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Abstract

A (AK,, G)-design is a partition of the edges of AK, into subgraphs each
of which is isomorphic to G. In this paper, we completely solve the case
when G = G115 (G1g is notation from Bermond, Huang, Rosa and Sotteau,
Ars Combin. 10 (1980), 211-254) and prove that the necessary condition
Av(v—1) =0 (mod 14) for the existence of a (AK,, G15)-design with any
positive integer A is also sufficient except for (v, A) = (8,1), (14, 1).

1 Introduction

A complete multigraph MK, is a complete graph K, in which every edge is taken
A times. Let G = (V(G), E(G)) be a simple graph without isolated vertices. A
(AK,, G)-design is a partition of the edges of MK, into subgraphs (G-blocks) each
of which is isomorphic to G. When the graph G is itself a complete graph K, the
(AK,, K})-design is known as a (v, k, A)-BIBD. If there exists a (AK,,, G)-design, then

(1) Aw(v—1)=0 (mod 2|E(G)|), and

(2) Mv —1) =0 mod d, where d is the greatest common divisor of the degrees of
the vertices of G.

It was proved in [10] that the necessary conditions (1) and (2) for the existence
of a (AK,, G)-design are asymptotically sufficient, that is, there exists an integer
N(G, ) such that there is a (AK,, G)-design for all v > N(G,\) and X satisfying
the necessary conditions (1) and (2).
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The existence of a (AK,, G)-design for various graphs G has been studied in the
literature (see [3, 5, 6, 11]). The case where G is a graph with at most four vertices
has been solved completely in [2]. If G has no isolated vertices and |V(G)| = 5,
the known existence of a (K, G)-design has been very nearly solved in [1, 7, 8, 9],
which is also summarized in [5]. The second author of this paper, in [4], removed
the open cases for the two classes of graph designs (i.e. G = Gy, Gag; the notation
is borrowed from [1]). There remain several graphs for which there are a few values
of v for which it is not known whether or not decompositions of K, exist. In this
article, we will deal with the graph Gi5 = (V. E) (with notation the same as in [1]),
where V = {a,b,¢,d, e}, and E = {ab,ac, bd, de, ec, be, cd}. We usually denote Gig
as [a,b,c,d, €.

18

It is known, see [5], that:

Lemma 1.1 The necessary condition v = 0,1 (mod 7), v > 7 and v # 8, 14 for
the ezistence of a (K,, Gis)-design is sufficient except for the possible exceptions of
v =36, 56, 92, 98, 120.

In this paper, we first remove the unsolved cases in Lemma 1.1, and then we will
give the existence spectrum of a (AK,, Gig)-design with A > 1.

2 Preliminaries

For the sake of convenience, sometimes we denote a (MK, G)-design as \K, — G.

n
Let MK, mo,....m, b€ the complete multipartite multigraph with vertex set V.= |J V;,

i=1
where V; (1 <4 < n) are disjoint sets with |V;| = m; (i = 1, 2,...,n) and where two
vertices « and y from different sets V; and V; are joined by exactly A edges. We
denote a (MK, my,...mn» G)-design as A, m,

m, — G.

----------

For A = 1, the following three lemmas are well illustrated in [1]. The development
for A > 1 is natural.

Lemma 2.1 If AK,,;, — G for1 < i < h, A > 1 and AKy, n,,..n, — G, then
h
MK, — G, where n =Y n,.

i=1
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Lemma 2.2 If AK,,,4; — Gforl <i < h A>1and AKy, », — @, then

,,,,,

MK, — G, wheren = 1+Zni.

i=1

Lemma 2.3 If AK;, ;,,; — G and AK,, ;,,, — G, then AKupy ary (a—tyrs 4o, — G
for integers a, b with 0 < b < a.

The following two lemmas are simple but useful.
Lemma 2.4 Let m, A be positive integers. If A\K, — G, then mAK, — G.

Lemma 2.5 If2K, — G, and there exists an odd integer ¢ > 0 such that ¢K, — G,
then for any positive integer X > q, AK, — G.

3 Constructions of (K,, Gs)-designs for unsolved v

In this section, we will first give direct constructions for the cases v = 36, 56, and then
decompositions when v = 92, 98, 120 can be obtained by recursive constructions.

Lemma 3.1 [1] A (K777, Gis)-design and a (K7 714, Gis)-design ezist.
Lemma 3.2 There exists a (K,, Gis)-design for v = 36, 56.

Proof With the aid of a computer, we find a (K,, Gis)-design for v = 36,56 by
listing the base blocks as follows.

K36 — Grig: Let V(K36) = Zg X I, where Iy = {0, 1,2,3}. The base blocks are:

[00, 10, 20,50, 01],  [00,01,11,40,61], [0o, 31,02, 11, 1],
[00, 12, 22,30, 72],  [00,32,52,01,11], [0o,62,0s,01, 13],
[00, 13,23, 30, 73], [01,23,73,31,42], [02,53, 63, 42, 62],
[03, 30, 31,63,8;3]  (cycled mod 9).

Kss — Ghg: Let V(K56) = (Z11 X I5) U {oo} where I5 = {0,1,2,3,4}. The base
blocks are:

[00710a20a007 1] [00,01,50,11,81} [00’11751780’101]’
[00, 02, 12,20,42], [00,32,42,70,22],  [0o, 52, 03,01, 13],
[00, 13,23, 30,83],  [0o, 73, 83,40, 103], [0o, 04, 14,40, 34],
[00, 24, 44,01,09], [09,54,64,61,52],  [01, 12,29, 51, 03],
[01,32,62,03,04] [02 03,13,21,54}, [02,23,33,01,94],
(03,61, 72,24,34], [03,41,24,13,9],  [O4, Lo, 13,44, 104],
[OO 02,05, 71,52] [24, 11,40, oo, 74] (Cycled mod 11)
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Lemma 3.3 There ezists a (K,, Gis)-design for v =92, 98, 120.

Proof Case v = 92: Kygos35 — Gis can be obtained by applying Lemma 2.3
and Lemma 3.1 with A =1, ry =ro =73 =7, ry = 14, a = 4, b = 1. There exist
Koy — Gi1g by Lemma 1.1 and K35 — Gig by Lemma 3.2. Then Kgy — Gig follows
by Lemma 2.2.

Case v = 98: Ksg9342 — Gis can be obtained by applying Lemma 2.3 and
Lemma 3.1 with A=1, ry =ry =73 =7, r; =14, a =4, b= 2. Since K3 — G113
and Ky — G1g by Lemma 1.1, K¢ — G1g follows by Lemma 2.1.

Case v = 120: K353549 — G1s can be obtained by applying Lemma 2.3 and
Lemma 3.1 with A=1, i =ra=r3 =7, ry =14, a =5, b = 2. Since K5y — G1g
by Lemma 1.1 and K35 — Gig by Lemma 3.2, K159 — G1g follows by Lemma 2.2.

O

Theorem 3.4 The necessary condition v =0,1 (mod 7), v > 7 and v # 8, 14 for
the existence of (K,, Gig)-design is also sufficient.

Proof This follows from Lemmas 1.1, 3.2 and 3.3. O

4 Decompositions of AK, with A\ > 2 into G5

In this section, we investigate the existence of (MK, G1g)-designs with A > 2, and
prove that the necessary conditions for the existence of a (AK,, G1g)-design are also
sufficient. We know that if there exists a (AK,, Gig)-design then Av(v — 1) = 0
(mod 14), which produces two cases:

(1) v=0,1 (mod 7) and ged(A,7) = 1;
(2) v>5and ged(N,7) =T.
In Case (1), the existence of AK, — Gig has been nearly solved by applying

Theorem 3.4 and Lemma 2.4 except for v = 8, 14. We will consider A\K, — G1g for
v=_§,14.

Theorem 4.1 Ifv=0,1 (mod 7) and v > 7, then a (AK,,G1s)-design ezists for
every integer A > 1 except for (v, \) = (8,1), (14, 1).

Proof By Theorem 3.4 and Lemmas 2.4-2.5, we only need to construct 2K, — G1g
and 3K, — G5 for v =8, 14.

2K — Ghg: [0,1,2,3,6] (cycled mod 8).

2Ky — Gig: Let V(2K14) = Z13 U {o0}. The base blocks are:
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[0,1,2,4,10], [00,3,1,7,6] (cycled mod 13).
3Ks — Gig: Let V(3Kg) = (Z3 X I5) U {001,002}. The base blocks are:

[0017002701700>10]7 [002701,10,21,001]7 [001,00710701,20},
[002, 01, 21, 11, 20] (cycled mod 3).

3K14 — Gig: Let V(3K14) = Z13U {o0}. The base blocks are:

[1,00,3,7,2], [0,1,2,3,6], [0,5,6,2,12] (cycled mod 13).

O

Next we consider a (7K, Gg)-design for any integer v > 5. We need the following
lemmas.

Lemma 4.2 Let v be an odd integer such that 5 < v < 17; then there exists a
(7K, Gis)-design.

Proof The conclusion follows from Lemma 2.4 and Theorem 3.4 when v = 7,15.
The other cases are constructed by listing the base blocks of a (7K, G1s)-design as
follows (where V(7K,) = Z,).

TKs — Gig:
[0,1,2,3,4], [0,1,3,2,4] (cycled mod 5).
7K9 — Glgi
|:O7 1727374]7 [071727374]7 [073747778]7 [074757 177]
(cycled mod 9).
7K — Gt
0,1,2,3,4], [0,1,2,3,4], 0,2,3,6,9], [0,4,5,1,9],
[0,4,5,9,10] (cycled mod 11).
7K13 — Glgi
0,1,2,3,4], [0,1,2,3,4], [0,1,2,5,8], [0,3,4,8,11],
[0,5,6,1,10], [0,6,7,1,11] (cycled mod 13).
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7K1 — Gis:
[0,1,2,3,4], [0,1,2,3,4], [0,1,2,5,8], [0,3,4,7,10],
[0,4,5,9,13], [0,6,8,1,13], [0,8,9,2,14], [0,8,9,2,15]

(cycled mod 17).

O

Lemma 4.3 Let v be even such that 5 < v < 14; then there exists a (TK,, Gis)-
design.

Proof The conclusion follows from Theorem 4.1 when v = 8,14. Next we construct
7K, — Gz for v = 6,10, 12.

TK¢ — Ghg: Let V(7Kg) = Z3 x I, where Iy = {0,1}. The base blocks are:

[00a10520701711]a [0()’10720701’11]7 [0071072&01’11}7
[00, 01, 117 10, 21], [01, 007 21, 10, 11] (CYCled mod 3)

TK19 — Gig: Let V(7Kq) = Zs x Iy where I, = {0,1}. The base blocks are:

[00, 10, 20,30, 40],  [0o, 10,20, 30,04], [0, Lo, 20,01, 11],
[00, 10,01,11,21],  [00,01,11,10,24], [0, 01,14, 1o, 24],
[00,21,31,10,01], [00,21,31,10,41], [00,21, 31,40, 11]
(cycled mod 5).

TK19 — Gig: Let V(7K19) = Z3 x I, where I, = {0,1,2,3}. The base blocks are:

0071072070171 ] [007017107207 007017107207

007 117217 027

[ 1], 1,
[007117107017 1] [0 017117107 2]7 [ }7
[00702712710722] [007027127107 2]7 [00702712710722}7
[00702722710703] [007227037017 ]7 [007037137107 3}7
[00, 03, 13, 10, 23], [00, 03,23, Lo, 13],  [0o, 13,23, 01, 02],
[0 15a23701>02] [01a02712>11a 5]7 [01702712a21a 3}7
[01,05a13711>02] [01,03715711a22]7 [02703713a01a }
[03,01, 09, 15,25]  (cycled mod 3).

)

Lemma 4.4 There ezists a (TK,, G1s)-design for v = 16.

Proof Let V(7K5y575) = ZL, = Xl @] X2 @] X3 where Xl = {3] 4+ : ] = 07 1, 2, 3,4}
7K555 — Gig is constructed by listing the base blocks as follows:
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0,1,4,2,3, [0,1,4,2,6], [0,1,4,9,11],
[0,2,5,10,12], [0,5,8,1,12] (cycled mod 15).

By Lemmas 2.2 and 4.2, there exists a (7Kg, G1s)-design. O

To complete the existence of a (7K,, Gis)-design, we also need the following
designs.

Lemma 4.5 There exist a (TKy92,G1g)-design and a (TKsp 4, Gis)-design.

Proof 7K2’2,2 — Glgi Let V(7K2’2,2) = ZG = Xl @] X2 @] X3 where Xz = {Z, i+ 3},
i =0,1,2. The base blocks are: [0,1,4,2,3], [0,1,4,3,5] (cycled mod 6).

7K2$274 — Glgi Let V(7K2$274) = Z4 X ]2 = Xl @] X2 U Xd where
Xl = {00, 10, 20730}, XQ = {01, 21}, X2 = {11,31}. The base blocks are:

[0070172171071117 [00701721710711]7 [01700710721731}7
[01,00,30,11,21], [01,10,30,11,21] (Cycled mod 4)

O

Theorem 4.6 If gcd()\,7) =7, then there exists a (MK, G1g)-design for any integer
v > 5.

Proof Use induction on v to prove that there exists a 7K, — Gig for any integer
v > 5. The result follows by Lemmas 4.2-4.4 for 5 < v < 17. Next we consider the
case v > 18. Let v = 6t + w where 0 < w < 5. Then ¢t > 3. We divide the problem
into two cases:

Case 1: w = 0,2,4. Since both 7TKs39 — Gis and 7Ks24 — Gis exist by
Lemma 4.5, there exists a 7Koot 2140w — Gi1s by Lemma 2.3. By induction there is a
TKy — Ghg and 7Ky, — Ghg. Thus, 7Kg — G1g by Lemma 2.1.

Case 2: w =1,3,5. A similar argument shows that there is a 7Koo 2t 40w—1 —
G1s. By induction and Lemma 2.2, there is a 7Kgy — Gis.

By induction, we know that there exists a 7K, — Gig for any integer v > 5.
Since 7|\, there exists a (AK,, G1g)-design for any integer v > 5 by Lemma 2.4. This
completes the proof. O

5 Conclusion

Theorem 5.1 The necessary condition Av(v —1) =0 (mod 14) for the existence
of a (A\K,, G1s)-design is sufficient except for (v, X) = (8,1), (14,1).

Proof This follows from Lemma 2.4, Theorem 4.1 and Theorem 4.6. O
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