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Surface Reconstruct ion with Triangular Patches 
from MuIt iscale Range Images 

Abstract \ r ~ r r t * ~ . ~ l i v ~ I y ,  ~ I I  lfiemir*r~t a n d  i r r r t l r i l l  rL 5t~sljc. r r l t r r \ tar~ l  AI  inn r a n  
Ilr* grnvrat r t !  wit !I a ~ l t i i l l l  11tlt1tI)er ~ r i i l l l g ~ ~ l ~ r  [l i lt rht'h t o  

~ V I .  13rOl)O"' f 11lr'l l l l l r l  I o RPlltlrdl(' htta 11' v'~wvM"'II l"f i ib11 I l V  11s- rpl)r[v,qstlt t hr 1 Ilrw.t~irnr~rl~ic~llal rltljrr+l wl l i r f l  a \ arirlv 

~ r a I v  1111111 i w a l r  i-id~~gv ~IIIA~<~> A I I ~  t 11t7n d ~ l w t  t v l g ~  P ~ P T ? I ~ ~ ~ ~ I  s 

1 r i ~ ! 1 ~ 1 1 l a r  patr!lr%5 It! l i ~ ~ t l i r ~ g  a tapicl r l ~ a r ~ ~ ( ~  o r  t l ~ r -  ~ r -  2 Mnltiqcale range images 
h r ~  1113rr11al irk par11 sralv or Il1+1 i ~ t ~ i l ~ ~ ,  I)! i ~ l l ~ g r a t i i ~ g  th rse  
r r l ~ r  ~ l r l n t . r i l *  rnrrrt i l r  1111 i s r a l r  r i l r lg r  irnagr.. a~~r r . c~ fs i v r l v .  snl. 
Iirlr111 arid a r t  l l r ~ t r ,  s11af)t. r < ~ ~ ) r u ~ \ t ~ ~ b t a l i < ~ l ~  car1 ~ I P  p n ~ r ~ t r q l  
w i l  h a s ~ r ~ a l T  1111 l ~ ~ l r t ' r  I r i i l r tgl l l i l r  pa! rl1r05 I r t  r~.I~rl,ht*~lt t 114' 

I I1 r4v t l i ~ ~ ~ i * ~ ~ s i r j r t a l  (d)qir,rt ~ 1 1 i r * l 1  11ah a \*a rir.1 v c ~ i r v ~ r l  ant! 

111~11ar surfarraq. '1.11~ r ~ ~ ) v r i r ~ ! ~ * ~ ~ t a l  rw111tx a r r  r o r n f ~ ~ r r d  ~ C J  

t l l o w  o I > t a i l ~ r ~ d  h v  11hi r1~ I r i a ~ l g l l l a r  ~.+I[.\IV\ w h i r h  .arp f lnvr- 
a t r d  h v  ir hill lpl[, 1111~!110(1 u \ i t l ~  a r r x u l i l r  grirl. I !  ih s l rowr~ 
I l ~ a l  I~IIF h l~ ; l l r (~  r r p r ~ \ r i ~ t ; l l  i rhl  111rl1 11011 ra11 rr( l ! l r( '  I ~ I P  l ~ ~ t l l l t l r r  
o f  1 r ia11~1i1ar  pa ~r!b i*q wl~i l ta Lw11i11g I he- [I~LI ai ls nr i !rr h l lapr  

1 Introduction 

 TI^ prop-db++ o r  1 h r lw  4!i1~1tvwiot1;lI (1x7 ;i arr lh~ is i i  ~ B I I  d ~ ~ v i r -  
I I I ~ ~ V S  i t  p o h s i l ) l ~  10 i t ~ f r ~ i t  a r c l ~ r a l r  ql~apr, i l l f t ~ r r ~ ~ a ~ i o r ~  td r d  
t r l ) j v r ~ s  i III (1 ;l rr>ltl lt l ltcar S,V\II~ITI. El(twrvv-r. I hr r a n p r  i m n g r r  
oI>tai l i (*d lry I IIVIII rn11xi\1 or a la rgca wk ( ~ f  11al a { ~ ~ I I I S .  roll- 

~ ( ~ t l ~ ~ ~ t t ~ l y ,  ~ l l r y  i t r ~  T I C ~ ~  e6ahy 1 0  h;intllr n r  ~ n i l ~ i i ( ~ l r l a t r .  lclr alr- 
l i l i r a t i ~ ~ r l h  s t j r l l  as gru>rlic~r r ic  r1 ludr l r r5  tor r o ~ ~ ~ p ~ ~ t r r  g n l j l l i r s  
o r  r r ~ ~ l ~ p l l t  t-r ~.i[Itd i11t11 tsl r ia l  drs ign.  ' l ' I~r,rvTor~= il i s  ~ I I I ~ ( J ~ .  

fa111 fn r m l l ~ r ~  IIW b i ~ t ~  ~ ) f  t!l~a tl;ifa, wliiltb h v - p i i ~ ~  t b ~ r ~ t L r ~ t a i l s  
t)C ~ I IV  ~h i i l ) f *  i l ~ f o r r l t a t i o l ~ .  

S~lrnr. r r w a r r f ~  raffr,rts l m v r  Irrccrl tiirrrl rtl l o r  I h i *  kit h,jrlT 
[1]~2]~3][.tj. l ! [ w ~ v ~ r .  \ i rw r  t hr ( l a fa  h i / ~ s  or t h i r  s l i a ~ ) ~  rp l l rv -  
\~.rlt;dic~rt r l r - l r t + l ~ t l  (111 I IIV inlvrval.; rrr t l i r *  g r i l l  o r  IIIV l ~ r ~ r ~ ~ h r r  
t) f  t IIP t r ia ~I~II- ~ I ~ ! v r r i ~ i ~ ~ t ~ t l  ill ~ ~ I v ~ r ~ r r ~ ~  I hv i r  rrvI11rl1<111s c d  
I lip da ta  hifa,\ artn $101 s ~ i l T i r i c * ~ ~ t .  

( I ~ P  f IIP rl~tv\f  p1tpi11;tr \II r r i t rv  IIIOII~\ h r  r{kt lq) i l t i9r 
~ ~ [ $ l t i r +  i\ I ~ I P  s l ~ a l r r  rr , [ l rca<~r~I f t  in11 by I ria~lg1118r 11afrt~P~. 
111 urr l<+r t r l  1t1:tkv l t l c ,  ~ulfir.ic,~r I hlla[?r. r r l ) rd 'u~r~fx l i r r ib  Iry A PVA- 

W~IIXI)I,V s111;1ll rl IITIII>P~ of f r ia11~11 [at p h i  r l ~ v \ .  i t  i\ nr,cv\\ary 
t o  ~4b~1t- ra iv  5111all l ~ ~ f r l ~ r l h  for hl!i-r;l~ (,< M-II~I I i igh r ~ ~ r v ~ l u r [ , s  
iirttl I:trgr* $)at rtlias ror I 11osr. w i l  I! !(I\\* <*ttrvai h1rr.s. 

t v t b  pnBp(n[% a ~IIPI 11o(I I hat IIIVPI s t Ilk rt~cti1ir1*~11[,111, i .~,  
s l~ayw r t * l> r rw%t~ t i l l i r r~ r  1 ) ~  II~~IIJ: v ~ r i ~ l t h  h i r r ~ ~ ~  01' t r i a l ~ g l l l a r  

111 I his wrr i r l l ~ ,  w~ rxf,lai II I 1 1 r h  11hitg~ (tr 1r11tl l  iw; l l r \  r;lngrL 
i ~ r ~ f g i * h  l o  E m v r a l p  \ha[rv r ~ * l ~ r ( , s [ > ~ ~ t ~ t i t b l ~  wi l l1  t r i x r ~ g ~ l ! a r  
))XI r11ra5, 

2.1 Triangular patches based on t.he pdge ele- 
ment s 

S l ~ a p r ~  rry>rwr111 it111 w i l  11 I ria11~11Iar l i a t r 1 1 ~ ~  v t r ~ ~ + i h % +  o f  

t l ~ r r c  dirnrrl4clrl:il ror>rr l i l ratc~s (IT vt*rir*ur> a t d  zi~lc*:. or c.arh 
t riai~gEi'. 111 rlrrltbr rrr rnakr- T ~ I P  +ltffirit.rll \ ltallr* rr.llnb<tbl!ia 
tic,r~ I lv  a r~; ls r )~ l i l l r ly  ~III:LII t ~ l ~ r ~ l l > r , r  or I ~~~IIRIIIAT ~MICIL~~R. il 
is r l r r r w t r y  IU ~ ~ I L P I - A I  P hri!all 11;11ihr~ Cor 511 r r i t r w  ~h'il l h  I l i ~ h  
r u r v a t u r r c  ant! l a rg r  [ r a t i l ~ r ~ s  fo r  I I I (~P  wit11 Io\v riIrvdttlrr'+. 
'Gllrrr.For(.. !11(. rvlgrb\ (IT z r i a l i ~ l t * \  rlti lct 1,r Inra l~br l  t v l ~ t ' r r ~  I tlta 
rlirrrl ions [IF hrlrhrt* TIOIIII~I vr*rtorh ~ I I R I ~ ~ V  ral)i<ll,v o r  UII COII- 

tours of t t ~ r  rlhiiari. ~ V P  ~ r r o d i ~ r r  t r iar lgu lar  [ ~ i l l r t t r r  r ro l r~  
I hrsr c d g ~  r l r n m r ~ ~ ~ ; l ~  r l r l r r t r t !  irr l ranqr. irr~a$t*. 

2.2 Detection of e d g ~  elements in mu!tiscale 
rangP images 

p a t r l l w  a l ~ j ~ t ~ t f i ~ ~ ~  OII t tbca \ i l r r ~ r i ,  r ~ l r ~ i t ~ t l r r , \  XII ol) , i~-rt .  

M'v lirhr Etnirc%rar t1 lrlrbll i.;cnir% r;rngr* ir~lagc%s ilrit l t h1.11 ~ h ' t  VFI 
2.3 Relat,ion among r ~ s o l u t i o n ,  rurvat.uirr and 

surface n o r m a l s  
r d g r  v l t ~ i i i v t ~ t ~ ~ ~ f  t r ia11~11Iar pa t r I i v \  l )v f i t ~ t l i t ~ ~  i~ rafbitl r l ~ a r i g c ~  



r hrw-rlinirt~sinnat i l~rrrarm Tor siri~plr exglamtinr~. Supl~ow 
l t t r  ~ I l r f i l ~ ~  nclrmal vector at point P on this curvr z=J(r)  
. - 
15 18 = (- 2,1) ant1 d in thr a i~g l r  iorrnrd I,y x-axis anrl 6, 

ktw gradirr~t 2 is given tly: 

I,cr ru t r )  b~ tttcb r r ~ i n u t ~  width at point 1'. 'I'llr ariglr with two 
sr~rfacr normal vwtors whirti am l n r a t ~ ~ l  with 1 l ip rl istattc 

W ( X )  is apprnxiniattvl as: 

111 u110rt. I ~ P  distarlt-e of two pixpls whir11 lrroducr !lie anglr 
with twr~  sl~rfarr~ normal vwtors B ( r )  is givcn b y  ui[r) in 
Fq.43) r l rp~nd ing  on t l r ~  clrrvatllrP ~ ( r )  and grarlirrlt 2. 

2.4 haultiscale range image and edge detection 

Srtppmtt thr distance Iwtwwn two a s l r t ~ l ~ l ~  points rir(s)=iib 
arlil a r l ~ l r  with two sitrfarr normal v~clrars 8(1)=f?, am roll- 
stant ill llq.(4), thc 1<q.(5) is obtajnrrl a< a s o l ~ ~ l i r ~ n  w l i i r l ~  
sat isftm Etl.(J ). 

W~IPTP, k=y and C am constant. Figure 3(a) shows a ru rv r  
wllirh rnnslsts ol t h r w  F ~ I ~ V P S  or F:q.(5), Sinrr path in1erv.d 
A,Il,C] t ~ a u  a rnnstanl v a l t i ~  of rr~o=a~l ,f17t,rr7a(lial < 1172 < 

u a )  in 1Sq.(5) rr~iipccziv~fp. t ttt- angle wilt1 two burfacarp normal 

v r r rnn  at x rlibtarlrp n i  ub i s  equd to ~ v ~ r y w h r r r  on ~ t i i s  
rurvc. I'igurr (I)) is r l l ~  ctzrvalilrtL of (a). 

fly usit~g a Inw-[lass l i l t r r  w l~ i rh  cuts off I a w r  rorvattlrm 
I !Ian K ~ ,  ( ~ ~ t y  t I i r  rl~avcl i n  V ran I)r ~lxsml .  T l l n u ~ h  ~IIP a n g l ~  
with two surface normal vcrtors at a distancr of 119 is eqi ld 
lo 8, pverywlirrr 011 r41is smtmttitd curvrL. thmp at a dist;tnrr 
ni r~?,ru, arp IPRS t1ia11 4. SII~PORP if k h ~  a n ~ l ~  wittt two 

s t~dar r  tlt~rrnal vrctnrs i s  grralpr t i ~ n n  Of, !he P~ I~P  ~lerncnt is 
r l r t ~ t t r t l  bctwwn t h r w  two pc>inls. T l i~ ts  thr nrtlp rlistance 

l ) r i w w r ~  I wn ~miiiks t 11x1 ~ r l g r  r l rnirnts c u ~  hr drtrr!wI i~ ug. 
Swunrlly, Zjy using a low. pass lillrr which ruts om l a r ~ ~ r  

curvatltrcs than ~ 2 .  two curves in I1 anti C can be p a a d .  
Though thr  anglr with two a u r l a c ~  normal vcrlors at a dis- 
tance of 119 is rcl l~al t i l  19, i r ~  11, that is Irss than flI in C I~waiuw 
rrTz is srnallrr than tr~x. Si~pposr i T  the a n ~ l r  with two surfacp 
norrt~nl vrrtors at a r l i ~ ~ a r t c r  of 119 i s  grratpr ihxn Of, t h t  c c l ~  

~ l r r n ~ r ~ t  is d r ~ c r t d  l ~ t  wwn t h r n  two points. I l o w w r  r d p  

~ l r \ n i ~ n t s  can he IIc~*T~NJ in t h ~  f3, ih ry  rart not he d ~ t p c ~ r v l  
in tllp intrrval C'. 

I.'inally, by using a low-pass f i t i ~ r  which r u  ta oA l a r p r  cur- 

valilrrs than ~ 3 .  l l ~ r w  C ~ ~ W P F *  in A,f1 and C' can t)e passtrl. 
Ttiough tllp a n g l ~  with two st~rrararp n o r ~ r i d  w t n m  at a dis- 
fa t~cr  nf tit1 is P ~ ~ I A I  to Bi in A, t l l m  are lma than 81 in I{ and 
C hrcariw ml i s  ~ rna l l r r  than 11.2 ant1 wax. Simil*rly, suppow 
i f  t h~ anglr with two s~tdacr normal vrrlors a1 a distanrr nl 
uql i s  gwater Ittm 8 , .  tho rtIp element is d~tectml I)rtwwn 
I ~IWP I wo 11oirit~. T~IIS t ~ d ~ e k  a t P  r l r lw i r t l  i n  tht. irt!rrval A. 
l l c ~ w ~ v r r ,  1 llpy arp no1 drt tvtwi in i h ~  11 a ~ l d  C, 

C'onsrrli~rnlly, rvrn i f  rhp ohjrct srlrfarr consists of sornt. 
c i i r ~ r ~ r r l  r i ~ rva l  urt*, X'P ran r l r ~ r c ~  ~ d g r  rlrrnrnts at an i ~ n i -  
torn1 il~tt.rval or t l l r  a l i g I ~  or slir'r~ nr>rrtixl vpctors on ltir 
clrsir~tl walr  or I~IF irnilplr* which is appropriate for t t~r cor- 
vaturr nf rIlr ohjrrt srlrr l r t l  by a low-px+s filtrr. 

In this srctior~. w r  ?i)~nwcrl that ~ d g  r l ~ m r t ~ r a  wt~ i r l i  ia 

appprc~l~riatt~ rr~r t l l r  curvat tire of r IIP o l , j~ r t  an. ohtined tq 
r l r ~ r c t i r ~ g  r t l p  from rn~tltisralc range in la^ (wing the PX- 

aniplr TIIrvPs r r p r ~ s ~ n t r d  by F:q.(S). Flowrvrr, A ~ e n r r a l  low- 
pn%s liltr'r ran nr~! s r I w ~  t h r  original r i~rvat i~se of I llr surfar~. 
' ~ ~ J I P T P ~ ~ c P .  arlalyhfs OC thr wlat in11 t ~ ~ t w r m  c l~a rx r~er i s~  ics or 
ari artuaE l i l t r r  arid r l e t ~ t c r l  r d g p  plprnpnts r~n ja ins 10 h~ 
s d  vrtl . 

3 Procedure 

This w t i o r i  prpsrnts thc prorcrlrarc l o  Rrnrratc altapc rrpre- 
srrrlatinn wilh t riang~~Tar pa t rh~s  fmrn r r ~ i ~ l t  isrdr. raiigr irri- 
agrs r l r l ~ ~ r ~ t l i r i g  t3r1 IIIP wkrfarr r ~ ~ r v a t  urrs of an ohjrrr. In i l l is  
paprr. wr arsurllr lhat a rangr irnagr from a sinplr view in  

providcd in thr form of a digil d ~ r a l h ~  surfilrr. ltar~ge i m q r  
i< imslrrrlprl to i-onlain sit~glr ol)jcct, and dist ingttisllerl Frrkni 
tbe barkgrousitl wit 11 a r c r i i n  l l ~ r ~ s l ~ o l r l ,  t'igtircb 4 sllnwa l t b r  
flow for our algorithm. 

Generation of multiscale range images and calcula- 
tion of rurfnce normal vectom: Clai15sian f i l t ~ r  C(r, y) 
i s  app1iec.l ar a low-pa< f i l m  to w~tiove big11 lr~qtlet\cy noim 
and Rrncratr rnult isral~ ra r lp  irrraps wtl i r t~ i n r l t l d ~  the d e  
s i r d  cllrvattswb. 

l'llt. unit surFirrr tinrttial vfctc~rs r7nl ~ r r h  point tm t t i r  s~~rFart. 
arr c a ~ c ~ i l a t ~ r l  cnnvnlt~ting ~ h r  partial rliffvrrr~tiatinn of 



1 1 = I H : run = trl? C' : urn = rrln 

(h) rurvaturlr 
I~~~IIPP 3: 1\11 rxarn l~ l r  r l lrvr 

. 

z 
?i(r.y) = , 4, l  Surface with single curvature component 

4( ' , / P + ( % T ; ' * % ) J + ( $  * % ) J  ) and Rat surface 
( 7 )  

wh~to.  T/n,=Jrr is l o  rrrrirrvr largrr rrrrval IIW ronipnr~rrith 
I han Illat givrt~ ~ E Y  t t r r  p ixr l  i n t r r vd  trb=l.a. .w is t l istanc~ h r -  
Iw4u.n illr pixrls, anti 7" i s  tlic diantr.lrr nC Ga~~shiat~ ~ ~ i t n l o w .  

G e n ~ r ~ t i o n  or edge map: JII~I 1) rtlgrs arlrl mot n l g ~ s  
i l r r  dr t r r t r r l  i r ~  par11 walr irtlap;c*. Orrly i t ~ c  r l r l r r t ion of ~ J I P  
lat t r r  is t lr~rri1,rl l h ~ r ~ .  I f  t l ~ r  anglr w i ~  h two sr~rrarr t~nrrnxl 
v r r t n n  at a rlihlatwr 13f 28 is RrPatPr tllar) ~hrrshold Of, tllp 
i ~ r l ~ t a  i.I~rrb~t11 is t I~tr .r~orl  I ~ r l w w n  t 11rw t wn pn i r~ l  s. T~IP w i g  
rlialtr is gvt~rratrrl as t l ~ r  rrst11t or t t ~ c  logiral surrt CI~IIIPS~ iwo 
t y n ~ w ~ i  rtlgr :rrlr~rrlnth for rarh pixrl. 

Integration OF edge mnps: 'I'llr rdgr  111a1tr or a Inwrbr 

+rdcb i s  i r i l  t * g r ~ l ~ Y I  1 0  f t l ~ i '  r l~ i lp  or 1 hip;llc#r ~ r d ! v  a~irrrssiv~ty. 
('lourl rrlgrq arta r)htaitirrl ty r~rrrovir~g irolaled P ~ R P  ~ l r r n r n l ~  
ant! r x t r n r l i r ~ ~  tlrokrn rrlgr rlrrnrnts it1 a lowrr h r d ~ .  T t ~ c n  
I l lry arr i r ~ t r a ~ n t ~ r l  i r~ t r j  rnrlgr ntaps i n  a higtrrr sralt sz1rrc.s- 
sivt4y. 

Generation of triangular patches: ACtttr t t i r  polpgorts 
Fortnod hv Ill(' tbrlgs r%ltvrir%nt\ grtnrral~d ahrwr arc ~l iv i i l r r !  
irbto triatrglcs. a st~al)~. rPI~rPsPlltil1 ion u'il h I riilngr~lar ~)aCcl~c% 
arr g c v l ~ m ~ r r l  ~CPCII~I I J I P  r ~ w r r l i l ~ a t w  I J ~  V P ~ ~ ~ X P S .  sides of car11 
trianglr. and s ~ ~ r t a r r  nnrrnals nf t t t r  vrrtrxrs. 

4 Experimental resalts 

This ~ c ~ t i o n  prrsenls L h r  rx~,r.rimr*r~tal rrsrrtfs r~sing two 
kir~da or r a t l p  i n ~ a ~ c , ~ .  T ~ P  irrtagr sixr is 256~266  it1 t t i r  
i.xpi.rin~mt l r t~ lo~ . .  

Figrtrr 5 ( ~ )  R ~ I O W S  111~ r a n g  inlagr r)f ~writal,risnl o fa  s ina l~-  
lcils rrf lrx rarntara oht ainrrl by our  r x t l p  l i n r l~ r .  'I'hi5 011- 

jm-t consists d planar s ~ ~ r f a ~ r s .  hnwavcr. irtfrrsrrt irrg lint% 
of t h e s ~  p lan~h  r r r  ron~~t l iu l  wit t i  ari almost sxnir r i ~ r v a t t l r ~ .  
'Il'h81s s l i a p ~  rq,rrsrJrltatiort wilh t riangltlxr patrt~cs has t l r r r~  
~rncratpr l  rrnrri a b i t~g l [ * -srd~ rallgr irnagr (s=4). (h)  shows 
I hr  r l r t r c t ~ t l  r d ~ r  map, whrrr  T=256. fit =lO(drq). 'I'llia r h -  
j rct  has l l t r r i  ny~resrn t t*rl hp 2216 triartgi~lar pat rhrs. 

4.2 Surface with different curvaturp cornpo- 
nents 

h ranat. it~lagct otstainecl 11s a rarlg(& fiutlrrlS] has a lw  ttwn 
IITP~~ r i ~ r  our vx~ t r~ r in~ rn l .  I " i g t ~ r ~  G ( R )  S ~ I C P W \  a rangP i n l a ~ r  
of "mask". Sillrr this o1rjrt.t c o ~ ~ s i ~ t s  of S P V P ~ ~  t l l rvat l l r r  
rornl~omrnts. rangr i rnag~s in fn i~ r  walrh (a= l ti,8.4,2) arr 
u d .  (h )  sllrjws 1Elt1 hurfarr norrrlal vcrtors of thr  ran#- iim- 

a g ~  smwt t~ r r l  hp n= 16,7'=256. F i ~ r l r r  Tta) sl~oss. I tip rrlgr 
map g ~ r l ~ n t c d  by n=16.0t =IO(tl~g). ( b  l(c). and (d)  shrlw 
t f i ~  rdge maps i t~ t rgra l r t l  't~y .*=H.J.2 i l l lo  a = t 6  rvq)~rt ivoly.  
1:ip;urr 8 sl1r~w5 a rr~rjrlrrrtl i rna~(*  ol I l t *  d iapr rrl,rc~wnlatior~ 
sill1 ttiar~gtrlar ~ l a t r l l ~ s  g(bnrratrd rrorn ((1). 

5 Discussion 

1% corn paw t trc r x p r r i r r ~ r t ~ t d  r r s l ~ l l ~  u r i  t t i  t h ~ h r  oht a i l l ~ d  l)y 
11siug triar~gulsr r ~ a t r t ~ r s  whirl1 art* grk11rratrt-l Ejy ~ l n r l r h  nf a 

r~gn la r  grill n~ 1111, v t ~ r l ~ x r s  nT irianglrs. I r i  raw ( IT  rhl, p w -  
taprism irrlam. khcb n i~n lhr r  of triar~gular llarchrs ~cnr ra t r r l  
frr~m t hr r~g l t lar  grit1 w-tiostn i r~ t r rva l  is 4 (sanrr. rontlit icm 
rrq t hr r.xprrirntar~t i r ~  4.1 ) i s  7938. 'I'l~rrriarc. ollr prol~osrrl 
mct l~od can rrrlurr t llr daia h t .  t o  2f.fiX. 



I ;, I r:r:>c. I~I : , , , :  (h) s~~r fa r r  norrnnl 

I:~gb~rr. 9 rrrlrlparr* our l>rnl~n!,wl mrt  trocl with I l ~ r  n in~p l r  
IIIF~ ho(l 11sir1g r(.pilar ~r i t l . ,  sttr,sv irilrrvals art. 2d,X. and I f i .  
'I'hc h ~ i ~ r r .  p l 0 1 ~  r IIP ti~trtil>r.r r ) i  ~r i i l r lg l rs vs. t Irr* vtrll!nlr rrrrtr 
in  f i t t i ~ ~ g .  ! !~rv,  raw \*.+I~I+>S I ~ P ~ S I I ~ P ~  I)! t IIP t a i ~ g ~  Iirl(1~r arr 
r~prrltbal x\ I ~ ~ I P  \,~IIIW in raIc111ati11g I IIP (*rr(w. 'l't~cttigt~ it is 

di f l i r$~ l i  t n  r t i l i l l~ar r  st r i r t l y  ~ J P C ~ I I W  nf  i t s  h i ~ h  fr(*rl~~a*t~l 11niv 

ill r ~ t ~ a s t ~ r w l  tan@- ~YIIXKP, I~IP rr-ht~lt or OI I~  l>ropo$~(l  rltct t ~ m l  
(0) rat1 r1-prrwn1 1 1 1 ~  +II;~[II> wit11 altr~oq! sa~ t l (~  tlrrur 11.v 11sing 
a snlallvr 1111t11har ( t r  t r ia i~g lw tlta11 rt%gi~lar grid (m). 

[II I his pa[rrr. wr travt. yrropwsrd a 11rc~1!1url lo gr r~r ra lo  I hv 
shal~r. nnltrrrclrir;ti irm wit ti variolts ~ i r v c  ( ~ f  I ri i l l lg~lla r 1)atc IIPS 
c$ry11*11(li11~ (111 ~hts k ~ l r h r ~ r  rurvatrlrfs OF R ~ I  o l ) j ( ~ t .  \V(* firs1 
grtlrrait. r~t t~l l i \ ra l<.  r i l r l p  iritagi's arlrl t titar! rlc't r*r* l  r~rlgta PI 
rn1rnt.c r>f I r i ~ n ~ l l l a r  I ~ a ~ r h w  t>p fillcling R ri ipi i l  rllal~grb of 
lllr wrfacc. 1n>rr11~1 i r i  r a rh  5ralr. nl r hr. irrragc.. Hy intrgrat - 
~ I I R  thrsr r v l g ~  [r>lfrrltrw/h frcvn t r i t~ l l ' r~ra l r~  ~ H I I ~ P  i~llilp'. AUT. 

r ~ s s i v ( ~ l v ~  s1iIfici~111 a i ~ d  ar rura l r  s I l a l>~  r q ~ r ~ ~ ~ ( ~ t t t a t i o ~ ~  COII I~ 
hr- g~rwrr;xtrrl wit  11 a wta l l  n~f tn l j r r  nl triangular palr!~r,s to 
rty~rt%c*nl I l~ r  I I~rw-r l i r~tcbnr~ot~al  ~tktjtacl wl1ir11 )I&\ a v:~rir-l y of 
t-~irvvtl at~ t !  pIa11ar qurhrck. 
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