentium formulas pro
wansformatione primae supplementaria sen moduli & in modulum k, quae erit
ipsius A secunda, eas tamen sub altera tantum forma imaginaria, cum re-
ductio ad realem in promptu sit. Quas confestim obtinemus formulas, ubi in
iis, quae supra de transformatione moduli % secunda propositae sunt (v. tab. II.
A. §.24.), loco & ponimus A, £ loco k,, %}— loco u, M' = ?z—liff loco M,, unde
M%Z[; == nu loco %1— In his formulis, sed in his tantum, modulus X vale-
bit, nisi diserte adiectus sit modulus %; ceterum brevitatis causa positum est
¥ == sinam (%7 l); numero ¢, ut supra, tribuendi sunt valoves:

F—1
2

1,2, 8, ...,
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CLAE PRO T RANSFORM ATIONE MODULL A IN MODULUM 4,

FORM
SEU PRIMAL SUPPLEMENT ARIA Y
27.
{ 290 41\’ (n—1YA
L == M sincoam-—-— gin coam — . §In eoam ——————— %
| 7 # 9

[ o h LTV
ey 4ilA n—10A" )4
sAam 23 Agm—— - --Aam (n=l)ed
1) #n 7
[ 2A" 4N (n=1)i\" 2
-1\ SN coam —— sincoam-——r-*""* gin coam ———
1 ( 1) 5 7 # 7
™M . 2uN . 4N . (n—1)ilA
gin am —- gin am ——— - -+ Sin am
" n
2 2
R ,_EJ 1— y e Y e 1— y2
nMy LN Y (n—13\
sinZam-—- sin?am-—- gin? am —-"
R - Vi Vs
ginam (nu, ) = 5 A 5 N
Y 1 Y 1 i
o T T “'7 s T 2 — S pub
] . A . n-2)\
gin?am — sinZzam o sin2am (_.,L
n

_ /,n <
- sinam -M sinam M + "

oy 1 v*  N\...[1 v
1—y? L 2N iy T (1N
\/ Y sin2 coam 7;— sin®coam = §in2 coam MR A yiA
cosam (ni, ) = ———F—""735 N\ 7. B B
(' i ) yg yl - s 1/2
. 2 5 ETAY (n-2 2\
gin?am-— sinfam-—— ginZam
7 7
TR 4N ( w SN 4(n—1%A
— A/25 cosam <7 cosam 22 Yeosam - £0S am( AR
I M M + M n M n
) yﬂ yZ y?
Vi—iiy? T W\ T 30 N =) Y
A sin? coam W sin? coam —— gin? coam ~————
am (e, k) == ———— T e "
%) y? y?
=\ () T a2
gin2 am — ginzam— sin?am-~ oL
7 7 7
/K 47N 8 A
= \/ Aam» Aam( )A : ) Aam<-~- 4n- NA)
7 M
* . .
3 }) In formulis huius paragraphi ommnes functiones ellipticae, quibus modulus non adscriptus est,
ulo A gaudent. B.

15
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e e W
e —— sin coam 2 ) sincoam 24\ sin coam 71
‘/L——sm am (nu, k) /’l::.y n )\ n
I4-sinam (nu, ) = ‘

,,,,,,,,, ) P
4N + . 13
sincoam ——— sincoam ~—— 70

n
¥ N\ — ¥
= ( =) (=2
~~~~~~~~~~~~~~ — — sincoam — sin coam sin coam <
/AR sinam G, ) _ Ve VAN A
v Ay /L b
1+ £ sin am (u, ky 14 Ay 14+ Y N\ 1Y 1Y
. . 3N (n~ 2)@A
sin coam — sin coam . 8in coam ~—=;
cosam L-»l—«}»—“ am (G4=Di
sinam (nu, %) Hy 3 "
’ = v 1 A’
M T M sin?am 2 (20 —1)iA
. —1 )i\’ 2011,
1l JE— (—1)%sin m:n@—gL«)i - A ( =iy’
cos am (nu, k) (=D* A\/1~y9+2\/1-y? "
] R et L : o e e W
nM hnM ‘ sinZam (2g- Df}_ g
7
1 (—1)?sinam (2g- Uﬁ cos am 221
A B (-—1 ) 2 Y ¥ v 24\/1~—A c _n o
am (nte, 1) = —Ar+ mnM 2. (2g—1yV
sin?am e a— s
n
29”(‘\
— 1) gl
tgam (nu, ) r ! YY1 —y* (MU S i
> == 7 M "‘“‘T """"" (V%Y ! ;AT .
E'nM V1 e k'nM cos?am QQ;;/A —y2A%am 2({;2\

Theorema analyticum generale, transformationem illam primae supple-
mentariam concernens, iam initio mensis Auomm a. 1827 cum (]°

Legendre
communicavi, cuius etiam ille in nota supra citata (Nova Astronomica . 1827,

Nr. 130) mentionem i Iniicere voluit. Simile formularum systema pro transforma-




FORMULAE PRO TRANSFORMATIONE MODULL A 1~ mopuLuM £. 1i5

tione altera cecundae supplementaria seu transformatione moduli A, in modulum
Jo stabiliri potuisset. Quae omnia ut dilucidiora fiant, adiecta tabula formulas
fundamentales pro transformationibus prima et secunda carumque complemen-
tarils ct supplementariis conspectul exponere placuit *).

Nee non € numero transformationum imaginariarum una quaeque suam ha-

bet supplementariam ad multiplicationem. Supponamus., quod licet, numeros

m, o §. 20. factorem cOMINUNCIL non habere: sit porro mp/— pm = 1, designan-
(ibus g . NUIMETOS INEegros positivos seu negativos. lam siin f(n?ulis lrr}qstris
gcnomhbm de transformatione propositis §. 20. 8qq. ponitur w = -le——;%ff—-——, ac

L et h infer se commutantur, formulas obtines, quae ad supplementariam
transformationis pertinent. Posito m = 1, m = 0, fit p =0, ¢ =1, unde
K4k K i
M  aM n

quod primae supplementariam praebet, uti vidimus.

*) In quatuor paginis sequentibus inveniuntur:
Transformationes reales Sunctionum elliplicarum earumque complementariae el supplementariae,
quae primae huios operis editioni in tabula separata adiectae erant.

B.

15%
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CTIONUM ELLIPTICARUM

4. TRANSFORMATIO PRIMA CUM SUPPL

EMENTARIA.
. . 2K 4 1 K
{a) A = k"sin*coam 2K sint coammjg s sm‘icoam( (mod. %)
it V3 %
2¢\ 44 \' ¥ 1 A’
(a2) & = k*sintcoam "L gjps Coam —~ . . . gint gogmy LI (mod. &)
% 7 n
P (mod ¥)
= M’“MT mO .
4A ~1IA
A4am"?-\‘“ A4am TR, A4am@_;_L
Vi ¥ Y72
. 2K, 4K (n— I)K
sin? coam~n- 8in2 coam«;@— -+ - sin?eoam S
®) M=  smtam KgAK W (mod.B)
sinfam——gin2gam 2. . - sin?gam =
V] V2
. 2A7 A DA’
sin?coam —— sm%dami\- - -+ - gin?ecoam (- )
( ) 1 _ 7 n 7 (mod A’)
nM . 247, 4N (n-1)\ :
sinfam TsmﬁamT e+ sinfam S —

7

sinam(u, ) = z; ginam (%,A) =y, sinam(mu, k) = 2

]

() ¥y = (—1)7 \/]% sinamu sin am (u+%¥)sinam u-{—%{—g)--sinam 1) K)(mod %)
x? xr2 xr2
Tfl—— N fy_ el
M sinﬂam%fg sin?amf"—jE sm"am(" I)K
— w._-h_\mw.n*.ﬁhﬁ N L (mod.lc)
1-7»2xi’smﬁam )(I—Jﬁxzsm fam ) (1-——-76% sin? am(% UL)
) 5— ‘/5\7‘ p u . " 4&\ 82& 4(n-1)iA
c = zsmamﬁ—sm am Ef sinam --sinam + T, J(mod. 3)
y? y? y?
My( T (1) i
/)‘ZM!/ tggam.zf}_ tgﬁa i*i t(n?am(% I)A\

(1+A2y2tgzam -)(1+Asystgzam _ﬁ) (lm (mod. x')
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TRANSFORMATIONES COMPLEMENTARIAE.

no, 24K 4L K {% 1‘2]{ . .
(a) ¥ = I sin’coam ~ sin*coan . - sin* coam ——— - (mod. k")
]‘,n
3 s
B Y = mod. )
2K i 1)K (
Atam ~—-A*am —— Atam 2
¥ 7
24 4N n~-1)A
(aa) A o= N snﬁcoam»msm‘*coamww sm‘*coamgww«— {mod.\")
R 7t k2 V) :

(b) et (bh) eaedem atque supra.

. ' . w : . : ,
sinam(w, k) = z; sinam (MM’)O = ¢; sinam{nu, k) = ¢

K K\ . SiK\ n-1)i
\/»{7 sinam u sin am(u - f%lf sinam (u —+ ;~—> ----sinam (u + ﬂ77’——;:—23@—)(1110(1. k)

() y =
2 2 X
@ (=g (M e ) (T R
M tg¥am —— tgZam o tgtam T
. ‘ - (mod. %)
<1+k’2x2 tg2am %{g(l«l«k’ax?tg?amg) e (1+7s’2x2tg9am@——_l-)—1—{)
n n n
n—1 T‘,‘ﬁ
(ee) = =(—1)2% \/msmam smam(,\/I + = )s1 \) -sinam{ 55 m) (mod.\")
y‘z yﬂ y?
e ¥ N1 N e
My sin2am 2—\— sin?am —7—{ sinzam Lli) v
(mod.X)

. \' e .
(1—-) Jgsln%m—«)(l 2y2sm2am%—>---(1———)\’zyzsmzam—— ﬂ)
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&, TRANSFORMATIO SECUNDA CUM SUPPLEMENTARIA.

— WK 41K’ 1K’ )
(a) hy = F"sint coamgz—{z sint coam 2% - sin? cmmm’ ik (mod. %)
( ! n 7 7
a (mod. %"
T e O o M‘iv A o "“W;‘:] K; - .
Atam = 2K A“ am-—-—. s Aty (i—«) -
n n 7
24, A, =14,
(aa) k = X} sin*coam -—';« sin*coam 3; - sin* coam( P (mod.2,)
2K’ 4K’ (n—1)K
smﬁcoamw— sin?coam - sin®coam
My =— " Mn - (mod. %)
®) M, = 2K iK DK :
smﬁarn ~——sinZam- 0 sinfam T
. 24, 4, (1 —1)A,
sin?coam =, Sin*coam ~7 -+ sin?coam * ;
. ¥
(bb) == Y U i e —— N (mod. )
nM, sinam ~2«\ sinZam 4}& -+ -sinfam- (” ;LL
sinam (u, k) = ». &y am (—l\% ;}\1) =Y sinam (g, k) = 4
1
B KN C SR 4(n—1
(e Yy == \/; SInamu sinam ( o4 4‘}?) sinam (u—f~ [::(/* -sinam (4 - (n ﬁK (mod. %)
‘1 N " 2
7t z2 \ 732
a e R ... 1_;~ -
e N ATR S 4K T (;z-1)K
M, tgwm?—f tg*am - tg am -
e e ! e (m()d. k’)

(H—] “z%tglam K>/1+L “rglam - ;»~~>---(I+Z¢2Z2tg2amm;%)£->

”gj }77 AT “u 8\ 4(9s~
(cc) Z=(—1)2 \/7~s1nam e sm‘xmhyI : )smam( M, + - smam( + -mm)( od.&,)

y* \ / y? \ / Y2
| . A ) - Veedf/ 7L R S
%3’11 Y sin? am "’ \1) ( sin®am - g ) sinfam (”_.1)..52

“W\
Q1~‘: y3sin? a,m— )(1"‘/&& “sin® amﬂl
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TRANSFORMATIONES COMPLEMENTARIAE.

W 2K ., 4K (n— )] ) )
(ay A, == [ sin’eoam——smicoam - sin* coam *——"" (mod. &)
a; s " n
‘ 24 4ihy (n-1)iA,
: 8 poam 2EM gind it 4
(aa) % ==} sin®coam— = sin®coam —- - sin*coam *— - (mod. &)
‘!7“
& (mod. A,)
o mod.
2A 4A n-1)A 1
Atam—! Aftam—21 ... A‘*amg-f—-——-)wl
" n n
(b} et (bb) ecaedem atque supra.

. , . Su L, . ,
sinam (¢, k") == z; sinam &Mﬂ shy ] = y; sinam(nu, k') = 2
1

[ | T

s VA

(¢) y=(—1)°¢ \/-)w sin amusin am(u—}— ——~>sm am<u+ ) sma,m<u+4(n QE)( od )
¥4 "2 @
z 1~~——'~~——~‘7:Wé—‘7 1._..._.,».,_,17.‘,«:,, I WY 4 z K
M, sin®am - sin?am . sin am( Ml)
T K ; T Y (mod. &)
<1——/c’zwzsin2 am-z—ﬁ[g) (1—7&":62311123, 1)@)
n

A A . u 4(n~1)A
(ee) < \/l,sm am-Mﬁ.smam<M — m—)sm m( _.Z__l Hsmam(ﬁ:+ ( n)"?’i‘x“)(m"d')‘,x)

2 2 : 2
1+ Y\ 1 bt YN Y
nM,y tg*am 24, tg*am 4A, + to?am (n—-1)A,
_ n n g n

N <1+" yitg® am >K1—§—/’“ yitg? am ) (1_}.)( yhtg?am (1 I)A )

(mod.A,)




120 DE TRANSFORMATIONE FUNCTION UM*ELLIPTICAR UM.

FORMULAE ANALYTICAE GENERALES PRO MUIL, TIPLICATIONE
FUNCTIONUM ELLIPTICARU M.

25,

E binis transformationibus supplementariis componere licet ipsas pro mul-
tiplicatione formulas, seu formulas, quibus functiones ellipticae argumenti ay
per functiones ellipticas argumenti » exprimuntur. Quod ut exemplo demon-
stretur, multiplicationem e transformatione prima eiusque supplementaria com-
ponamus.  Quem in finem revocetur formula -

n—1

. 2 R . ' . ] . -1
smam(%&—,/\):(ul)? \/%«smameesmam(uﬁ«%—fg smam(u+§—§ --gin am u—{—%@—%)g):

quam etiam hunc in modam repracsentare licet :

n—1
2mK
(—1)% sinam <—~~,)> \/--~]_Is1na,m w20 )
designante m numeros 0. 1, +2, .., +’3§—1. In hae formula loco «
2 4 ) r 2 /\I .
ponamus -} ”27:]?—, unde —\ff abit in _I% - QWI&K i- + = i . prodit

i 2m'iN

(—1)2 summ( ~{~—w«~ ) = ‘/éfﬂsmam -

2mK - 2mi K ’) )
%

. . . ’ . B Fpm § . .
lam ubi et ipsi m' tribuuntur valores 0, +1, + 2, ..., +——, ita ut utrisque

m, m' isti conveniant ralores. facto producto obtinemus :

711

(—1)? IIsinam ( fc -+ —211?2- ; A) L“ 1Tsinam (#4222

2l +-2mi K ')

n

ubl in altero producto numero m', in altero utrique m, ' valores 0, *1,
N1 . .
=2, ..., *—— tribuendi sunt.

At vidimus in §° praccedente, esse:

43

sin am (v, k) = \/i] sinam — ‘\I sinam ( 3 T Jsin am(

8 4(%—‘1 A

--sin am( M )(mad A,
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guam ita quoque repracsentare licet formulam :

om'iA |
sinam (nu, k) = v 11 sin am( —{— s A> .

ande 1am:

1 2 { 2 I{
(1) sipamnu = (—1)* ) 2 \/ et ] ]sinam (z( + .ﬁ_],aﬁl j_’f},

tiodem modo invenitur:

(2.) COS A N == \/ @mﬁ 1] cosam <u -

ﬂll— 2 I 2 K
3) Aamaun = \/(k 11 Aam(n-}- n l+ e )

Quac facile etiam in hanc formam rediguntur formulae:

amK + 2m’i]£

1 sin amu
T omK +2miK omiK
sm am W’-*“‘l;i—'—‘
(4) ginamny = nsinamu ‘ I —
1— k?sin*am 2m K +z2m K = sin®amu
1 sinamu -
omK + 2m'i K’
sin? coam ~————————
(5. cosamny == €OSAmu l ‘ ;
. 2
1— k?sin?am mK+ ik —-sin?am#
. 2
1— k?gin® coam me—}—Z ik - ginfamu
(6.) Aampy = Aamu l l .
2
1—k?sin®am MK—{; 2K sin®am
Quibus addere placet sequentes:
':.1.
. amK - 2m"i K’ (-2 n
2 —
(7) IIsin?am ” =
k 2
¢ R nn—1
(8) T1 cos?am W}E’. —_— ( ¥ ) 2
ViK' il

(9.) T1 A%am 2mK -};227)3 K e




122 DE TRANSFO RMATIONE PUNCTIO NUM ELLIPTICARUM .

In sex formulis postremis numero m valores tantum positivi o, 1, 2,3, ..., 31;;’

conveniunt, ity tamen, ut quoties g — 0, et ipsi ' valores tantum positivy

P | . ) u . .y . .
1, 2,3, ..., ;- ibuantur.  Et hag et alias pro multiplicatione formulas iap,

prius CL Abel mutatig mutandis proposuit, unde nobis breviores esse licuit,

DE AEQUATI( INUM M IDULARIUM AFFECTIBUS.

29.

Quia eodem modo ) a k atque % a A, nec non Ay a B, F an pendet
patet, ubi secundum candem legem modulorum scalas condas, qui in se invicem
transformari possunt, alteram modulum k., alteram complementum eius & con-
tinentem , in ijg terminos fore eodem ordine se excipientes :

A,k Ay,

'

SRR A

id quod in transformationibug secundi et tertii ordinds jam prius a CI° Le gen-
dre observatum et facto calculo confirmatum ext, Similia cum de omnibus mo-
dulis transformatis et imaginariis valeant, patet. designante A modulum trans-
. . . . . 3

formatum quemlibet, acquationes algebraicas inter % of A, seu inter y — Vi

4, . . . .
et v = V], quas aequationes modulayes nuncupavimus, immuntatas manere,

1) ubi & et » Inter se commutentur,

2. ubi & loco &, X loco L ponatur.

Alterum iam supra in acquationibus modularibus, quae ad transformationes ter—
tii et quinti ordinis pertinent :

(1) @&4-v4+2w(1—~zﬂvz) = 0

(2.) wS— S| 5uPv® (u?—p2) L qoyp (I—utvt) = 9,
observavimus elusque observationis OP¢ expressiones algebraicas pro transtor-
mationibus supplementariis exhibuimus. Ut alterum quoque his exemplis probe-
tur, aequationes illas in alias transformemus inter kg — 4,8 et M =% quod
non sine calculo prolixo fit. Quo subducto obtinentuy aequationes :

(1) (B*—32% — o8 K 1%) (1—%) (2 — 2y g 2:4.2)
(2.) (B —1%% = 512002 (1— %) (1 %) (L= LB 4 11— 1),




