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We introduce a separability criterion based on the positive map I':p— (Tr p) — p, where p is a trace-class
Hermitian operator. Any separable state is mapped by the tensor product of I" and the identity into a non-
negative operator, which provides a simple necessary condition for separability. This condition is generally not
sufficient because it is vulnerable to the dilution of entanglement. In the special case where one subsystem is
a quantum bit, I' reduces to time reversal, so that this separability condition is equivalent to partial transpo-
sition. It is therefore also sufficient for 2 X2 and 2 X3 systems. Finally, a simple connection between this map
for two qubits and complex conjugation in the ‘‘magic’” basis [Phys. Rev. Lett. 78, 5022 (1997)] is displayed.
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I. INTRODUCTION

The state of a quantum bipartite system AB is described
as separable (or classically correlated) if it can be obtained
by two parties A and B that prepare their subsystem accord-
ing to some common instructions (see, e.g., Refs. [1,2]).
Mathematically, this means that the density operator p char-
acterizing the state of the bipartite system can be written as a
convex sum of product states, that is,

p=2 wipep), (1)

where the weights w; satisfy X,w,=1 and O<w;=<1. The
w;’s can be viewed as the probability distribution of a clas-
sical random variable that is known to both parties A and B
and used by them to prepare their subsystem. Namely, if the
subsystem A (and B) is prepared in state pﬁA) (and pEB))
when the classical variable takes on value i, the state of the
joint system AB is given by Eq. (1). A separable state p
satisfies several interesting properties. The joint statistics of
any pair of local observables O, and Oy (measured sepa-
rately on each subsystem) can be described classically, based
on an underlying global ‘‘hidden’’ variable. For example, the
quantum expectation value of the product O,Oj is given by

Tr[p<0A®03>]=Z wia)(b);, )

where (a);=Ti{pY0,] and (b);=Tip®’0p]. In other
words, the joint statistics of O, and Oy can be understood
classically, by assuming that the local statistics of the out-
comes can be described separately for each pSA) and p'# ),
and that the correlations originate from a hidden variable i
distributed according to w;. Moreover, a separable system
always satisfies Bell’s inequalities (the converse is not true),
so that the latter represent a necessary condition for separa-
bility (see, e.g., Ref. [1]). Note that any joint probability
distribution can be represented as a convex combination of
product distributions, so that classical probabilities are al-
ways separable in the above sense.

The decomposition of a separable state p into a convex
mixture of product states is not unique in general, but the
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fact that p is separable implies that there must exist at least
one such decomposition. If no such decomposition can be
found, then p is termed inseparable or entangled, and it can
be viewed as quantum correlated. Except for the special case
where p describes a pure state, the distinction between sepa-
rable and inseparable states appears to be an extraordinarily
difficult problem. More precisely, some mixed states can be
““‘weakly’’ inseparable, in the sense that it is very hard to
establish with certainty their inseparability. This is basically
due to the difficulty of enumerating explicitly all the possible
convex combinations of product states in order to detect that
a state is actually inseparable. Still, it is possible to find some
conditions that all separable states must satisfy, therefore
allowing the detection of inseparability when a state violates
one such condition. The most common example of such a
necessary condition for separability is the satisfaction of
Bell’s inequalities. A state that violates Bell’s inequalities is
inseparable, while a state satisfying them may be separable
or weakly inseparable [1].

More recently, a surprisingly simple necessary condition
for separability has been discovered by Peres [2], which has
been shown by Horodecki et al. [3] to be strong enough to
guarantee separability for bipartite systems of dimension 2
X2 and 2X3. If the state p is separable, then the operator
obtained by applying a partial transposition with respect to
subsystem A (or B) to p must be positive, that is,

pla=(p’e)*=0. 3)

Thus, this criterion amounts to checking that all the eigen-
values of the partial transposition of p are non-negative,
which must be so for all separable states. In Hilbert spaces of
dimensions 2X2 and 2 X3, this condition is actually suffi-
cient, that is, it suffices for ruling out all inseparable states
[3]. In larger dimensions, however, it is provably not suffi-
cient, in the sense that it does not detect some weakly insepa-
rable states [3,4]. A general necessary and sufficient condi-
tion for separability in arbitrary dimensions has been found
by Horodecki et al. [3], which states that p is separable if
and only if the tensor product of any positive map (a map is
defined as positive if it maps positive operators into positive
operators) acting on A and the identity acting on B maps p
into a positive operator. Although very important in
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theory, this criterion is hardly more practical than the defini-
tion of separability itself since it involves the characteriza-
tion of the set of all positive maps. It appears to be useful
mainly for 2X2 and 2X3 bipartite systems, where such a
general characterization has been found [3].

In this paper, we introduce a positive map, I':p—(Tr p)
—p, inspired by the structure of the conditional amplitude
operator discussed in Refs. [5,6]. This map gives rise to a
simple necessary condition for separability in arbitrary di-
mensions. More specifically, it is shown in Sec. II that any
separable state is mapped by the tensor product of I' (acting
on one subsystem A) and the identity (acting on the other B)
into a non-negative operator. In other words, the eigenvalues
of the operator (I'®I)p=(1,®Tr, p) —p must all be non-
negative if the (unit-trace) operator p is separable, which
provides a simple test for separability called reduction crite-
rion. This separability criterion has been independently de-
rived by Horodecki and Horodecki in Ref. [7]. In the case
where I' is applied to a two-state system (quantum bit or
spin-1/2 particle), as studied in Sec. III, this criterion corre-
sponds to the time-reversal operation applied on one system
with respect to the other one. As Peres’ criterion has been
shown to be unitarily equivalent to such a ‘‘local’’ time-
reversal by Sanpera et al. [8], this reduction criterion is sim-
ply equivalent to Peres’ for 2 Xn composite systems. There-
fore, it also results in a sufficient condition for 2X2 and
2 X3 systems, according to Ref. [3]. It also has a very simple
geometric representation in the Hilbert-Schmidt representa-
tion of a 2X2 bipartite state. Finally, we demonstrate that the
map I is connected to the complex conjugation operation in
the ‘‘magic’’ basis for two qubits introduced recently by Hill
and Wootters [9], which underlies an interesting connection
with the entropy of formation [10]. In Appendix A, we illus-
trate the reduction separability condition by applying it to
several separable or inseparable states, and compare it to the
separability criterion based on partial transposition.

II. SEPARABILITY OF BIPARTITE MIXED STATES
OF ARBITRARY DIMENSION

We consider a bipartite quantum system characterized by
the density operator p,p defined in the joint Hilbert space
Hip=HsQHp, where H, and Hjy have arbitrary dimen-
sions d, and dp.

Definition 1. Define a linear map A which maps Hermit-
ian operators on H,p into Hermitian operators on H,p:

A:pap—=Nap=1,®pg—pap With pp=Trs[psp]. (4)

This map commutes with a unitary transformation acting lo-
cally on A and B. Indeed, if p,p undergoes a unitary trans-
formation of the product form, i.e.,

pas—Pap=(Us®Up)pap(UL®U}), (5)
it is easy to check that pp=Tr,[ p4z]=UgpsU} , so that
Nap—=Nap= (U@ Up)\yp(Us@ U}, (6)

i.e., Ayp transforms just like p,p. As a consequence, the
spectrum of A ,p is invariant under a U,® Uy isomorphism
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Theorem 1. A necessary condition for the separability of
the state p, 5 of a bipartite system AB is that it is mapped by
A into a positive semidefinite operator, i.e., Ap,5=0.

We need to prove that any separable state is mapped into
a positive semidefinite operator \ 5. Consider a separable
bipartite system AB characterized by a convex combination
of product states:

pas=> wilp{®py)

l

with 2 w;=1and O=sw,;<I,

™
where pX) and pg) are states in H, and Hp , respectively. It
is easy to verify that the operator N z=Ap,p is positive
semidefinite,

Nap= 2 wl(1,—p)®p1=0 (8)

since a sum of positive operators is a positive operator. In-
deed, the two terms in square brackets are each =0. |

In short, the map A reveals nonseparability: if A,z#0,
then p,p is inseparable. This necessary condition for the
separability of mixed states is directly related to that based
on the conditional amplitude operator (although it is simpler
as it does not require the calculation of the latter operator)
[6]. Moreover, it is easy to see that A conserves separability
since it is linear and maps product states into product opera-
tors: if p,p is separable, then \ 4, 3=0 is also separable (or, in
general, written as a convex sum of direct products). Let us
now calculate the partial traces of A p5:

Na=Trg[Napl=14—p4, )

Np=Trs[Nypgl=(ds—1)pp, (10)

where d, is the dimension of H, . This shows that A does
not preserve the trace in general. Indeed, the trace is scaled
by an integer factor under A, that is, Tr[N,g]=(d,
—1)Trt[ psg]- Thus, A is trace preserving only in the special
case where A is a two-state system (i.e., d,=2). It is also
interesting to note that A is always reversible, the inverse
map being given by

A7 Ny (da— 1) 7 (1a®Ng) = Ngp=pap. (11

where A is defined as above. Note that A is equal to its
inverse A ! only if d,=2. In that case, if \ 45 is separable,
then A~ 11\, 3—psp=0. (The fact that the inverse map re-
veals inseparability is true in this case only.)

The separability condition based on A is illustrated in
Appendix A, where we consider several separable and in-
separable states. As we will show in Sec. III, A ,3=0 results
in the same condition as Peres’ in the case of two quantum
bits, in which case it is sufficient (see theorem 4); for larger
dimensions, it is only necessary.

Remark 1. Following the approach of Horodecki et al. [3],
the map A can be written as the tensor product of a positive
linear map I' and the identity, that is,

A=T®I with I':p—(Trp)—p, (12)
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where I" acts on Hermitian operators in 7, and the identity
acts on operators in Hp. Since I' is a positive map, A=T
® I maps separable states into positive operators [3]. It there-
fore results in a necessary condition for separability, accord-
ing to theorem 1. The map I' commutes with an arbitrary
unitary transformation U, that is,

C(UpU)=UTp)UT, (13)

which makes the separability condition based on A=T"®I
independent on the basis chosen for A and B. In the same
manner, the inverse map A~ ! can be written as

Tr
with F_l:p—>dTp1—p, (14)

A =T 'oI
where d is the dimension of the Hilbert space of p. Note that
I~ is not a positive map for d>2, so that A ! is in general
useless as far as detecting inseparability is concerned. This
emphasizes that the reduction separability criterion is quite
special in two dimensions (e.g., for a spin-1/2 particle or a
quantum bit), as will be studied in Sec. III. Specifically, we
will show that I" applied to a two-dimensional system can be
interpreted as time reversal. Consequently, the map A
amounts to applying time reversal on subsystem A, while
leaving subsystem B unchanged. Such a link between *‘lo-
cal”’ time reversal and separability has recently been pointed
out by Sanpera er al. [8].

Remark 2. 1t is interesting to consider the classical analog
of the maps I' and A=T'®/ to gain some insight into their
physical meaning. First, applying I" to a classical probability
distribution p; (diagonal p) corresponds to the transforma-
tion

pi—>qi=; Pi—Di- (15)

(Obviously, g;=0 is not normalized except for a binary dis-
tribution.) The classical analog of A=1"®1 is

Pij—“h_/:(; ij_Pi|,;>Pj=P_,-—Pij~ (16)

Since p,; is a probability distribution in i, we always have
1=p;;=0 so that ¢;;=0 and the separability criterion is
fulfilled. This emphasizes that quantum inseparability (*‘g;;
<0’’) may be viewed as resulting from a conditional prob-
ability that exceeds 1 (more precisely, an eigenvalue of p AlB
which exceeds 1) [6].

Definition 2. Two additional maps from operators on H, g
to operators on H,p can be defined: the dual map

Kipap—=XNap=pa®lp—pag (17)
and the symmetric map
M:psp— pap=1a®lp—pa®lp—1,®@pp+pysp, (18)
where p,=Trp[pap] and pp=Trs[pas].
The map A which we considered until now is related to

the conditional amplitude operator of A conditionally on B,
that is p,p [6]. Of course, a similar linear map can be de-
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fined using the amplitude operator pp|,, and exactly the

same conclusions follow. This is the dual map A defined in
Eq. (17). It is trace preserving and self-inverse in the case
where dp=2. It can obviously be written as the tensor prod-

uct A=1®T, where I now acts on operators on Hjp, and
therefore commutes with a U, ® U isomorphism. Since I" is

positive, A maps separable states into positive (separable)
operators, which results in another separability condition,

ie., Nop=0. As we will see in Sec. III, the operators \ 5

and X .5 can be shown to have the same spectrum when d ,
=dp="2, in which case they result in the same separability
condition. However, this property does not hold in larger

dimensions, i.e., \ 45 and X ,; do not have the same spectrum
in general (see Appendix A).

We can also construct another linear map by cascading A
and A (the order is irrelevant), which results in the symmet-
ric map M=AA=T®I defined in Eq. (18). Any separable
pap 1s mapped by M into a separable operator u,z=0, as
expected. The symmetric map also commutes with a Uy
® Up isomorphism

M[(U ®Up)pap(Uy@ Up)]
= (U @ Up)(Mpyp) (U@ Up) (19)

so that the spectrum of w,z=Mp,p is invariant under local
transformations on p,p . It is also reversible, its inverse map
M~ '=T"'®I' ! being given by

M~ ppp—1,®15—(dg—1) " (na®1p)

—(ds= 1)1y ®up)+ pwapg=pag. (20)

where  us=Trglpap]l=(dp—1)(14—ps) and  pup
=Tra[ uagl=(ds—1)(13—pp). As expected, this map is
trace preserving and self-inverse only in the case where d,
=dz=2. It corresponds then to a time-reversal operation
applied to the joint system AB. In this case, M by itself is not
useful as far as revealing inseparability is concerned since it
is positive, i.e., Mp,p=0. Therefore, all inseparable states
of two quantum bits are mapped into positive operators just
as are separable states. Still, M plays a role when analyzing
the separability of two quantum bits as it is equivalent to the
complex conjugation operation in the ‘‘magic’’ basis intro-
duced by Hill and Wootters [9] (see theorem 6). Whether the
positivity of M holds in arbitrary dimensions is not known.

Theorem 2. The reduction separability criterion (Apyp
=0) is not a sufficient condition for the separability of p,p .

In order to prove that this criterion is not sufficient, we
show that it is possible to find an inseparable system with
N45=0,i.e., such that its inseparability is not revealed by A.
We will construct such an inseparable system by extending
an inseparable component with a separable one, ‘‘diluting’’
the inseparability [6]. Consider an inseparable system A’B’
with N 415 #0. Let us extend A’ B’ with a separable system
A"B", and apply the reduction criterion to the joint system
AB where A=A"A" and B=B'B". Since the joint system is
characterized by psp=parp' @ parpr , its associated operator
under the map A is given by
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M= Apap=1y ®@ppr )@ (1yn®ppn) = parp: ®pA”B”(- )
21

Using the operators N /5 =Apyrp =14 @ pgr—p4srp and
)\AUBH:ApAHBH:][AH®an_pAHBH COrreSpOnding to A ap-
plied to each component system, we obtain

)\ABz)\AIBI®)\AHBH+)\ArBr®pAHBH+pArBr®)\AHBH ( )
22

with X 4/, #0 and N\ 4ngn=0 (since A"B" is separable). The
dilution of entanglement comes from the fact that the third
term on the right-hand side of Eq. (22) is =0. As a conse-
quence, Eq. (22) cannot guarantee that \ ,z3#0 even though
the composite system AB contains an inseparable component
as A4/ #0 [ie., even though the sum of the first two terms
on the right-hand side of Eq. (22) is #0]. |

Note that, even when both components are inseparable
with N 4/ A 4rgn#0, then N ,5#0 is not necessarily true, so
that the inseparability of the joint system AB is not always
revealed by A. This property contrasts with the situation
prevailing when using the conditional amplitude matrix if the
conditional amplitude operator of each component admits an
eigenvalue > 1, then so does the corresponding operator for
the whole system [6]). Conversely, Eq. (22) implies that if
both components have N /5 =0 and A4ngr=0, then N,z
=0.

It is not difficult to find examples of such inseparable
states AB whose inseparability is masked (i.e., A ,5=0) by
extending an inseparable component A’'B’ that satisfies
N 45 #0 with a separable one A”B”. For example, let A’ B’
be one of the Bell states, e.g., pyrg:=|P"WPT| with
[®)y=2""2(]00)+]|11)), and let A”B" be a product of two
random quantum bits, i.e., pyrgr=(l4»®lgn)/4. Since pg
=lp//2, we have Njrgr=1415:/2—p4rg:#0, as expected.
Using A yngn=pangr , We see that Eq. (22) yields

Map=ur5 = parp)@parpr, (23)

which is obviously a non-negative operator, so that the in-
separability of AB is hidden. The example of weakly insepa-
rable states with a positive partial transpose (see Ref. [4]) is
treated in Appendix A, to illustrate that N ,3=0 is not a
sufficient condition in general.

Remark 1. The mechanism of dilution of inseparability
can be understood by examining the action of the map I" on
product states. Indeed, when applying A=I"®I on the state
Pag=Parg @pargr, I acts on the state p, @ pyn (B and B’
are left unchanged by I). Let us consider a density operator
of the product form p=p'®p”. Since we have Tr(p)
=Tr(p")Tr(p"), we see that it is mapped to

L(p'@p")=Tr(p")Tr(p") —p'@p"
=[Tr(p") = p"1®[Tr(p") —p"]
+Tr(p" )@ p"+p ' ®Tr(p")=2p' ®p"
=I'p'@'p"+Tp'@p"+p'®@I'p", (24)
which implies the relation

r=r'«l'"+I'er"+1's1”, (25)
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where I'’ (or I'"") stands for the same map but acting on the
subspace of p’ (or p”) while I" acts on the joint space. Using
the same notation for A (i.e., A’ acts on the subspace of
A’'B’ while A" acts on the subspace of A”B"), the latter
equation gives

A=TQRI=AN"AN"+AN'QI"+I'®A\", (26)

which implies Eq. (22). The same reasoning can be applied

to the dual map A=7/®T and the symmetric map M =TI
®1I". Thus, even if the maps A’ and A" reveal inseparability
by themselves, the combined map, Eq. (26), is not guaran-
teed to do so because the nonpositivity of (A'®@A")p
=(A'p")®(A"p") can be masked by one of the last two
terms (the one where A is applied to the separable compo-
nent).

Remark 2. 1t is worth noting that the separability criterion
based on the partial transposition [2] does nor suffer from
this dilution of inseparability (even though it is not a suffi-
cient condition in general). Consider, as before, a system AB
characterized by psp=parp' @ pargr , Where the inseparable
component A’'B’ is detected by partial transposition, i.e.,
(parg)"8'#0. Since (pap)'4=(parg) 2" @ (parpn)T4", we
have Trynpi[(pag)’41=(psr5)74'#0. Since the partial
trace of a non-negative operator is a non-negative operator,
this implies that (p,5)74#0, so that the inseparability of the
extended system AB is detected provided that the insepara-
bility of a component of it (here A’B’) is detected.

III. SEPARABILITY OF TWO
TWO-DIMENSIONAL SYSTEMS

Theorem 3. The map I' acting on a two-dimensional sys-
tem corresponds to time reversal, and is therefore equivalent
to applying the complex conjugation operator K followed by
a rotation R, by an angle 7 about the y axis, that is, I'
=R,K.

Let us write the arbitrary state of a two-dimensional quan-
tum system (a quantum bit) in the Bloch-sphere picture:

1 - -
p=5(l+r-o), (27)

where & represent the three Pauli matrices and r= Tr(pc;) is
a real vector in the Bloch sphere (of radius 1). The vector r
describes the statistics of measurements on the system, as,
for example, the quantum expectation value of the spin
component along an axis defined by the vector v s
Tr[p(;- 5’)]=(‘7,17). Using Eq. (27), it is straightforward to
check that

1 -
I‘p=1—p=§(1—r-a'). (28)

Thus, I performs a spin flip, or, equivalently, performs a

parity transformation on the Bloch vector r— —r. This can
be viewed as time reversal, and therefore can be decomposed
into a complex conjugation K followed by a rotation R, of
an angle 7 about the y axis, that is, ' =7=R K [11]. |
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Remark 1. In order to see this explicitly, consider the
action of the map A=T'®I on a product state |)=|a)
®|b). Using pup=P,®P, with P,=|a)(a| and P,
=|b)(b|, we have

Nap=P,®P,, (29)

where P:=T(|a){a|)=1,—|a){a| is the projector on the
subspace orthogonal to |a). In the case where d,=2, Pj is
a rank-one projector as the total trace is preserved. Then,
P.=|a*){a"|, where |a') is a state vector orthogonal to
|a). (Note that it is impossible to construct a state |a™) that is
orthogonal to an arbitrary state |a) by applying a unitary
transformation alone.) It is easy to check that |a*) can be
obtained by applying a complex conjugation K on the com-
ponents of |a) followed by a rotation R, of angle 7 about
the y axis. Indeed, any state |a)=a|0)+B|1) (with |a|?
+|B|*=1) is transformed into |a’)=— B*|0)+ a*|1) by
applying the rotation

1 0 ) (30)

Uy=exp(—imo,/2)=—io,=0.0,= (

(that is, a bit and phase flip) to the state vector a*|0)
+B*|1). The transformed state |a*) is such that (a*|a)
=0 and |a*){a*|=1,—|a){al, as expected. Thus, I' coin-
cides with time reversal for a spin-1/2 system (d,=2) as the
latter is equal to complex conjugation K followed by the
rotation R, i.e., 7=R,K [11]. Consequently, I is an anti-
unitary operation on state vectors in a two-dimensional Hil-
bert space (see Appendix B). (For any two state vectors |a)
and |a), we have (a*|a)=(ala)*.)

Corollary. For the Hilbert-Schmidt decomposition of
pap » the map A=T"®1I corresponds to a sign flip of the Pauli
matrices acting on A while leaving those acting on B un-
changed.

Let us consider the Hilbert-Schmidt decomposition of an
arbitrary state of two quantum bits (or spin-1/2 particles)

[12]:

1 N - -
pAB:Z 1A®13+r‘(TA®]B+1A®S‘O'B

3
+
e

m,

tamT @Y |, (1)
1

where " and o™ stand for the Pauli matrices (with n
=1,2,3) in the A and B space, respectively. Equation (31)
depends on 15 real parameters, the two three-dimensional

(m)
B

vectors r and s, and the 3 X 3 real matrix t, m - The vectors r

and s correspond to the reduced state of A and B in the Bloch
sphere since we have

1 I
pa=Trglpapl= E(HA"""O'A), (32)

1 I
pB:TrA[pAB]:E(lB_I—S'O-B)' (33)
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They characterize the reduced systems A and B, that is, the
local (marginal) statistics of any observable on A or B. The
matrix 7, ,,=Trt[p (0@ ™) describes the joint statis-
tics of A and B as it characterizes the correlation between the
measured spin components along two axes (defined by the
vectors ¢ and b): Tr[p(g- (;A®5' &B)]=(c;,tl;). Using Egs.
(31) and (33), it is checked by straightforward calculation
that A simply flips the sign of the terms in (;'A:

1 oo - -
)\AB:Z ]A®]B_V'UA®IB+1A®S‘O'B
3
- > t,l’ma'g")®a'§3m) . (34)
m,n=1

This implies that A=T"®1 applied to a 2Xn system corre-
sponds simply to ‘‘local’’ time reversal 7®1, that is, per-
forming time reversal on the subsystem A while leaving the
subsystem B unchanged [8].

Remark 2. The dual map A=I®T flips the sign of the
Pauli matrices acting on B while leaving the sign of those
acting on A unchanged. The action of the symmetric map
M=T®TI on the Hilbert-Schmidt decomposition of p ,p is to

flip the sign of the Pauli matrices o 4 and 5'3 . This operation
corresponds therefore to time reversal applied to A and B
simultaneously, and is equivalent to complex conjugation in
the ‘‘magic’” basis (see theorem 6). It is worth noting that the
set of states that remain invariant under the symmetric map

M are those with r=s =0, that is, mixtures of generalized
Bell states (the latter being defined as the states obtained by
applying any local transformation to the four Bell states).
These states are called ‘T states’” by Horodecki et al. [12],
and are such that the entropy of A and B is maximal, that is
S(ps)=S(pg)=1. (The only pure states in this set are the
fully entangled states of two qubits, i.e., the generalized Bell
states.) Thus, in particular, the (generalized) Bell states are
left unchanged by the action of M. In contrast, a (separable)
product state p,®pp is mapped into the distinct (non-
negative) state wap=(l,—ps) (15— pp). Because of this
property, wap by itself is uninteresting as far as revealing
inseparability is concerned, as mentioned earlier.

Theorem 4. A bipartite system of two-dimensional com-
ponents A and B characterized by an arbitrary joint density
operator p,p is separable if and only if the operator A ,p
= Apy4p is positive semidefinite.

It is enough to show that A is equivalent to a partial
transposition up to a completely positive map (in fact, a uni-
tary transformation), since Peres’ separability criterion is
known to be necessary and sufficient in this case [3]. Since
we are dealing with Hermitian operators, the map 7T®I,
where T is the standard transposition of operators on H, , is
equivalent to the ‘‘partial conjugation’ operation K®I,
where K is the complex conjugation operator acting on states
on H, . (Note that, although K is well defined, partial con-
jugation K®1 is only defined for product state vectors in
Hap [4].) Thus, theorem 3 reads I'="R,T. We can now use
the fact that any positive map II acting on density operators
in a two-dimensional Hilbert space can be written as [3]
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=1 +15T, (35)

where T1¢" and TIS" are completely positive maps (which
therefore do not reveal inseparability). With the identifica-
tion IT1$"=0 and H§P=Ry, we see that the map I" can be
used rather than the transposition operator 7 (or K) in order
to test the positivity of the operator resulting from applying
any element of the set of maps [1®7 on p,p (this follows
from the reasoning used in Ref. [3]). Thus, using the fact that
the complex conjugation operator K is unitarily equivalent to
I', we have shown that Ap,p=0 results in a necessary and
sufficient condition for the separability of 2X2 systems. H

Remark 1. The map I' applied to a two-dimensional sys-
tem is unitarily equivalent to the transposition operator 7.
Since the spectrum of an operator is conserved by a unitary
transformation (R,), the spectrum of the operator obtained
by partial transposition in subspace A, (T®I)p AB:P/Z%’ is
the same as the spectrum of N ,3=Ap,p . Therefore, testing
Peres’ separability condition or the positivity of A 5 is op-
erationally equivalent, and these conditions can be used in-
terchangeably in the case of two quantum bits, as illustrated
in Appendix A. Moreover, \ 45 and pi*l‘; have the same spec-
trum for 2Xn systems, so that the conditions are also
equivalent if I' is applied on the two-dimensional subsystem.
As a consequence, the separability condition based on A is
necessary and sufficient for 2 X3 systems, while it is only
necessary for 2 Xn systems with larger 7, just as Peres’ con-
dition [3]. Numerical evidence suggests that, for systems
with d 4 ,dp>?2, the reduction condition is weaker than (or
equivalent to) the one based on partial transposition (this has
been later proven in Ref. [7]).

Remark 2. It is instructive to illustrate theorem 4 for T
states [12], that is, in the case where A and B have a maximal

reduced entropy. The T states (; =5 =0) are such that the
reduced density operators are given by p,=pp=1/2, so that
the reduced entropies are S(p,) =S(pp)=1. These states are
thus completely characterized by the matrix #, , . It has been
shown in Ref. [12] that any T state can be transformed by a
unitary transformation of the product form U,® Uy into a
state for which ¢, , is diagonal. As far as separability is
concerned, we can thus restrict ourselves to the class of all
states with diagonal 7, since these are representative of the
entire set of T states (up to a U,® Up isomorphism).

The class of states with diagonal 7 is a convex subset of
the set of 7 states, and any state belonging to this subset can
be characterized by the real vector = (11,2 ,t33) made out
of the diagonal elements of 7. It was proven in Ref. [12] that
an operator p,p of the form given by Eq. (31) with r=s
=0 and diagonal ¢ corresponds to a state (i.e., a positive
unit-trace operator) if and only if the vector ‘ belongs to a
tetrahedron with vertices 7,=(—1,1,1), f,=(1,—1,1), 75
=(1,1,—1), and ;42(—1,—1,—1). In other words, any
state of this class can be represented by a point inside this
tetrahedron. In this representation, the four Bell states
|®@=)y=2""2(]00)=|11)) and |¥*)=2""2(|01)=]10))
correspond to the vertices of the tetrahedron, that is,
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- . (x) (x)
ti: |OTND |=Z(11A®JIB—(TA Qo

+oY0dy+oPeay)),

1
Iy |c1>+><q>+|=Z(11A®11B+ag">®ag>

— 0'1(4y)®0g)+ 0'%)@) O'E;)) ,

1
1y WP =Z(1A®1B+ay>®a§;‘>

+ a'i\y)@) Ug) — Uff)® 0'591)) ,

1
PR aYE =Z(1A®IB—U§§‘)®0$‘)
— 0'&”@ aﬁ;") - Uff)® 0'591)). (36)

In Ref. [12], it is also shown that a state p,z of this
T-diagonal class is separable if and only if the vector f char-
acterizing p,p belongs to an octahedron with vertices 0 li
=(*+100), 0, =(0,+10), and 05 =(00,%1). Let us
consider the action of A in this representation. As shown

13

earlier, A flips the ‘‘spin”’ 5’A. Within the set of 7 states,
this amounts to changing the sign of the ¢, ,, matrix, that is,

to flipping the sign of the vector ¢ for T-diagonal states.
Therefore, the criterion for separability N, z=Ap, =0
translates, in this representation, to the condition that the

“‘parity’” operation on the vector r characterizing a separable
state results in a positive operator (i.e., a legitimate state).

Hence, — 7 must belong to the tetrahedron. It is easy to see
that the set of points of the tetrahedron which are such that
their image under parity still belongs to the tetrahedron cor-
responds exactly to the octahedron defined above. Therefore,
no inseparable state exists that satisfies Ap,p=0, so that A
provides a necessary and sufficient condition for separability
within the class of T states, as expected.

Theorem 5. The symmetric map M acting on two two-
dimensional systems conserves the spectrum, so that the

separability criteria resulting from the map A and its dual A
are equivalent. |

As a consequence of theorem 3, M=I'®I" amounts to
performing a complex conjugation K (or transposition) of the
Jjoint density operator in H,p , followed by a tensor product
of the rotation R, defined by U,=exp(—imo,/2)=—io,,
that is, U,U,=—o0,®0,. Note that, as we are dealing
with Hermitian (density) operators, their spectrum is un-
changed by K. The same is true for the rotation U,®U, .
Therefore, =M p,p has the same spectrum as p,z when
dy=dg=2. As T is self-inverse (I'’=1) when d,=dz=2,
we have the relation /@ '=(I'®I)(I'®T") or in short A
=AM. This implies that

Kpap=AL(U,@U,)pis(Ui@ U], (37)

which in turn results in
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Nap=(U,@U)Nip(U @ UY) (38)

as A commutes with U,®U, and complex conjugation.
Since A4 is Hermitian (just as p,p), the latter expression

shows that the spectrum of X 45 and \ 4 are identical, so that
the resulting criteria for separability are equivalent.

Theorem 6. The symmetric map M applied to a bipartite
system of two-dimensional components (i.e., global time re-
versal) is equivalent to complex conjugation in the ‘‘magic’’
basis introduced in Ref. [10] (this was pointed out indepen-
dently in Ref. [13], which was brought to our attention after
completion of this work).

Since I'=RK, the symmetric map M=I"®I" applied to
the state p,p of a bipartite system results in

Mpap=(U,@U,)pis(Ul®U)), (39)

where U WU, =—0o,®0,. Since M is antiunitary and self-
inverse (M2>=1), it is a conjugation [14]. It can be written as
the complex conjugation operator if expressed in a specific
basis. Let us assume that V is the unitary operator (in the
joint space) that transforms the product states into the states
{|e;)} that form this specific basis, that is,

le1)=V]00), [e;)=V]01),

le3)=VI10), [ey)=V[11). (40)

We would like to show that M is equivalent to rotating the
states |e;) into the product states, taking the complex conju-
gation of the density matrix (in the product basis), and then
rotating the product states back to the |e;)’s:

Mpug=V(Vip,gV)*Vi=(VV)pip(VVIT,  (41)

where V7 is the transpose of the unitary matrix V. Identifying
Egs. (39) and (41), we obtain

VWi=U,eU,=~-0,00,=

- o o o
|
I
—_
o o o =~

(42)

It is easy to prove that, if V is unitary, then VV7 is unitary
and symmetric (but not necessarily Hermitian). In order to
find a solution for V that satisfies Eq. (42), we first diagonal-
ize the matrix o,® o, . Consider the unitary matrix

im
W=exp| ——(1—0o,)®(1—0y)

4
=(I®1+1®0c,t0,Q1—0,00,)/2. (43)
It is in fact a real orthogonal matrix, so that W~ !'=w"

=W It can easily be shown that W diagonalizes o,®0,,
that is,

W(o,@o)W'=080,. (44)

It is not the only such matrix, as o,® o, is obviously also
diagonalized by exp[—i(m/4)o ]®exp[—i(m/4)o,]. How-
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ever, we are looking here for a (real) rotation matrix rather
than a general unitary matrix. Note that the matrix W is self-
inverse, i.e., W>=1, so that it is also symmetric (WT=w).
By multiplying Eq. (42) by W on the left and the right, we
obtain

-1 0 0 0
0 1

WV(WV)'=—-0.®0,= 0 (45)
0 0 0 -1

which implies that the product WV can be written as a diag-
onal matrix D:

*i 0 0 0
0 =1 O 0

WV=D= 0 0 +1 0 (46)
0 0 0 =i

This yields a (nonunique) solution for the unitary matrix V
= W'D =WD that defines the basis {|e;)}. The states |e;) are
thus obtained by applying the rotation matrix W to the prod-
uct states =i|00), =[01), =[10), and *i|11). It is worth
noticing at this point that the rotation matrix

(47)

transforms the product states into the four maximally en-
tangled states which are obtained by applying a local trans-
formation H® 1 on the four Bell states, i.e.,

W[00)=(H® 1)|d*)=(|00)+]01)+]10)—|11))/2,
W(01)=(H® 1)|W*)=(|00)+|01)—|10)+|11))/2,
W[10)=(H® 1)|®~)=(]00)—[01)+]10)+|11))/2,
Wl11)=(H®1)| W~ )=(—|00)+|01)+[10)+|11))/2, (48)

where H is the Hadamard transform. (As a matter of fact, the
unitary transformation W corresponds simply to a controlled-
NOT gate where the control is in the dual basis {|0)
+{1),|0)—|1)} rather than the standard basis.) Therefore,
the unitary transformation V=WD is such that the product
states are rotated into the four generalized Bell states with
the appropriate phases

le))=V|00)=*i(H®1)|D™),
le,)=VI|01)=x1(H®1)|¥™"),
les)=V[10)=*1(H®1)|D ),
les)=V|11)=xi(H®1)|¥V"). (49)

These states |e;) are therefore equivalent, up to a local
change of basis H® 1 and a phase i that are irrelevant here,
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to the ‘‘magic’’ states introduced in Ref. [10]. (Any four
states obtained from the |e;)’s up to an overall phase and a
unitary transformation acting locally on each quantum bit are
legitimate ‘‘magic’’ states.) This implies that, when ex-
pressed in this basis, the symmetric map M=I"®I" reduces
the complex conjugation operation that was used in the con-
text of the calculation of the entropy of formation of a pair of
quantum bits (see Refs. [9,13]). |

Theorem 7. A distinct necessary separability condition for
the bipartite state p,p is that its support can be spanned by a
set of product states which are such that the corresponding
product operators obtained by applying I" to the state vector
in H, span the support of N yz=Ap,p.

We only consider this condition in the case where d4
=2. Let us first show that if p,p is a separable state, then
N 4p 1S a separable operator obtained by replacing the states
|a) in H, by projectors Pi orthogonal to them. Consider the
separable state

pAB:Z wi(la)(a;|®|b;){(bi]), (50)

where the |a;)®|b;) are pure product states [using the spec-
tral decomposition of pf,_{) and pg) , it is easy to rewrite Eq.
(7) into this form]. As a result of theorem 3, we see that p,p

it is mapped by A into the separable operator
Nap= 2 wi(Py @ b)(by)). (51)

The operator A 45 is a unit-trace operator in the case d,=2
since each component pure state |a)®|b) is mapped into a
pure product state, |a*)®|b), in which case it simply reads

Nap= 2 willai Yai|®[b)(by)). (52)

l

Let us show that Eq. (52) results in a simple necessary con-
dition for separability (distinct from \ 45=0), inspired from
the condition recently proposed by Horodecki [4]. The cen-
tral point is to note that if p,p is separable, then the en-
semble of product states |a;)®|b;) span the entire support of
pag - (Conversely, any state |a;)®|b;) must belong to the
support of p,p and cannot have a nonvanishing component
orthogonal to it.) From Eq. (52), we see that the ensemble of
states |ail> ®|b;) span the entire support of the corresponding
separable state A, obtained by applying A on p,z. Also,
any state |a; )®|b;) cannot be outside the support of \ 4.
This results in a necessary condition for separability which
can be stated as follows: if a state p,p is separable, then it
must be possible to span its support by a set of product states
|a)|b) which are such that their image (i.e., the product
states obtained by rotating the complex conjugate of state
vector |a) in the A space by an angle 7 about the y axis
while leaving the state vector |b) in the B space unchanged)
span the support of the mapped state N y;z=Ap 5 - |
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IV. CONCLUSION

Given a bipartite system characterized by a density opera-
tor p,p, We construct a simple separability criterion based
on the positive linear map I':p—(Trp)—p. Any separable
state p4p is mapped by the tensor product of I' (acting on A)
and the identity / (acting on B) into a positive operator.
Therefore, a necessary condition for separability is based on
checking the non-negativity of the operator (I'®1)p,p=1,4
®pp—pap - This reduction condition, along with the one
based on the dual map I®1I", can be shown to be nonsuffi-
cient for a system of arbitrary dimension because entangle-
ment dilution can thwart the map’s sensitivity. Since I' com-
mutes with any unitary transformation, the spectrum of the
operator (I'®1)p,p is invariant under a local unitary trans-
formation U ,® Up , making this reduction criterion indepen-
dent of the basis in which A and B are expressed.

In the case of a two-dimensional system, I" is shown to be
the time-reversal operator, which flips the sign of the spin
matrices (or, equivalently, reverses the Bloch vector charac-
terizing the state of the quantum bit), so that the map I'®1
amounts to changing the arrow of time for subsystem A with
respect to subsystem B. Such a relation between time-
reversal and Peres’ partial transposition has been pointed out
previously by Sanpera er al. [8], who showed that the partial
transposition operator is unitarily equivalent to ‘‘local’’ time
reversal. Thus, our reduction criterion for separability based
on I'®1 is equivalent to Peres’ criterion [2] for 2 X n systems
(when applying I' on the two-dimensional subsystem). As a
consequence, it is necessary and sufficient for 2X2 and 2
X3 systems while it is only necessary for larger systems,
just as is Peres’ [3]. For systems with d4 ,dg>2, however,
the reduction condition is generally weaker than the one
based on partial transposition.

Finally, we consider the symmetric map (I'®1")p =14
®lg—ps@lz—1,@pg+pap. The 2X2 states which are left
invariant under this map are mixtures of generalized Bell
states, which include the maximally entangled pure states as
well as the product of two independent (unentangled) ran-
dom bits. It can be seen that I'®TI" is related to quantum
nonlocality even though it does not directly reveal insepara-
bility of two quantum bits. Indeed, it reduces to the complex
conjugation in the ‘‘magic’’ basis that has been introduced in
the context of the entropy of formation of a pair of quantum
bits (see Refs. [9,13]). It might therefore be interesting to
look for a simple relation between the map I" (related to the
reduction criterion for inseparability) and the entropy of for-
mation.
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APPENDIX A: EXAMPLES

Here we consider several examples illustrating the sepa-
rability criterion A 4,5=0, and compare it to Peres’ criterion
[2]. Examples 1-4 deal with states of two quantum bits, and
illustrate the fact that the A criterion is necessary and suffi-
cient (the spectrum of A\, is identical to the spectrum of
pT4). Examples 5 and 6 illustrate that the A condition is not
sufficient for systems in larger dimensions (3X3 and 2
X 4) whose partial transpose is positive (cf. Ref. [3]). In fact,
the A condition is equivalent to Peres’ condition for 2Xn
systems, so that it is also necessary and sufficient for 2 X3
systems [3] while it is only necessary for larger n.

Example 1. Consider a Werner state [1] with parameter x
(0=x=1), that is, a mixture of a fraction x of the singlet
state |‘I’7) and a random fraction (1 —x). We shall see that
A 45=0 is equivalent to Peres’ criterion, and is therefore suf-
ficient. Indeed, the joint density matrix

ey, U TX)
1—x
— 0 0 0
4
1+x X
0 _— = 0
4 2
B x l+x (Al
0 - = 0
2 4
1—x
0 0 0
4
is mapped by A into the matrix
1+x
— 0 0 0
4
1—x X
0 — 0
4 2
Nag= (A2)
X 1—x
0 - 0
2 4
l+x
0 0 0 —_—
4

which admits three eigenvalues equal to (1+x)/4 and a
fourth equal to (1 —3x)/4. The latter becomes negative if x
>1/3, so that N\, is positive semidefinite only if x<1/3,
which has been proven to be the exact threshold for separa-
bility (any Werner state with x< 1/3 is separable as it can be
written as a mixture of product states [15]). As expected, the
spectrum of A\ 45 is equal to the spectrum of the partial trans-
pose of p,p, so that the A condition is sufficient to ensure
separability for Werner states.

Example 2. Consider a mixed state that is made out of a
fraction x of the entangled state |¢)=a|01)+5|10), and
fractions (1 —x)/2 of the separable product states |00) and
[11) (see Ref. [16]). The joint density matrix is of the form
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1—x 1—x
pap=x|P) (Y| + T|00><00|ﬂL T|11><11|

1—x

0 0 0
2
0 x|a]* xab* 0 3

= A
0 xa*b x|b|*> 0 (A3)
1—x
0 0 0
2

with a and b satisfying |a|?>+|b|*=1. It is mapped by A into
the matrix

x|b|? 0 0 0
0 L _xapt 0
Nap= L . (A4)
0 —xa*b 0
2
0 0 0 x|a|?

The eigenvalues of A\, are x|a|?, x|b|?, and (1—x
+2x|ab|)/2. This implies that p,p is inseparable if x>(1
+2|ab|)~!, exactly as predicted by Peres using the partial
transpose of p,p . Since we are dealing with two qubits, this
is the exact limit between separability and inseparability
[2,3].

Example 3. In the simpler case where p,p is a mixture of
a fraction x of the singlet state | ) and a fraction (1 —x) of
the separable product state |00),

pap=x| )|+ (1—x)[00)(00|

1—x 0 0 0
0 x/2 —x/2 0
= A
0 —x2 x22 0]’ (A5)
0 0 0 0
we obtain
x/2 0 0 0
0 0 x/2 0
= . A
Me=l 0 w2 1-x 0 (A6)

0 0 0 x/2

The latter matrix admits two eigenvalues equal to x/2 and
two eigenvalues equal to [1—x=(1—x)2+x7]/2, so that
its determinant is equal to —(x/2)*. Thus, this state is in-
separable whenever x>0, as expected. (It is separable only if
it is the pure product state |00).)

Example 4. Consider the class of two-qubit inseparable
states described by Horodecki et al. [3], a mixture of two
entangled states:

pap=p| 1)+ (1=p) )l

where |¢,)=al00)+5b|11) and |i,)=al01)+b|10), with
a,b>0 and satisfying |a|*+|b|*=1. The joint density ma-
trix

(A7)
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pa’ 0 0 pab
0 (1-p)a®> (1-p)ab 0

= A8
PaB=1 0 (1=p)ab (1-p)b® 0© (A8)

pab 0 0 pb?

is mapped by A to
(1—p)b? 0 0 —pab

0 pb? (p—1)ab 0
Nag= . A9
AB 0 (p—1)ab pa* 0 (A9)

—pab 0 0 (1—p)a®

The latter matrix admits two eigenvalues equal to [p=*p°+4a’b*(1—2p)]/2 and two eigenvalues equal to
[1—p*+\(1—p)*+4a’b*(2p—1)]/2, so that its determinant is equal to —a*b*(1—2p)°. This state is therefore
inseparable whenever ab#0 and p # 1/2, in perfect agreement with Ref. [3].

Example 5. Consider the 3 X3 system in a weakly inseparable state introduced by Horodecki [4],

a 00 00a O O O a
0 a 0000 0 0 0
00a 000 0 0 0
000a00 0 0 0
a 00 0O0a O O O a
pABzﬁ 00000a 0O o0 o0 |, (A10)
000000];‘10‘/12_7
000000 0 a 0
a000a012_a201;a

where a is a parameter (a#0,1). As shown in Ref. [4], the partial transpose of this state is positive, although p,p is
inseparable, which makes the inseparability of p, 5 undetectable using Peres’ criterion. It is simple to check that the A-mapped
matrix

1+3 —a’
a5 Nza 0 -a 0 0 0 —a
2 2
0 2¢a 0 0 0 0 0 0 0
1—a? 1+3
“ o a 0 0 0 0 0
2 2
1+3 J1—a?
1 0 0 0 T 0 “ 0 0 o0
NB=T11ga 2 2 (AL1)
—a 0 0 0 2a 0 0 0 —a
1—a? 1+3
0 0 0 “ ) a 0 0
2 2
0 0 24 0
0 0 2a
—a 0 —a 0 0 2a

is positive (with a trace equal to 2), so that A cannot reveal the inseparability of p,p either. Accordingly, the determinant of
Nap is equal to 6a’(1—a)(5a+3)/(1+8a)°® and thus positive. Note that the dual map also yields a positive operator X 45 (of
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trace 2), although the eigenvalues of X, are distinct from those of \ 5, as is its determinant Det(X 45) =24a’(1—a*)/(1
+8a)?. This example emphasizes that A does not result in a sufficient separability condition for 33 systems, just as Peres’

condition [3].

Example 6. Following Horodecki [4], we consider a 2 X4 system in an inseparable state

b 0 0 0
0 b 0 0
00 b O
000 b

1

Par=iggy| O 0 00

00 0
0
00 b O

+ © o o O
o o o =
=R el =
[=EES A el -]

—_—

(A12)

that has a positive partial transpose, where b is a parameter (b#0,1). Applying A, we see that

1+b

has eigenvalues 0, b, 2b, and [1+2b
i\/(1+2b)2—2b(3+b)]/2 so that it is always non-
negative. Note that the spectrum of N\ 5 is the same as the
spectrum of the partial transpose p}}g (cf. Ref. [4]), as ex-
pected. This confirms that the condition based on A=T®/
and Peres’ separability condition are equivalent for 2Xn
systems (when I' is applied to the two-dimensional system
and [ to the n-dimensional one). In this example, applying

the dual map A=I®TI yields a positive operator which
traces to 3.

APPENDIX B: THE ANTIUNITARY MAP I

Consider the action of the map I':p—(Trp)—p on the
density operator p characterizing a two-dimensional system
(i.e., a quantum bit). Since p can be written as a linear com-
bination of the unit matrix and the three Pauli matrices o
with real coefficients, it is sufficient to consider the action of
I" on these (Hermitian) basis matrices. We find that I" is an
antiunitary operator that leaves the unit matrix unchanged

2 2
0 b 0 0
0 0 0
J1—5b? 1+
oo —
2 2
J1—5?
5 0 -b 0 0
-b 0
0 —b
0O 0 0 0 (A13)

—

OOOON‘—{-
S

oS o o &

(=R eI =)

(=N el e

S © O©O O

and flips the sign of the Pauli matrices oy, .,

r r r r

=1, oy——-0,, oy——0,, o,——0,. (Bl)

The complex conjugation operator K (or equivalently the
transposition, as we deal with Hermitian operators) corre-
sponds to an antiunitary operator which acts on the four
basis matrices as

K K K K
-1, o,—o0,, o, ——0 o,—0,.

(B2)

¥y

(Remember that it is enough to consider the action of K on
the basis matrices as the coefficients are real.) Also, R, isa
rotation characterized by the unitary matrix U,=exp
(—imoy/2)=—ioy=0,0, which maps p into prU;
=0o,p0, , so that the basis matrices are transformed accord-
ing to
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R, R, R, R,

—0,, O'Z—;—O'Z. (B3)

-1, oy——0,, oy—0,

It is straightforward to check, using Egs. (B1), (B2), and
(B3), that I' is the product of K and R, . (It is a general
property of an antiunitary transformation that it can be writ-
ten as the product of a unitary transformation and a fixed
antiunitary operator such as time reversal.) This can also be
verified easily by applying R,K to a system in a state given
by Eq. (27). We get
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*a,

Uyp* U; OOy

1 -
= 5[1 +oy(r-o%)o,]

1 N
= 3(1=r-0)=Tp, (B4)

where we have used the fact that 7 is a real vector and that

a'yc;cry= —o*. This generalizes what was shown in Sec. III
for pure states, namely that if |a)=a|0)+B[1) and |a*)
=U,(a*|0)+ B*|1))=—B*|0)+ a*|1), then we have

la*){a*[=T(la)al). (BS)
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