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A =~ B just in case that there is a function f: A — B so that:

e f is one-to-one. (x #*y= f(x) # f(y).)

e f is onto. (All elements of B are in the range of f.)



Some examples:



Some examples:



Some examples:

N — {0}

|
—~~
=
N
w
P



Some examples:

N-{0} =

|
—~~
=
N
w
P



Some examples:

N = {0,1,2,3,4, 00,
N — {0}

|
—~~
=
N
w
P

N — {0} and N have the same size.



Some examples:

N — {0}

|
—~—
=
N
w
P



Some examples:

N {0V = {1,2,3,4, . 0o

N
|
~
|
N
|
=
o
=
N
w



Some examples:

N £0,1,2,3,4, 0o
N—{0} = {1,2,3,4, .00,
7 = {........ 2.-1,0,1,2,3,........



Some examples:

N £0,1,2,3,4, e

N—{0} = {1,2,3,4, .00,
7 = {........ ~2,-1,0,1,2,3,........
0 1 2 3 4 5 oeee



Some examples:

N £0,1,2,3,4, e

N—{0} = {1,2,3,4, .00,
7 = {........ ~2,-1,0,1,2,3,........
0 1 2 3 4 5 oeee



Some examples:

N £0,1,2,3,4, e

N—{0} = {1,2,3,4, .00,
7 = {........ ~2,-1,0,1,2,3,........
0 1 2 3 4 5 oeee



Some examples:

N £0,1,2,3,4, e

N—{0} = {1,2,3,4, .00,
7 = {........ ~2,-1,0,1,2,3,........
0 1 2 3 4 5 oeee



Some examples:

N £0,1,2,3,4, e

N—{0} = {1,2,3,4, .00,
7 = {........ ~2,-1,0,1,2,3,........
0 1 2 3 4 5 oeee



Some examples:

N £0,1,2,3,4, e

N—{0} = {1,2,3,4, .00,
7 = {........ ~2,-1,0,1,2,3,........
0 1 2 3 4 5 oeee



Some examples:

N £0,1,2,3,4, 0o
N—{0} = {1,2,3,4, .00,
7 = {........ 2.-1,0,1,2,3,........



Some examples:

N £0,1,2,3,4, 0o
N—{0} = {1,2,3,4, .00,
7 = {........ 2.-1,0,1,2,3,........

Z, and N have the same size.



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|

= {0,



Some examples:

N £0,1,2,3,4, 0o
N—{0) = {1,2,3,4, ..o
7 = {........ 2-1,0,1,2,3,........
m
Q+_{?|m7p€Nap#O}
1
— {07_7

2



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}
1 1
— {07



Some examples:

N £0,1,2,3,4, 0o
N {0} = {1,2,3,4, 000,
7 = {........ 2-1,0,1,2,3,........
m
Q+ — {? | m7p€N7 p#O}
1 1 12
— {07_7_7—7
2 31



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
ot = {% | m,p€eN, ps 0}
_ {O 1 1 12 47

757571—77€7



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

11 12 47 103
'2’3717° 6 58

{0



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

11 12 47 103 34
'2’3’177 6758 7’

{0



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

1 1 12 47 103 34 54
'2’3’177 67587 7712’

{0



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

11 12 47 103 34 54 81
'2’3’177 67587 7712’62’

{0



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

11 12 47 103 34 54 81
'2’3’177 67587 7712’62’

{0



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:

= O



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:

= O
@NN



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:

= O
@NN
N O



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:

)
Ol
N| O
==



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:

= O

N| O
==
OIN

@NN



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:

= O

N| O
==
OIN
Wl o

@NN



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:

= O

w| o
N |+~

N| O
==
OIN

@NN



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

List all pairs:

= O
=N

w| o
N |+~

N| O
==
OIN

@NN



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|

List all pairs:

= O
w| o
N |+~
=N
Ol W

N| O
==
OIN

@NN



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|

List all pairs:

= O
=N

ol w
A~ O

w| o
N |+~

N| O
==
OIN

@NN



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|

List all pairs:

= O
=N

Ol Ww
O
W=

w| o
N |+~

N| O
==
OIN

@NN



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|

List all pairs:

= O
=N
Ol W
O
W=
NN

w| o
N |+~

N| O
==
OIN

@NN



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|

List all pairs:

= O
=N
Ol W
O
W=
NN
=W

w| o
N |+~

N| O
==
OIN

@NN



Some examples:

O
AN
|

.

o3

3

S

m N

z

s 0

L —

O -

- N

“00

List all pairs:

= O

w| o
N |+~

N| O
==
OIN

@NN



Some examples:

O
AN
|

.

o3

3

S

m N

z

s 0

L —

O -

- N

“00

List all pairs:

= O

w| o
N |+~

N| O
==
OIN

@NN



Some examples:

&
+ N
|l

List all pairs:

= O

N| O
==
OIN

@NN

w| o
N |+~

I



Some examples:

&
+ N
|l

List all pairs:

= O

N| O
==
OIN

@NN

w| o
N |+~

I



Some examples:

&
+ N
|l

List all pairs:

= O

N| O
==
OIN

@NN

w| o
N |+~

I



Some examples:

&
+ N
|l

)
Ol
N| O
==
OIN

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

w| o
N |+~

I



Some examples:

N £0,1,2,3,4, o 1
N—{0} = {1,2,3.4, . oo )
7 = {........ —2.-1,0,1,2,3,........ 1
m
Q+ — {? | m7p€N7 p#O}

Eliminate divisions by zero and repetitions:

= O

I

N| O
==
OIN
Wl o
N | -

@NN



Some examples:

N £0,1,2,3,4, o 1
N—{0} = {1,2,3.4, . oo )
7 = {........ —2.-1,0,1,2,3,........ 1
m
Q+ — {? | m7p€N7 p#O}

Eliminate divisions by zero and repetitions:

= O

I

N| O
==
OIN
Wl o
N | -

Ol



Some examples:

N £0,1,2,3,4, o 1
N—{0} = {1,2,3.4, . oo )
7 = {........ —2.-1,0,1,2,3,........ 1
m
Q+ — {? | m7p€N7 p#O}

Eliminate divisions by zero and repetitions:

= O

I

N| O
=] =
OIN
Wl o
N | -



Some examples:

N £0,1,2,3,4, o 1
N—{0} = {1,2,3.4, . oo )
7 = {........ —2.-1,0,1,2,3,........ 1
m
Q+ — {? | m7p€N7 p#O}

Eliminate divisions by zero and repetitions:

= O

I

=] =
OIN
Wl o
N | -



Some examples:

N £0,1,2,3,4, o 1
N—{0} = {1,2,3.4, . oo )
7 = {........ —2.-1,0,1,2,3,........ 1
m
Q+ — {? | m7p€N7 p#O}

Eliminate divisions by zero and repetitions:

|
Wl o
I



Some examples:

N £0,1,2,3,4, o 1
N—{0} = {1,2,3.4, . oo )
7 = {........ —2.-1,0,1,2,3,........ 1
m
Q+ — {? | m7p€N7 p#O}

Eliminate divisions by zero and repetitions:

= O
|_l

ol W
I



Some examples:

N £0,1,2,3,4, o 1
N—{0} = {1,2,3.4, . oo )
7 = {........ —2.-1,0,1,2,3,........ 1
m
Q+ — {? | m7p€N7 p#O}

Eliminate divisions by zero and repetitions:

= O
|_l
N



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,
m

(@
_|_
|

Eliminate divisions by zero and repetitions:

=N
NN
=W
ol &

W=

@)

I

Wl N



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,
m

(@
_|_
|

Eliminate divisions by zero and repetitions:

=N
=W
ol &

W=

@)

I

Wl N



Some examples:

N £0,1,2,3,4, o 1
N—{0} = {1,2,3.4, . oo )
7 = {........ —2.-1,0,1,2,3,........ 1
m
Q+ — {? | m7p€N7 p#O}

Eliminate divisions by zero and repetitions:

=N
i OV
o o
I

W=

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

Z,
|
r—H
N 2z
Il

Count remaining

pairs:

N |+~

N

_27 _1707 172737
m

W=

W

I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W
I

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W

| =

Wl N



Some examples:

&
+ N
|l

£0,1,2,3,4, 0o }
(1,2,3,4, 0 }
(oo .. 2.-1,0,1,2,3,........ }

m

N |+~
=N
W=
=W

| =

Wl N



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|

M| O———O
= R
N | BN
= N—W
Wl R
| WO
B R—O

W[ N~



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {?|m7p€Nap#O}

QT and N have the same size.



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|

M| O———O
= R
N | BN
= N—W
Wl R
| WO
B R—O

W[ N~



Some examples:

N
I
——

........ ~2.-1,0,1,2,3,........
m

(@
_|_
|



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+_{?|m7p€Nap#O}
m
Q =



Some examples:

N £0,1,2,3,4, o
N—{0} = {1,2,3.4, . oo
7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {? | m7p€N7 p#O}
m
Q = {? | m,pe€ Z, p7#* 0}

R = {all real numbers}



Some examples:

7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {? | m7p€N7 p#O}
m
Q —

7
[

{all real numbers}

N — {0}, Z, QT, and Q are all equinumerous with N.



Some examples:

7 = {........ —2.-1,0,1,2,3,........
m
Q+ — {? | m7p€N7 p#O}
m
Q —

7
[

{all real numbers}

N — {0}, Z, QT, and Q are all equinumerous with N.
But .......



Theorem (Cantor, 1873). R and N are not of the same size.



Theorem (Cantor, 1873). R and N are not of the same size.

Proof.



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.

Then there is a function f: N — R, so that f is one-to-one and
onto.



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.

Then there is a function f: N — R, so that f is one-to-one and
onto.

Let [0, 1] denote the interval {z |0 < x < 1}.



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.

Then there is a function f: N — R, so that f is one-to-one and
onto.

Let [0, 1] denote the interval {z |0 < x < 1}.

Define g(z) = f(z) — |f(2)].



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.

Then there is a function f: N — R, so that f is one-to-one and
onto.

Let [0, 1] denote the interval {z |0 < x < 1}.

Define g(z) = f(z) — |f(2)].

(For example, if f(xz) = 79.121212... then g(x) = 0.121212....)



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.

Then there is a function f: N — R, so that f is one-to-one and
onto.

Let [0, 1] denote the interval {z |0 < x < 1}.

Define g(z) = f(z) — |f(2)].



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.

Then there is a function f: N — R, so that f is one-to-one and
onto.

Let [0, 1] denote the interval {z |0 < x < 1}.

Define g(z) = f(z) — |f(2)].

Note that ¢g: N — [0, 1] is onto.



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.

Then there is a function f: N — R, so that f is one-to-one and
onto.

Let [0, 1] denote the interval {z |0 < x < 1}.

Define g(z) = f(z) — |f(2)].

Note that ¢g: N — [0, 1] is onto.

Consider the following table:



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)



9(0)
g(1)
9(2)
g9(3)
g(4)
g9(5)



9(0)
g(1)
9(2)
9(3)
g(4)
g9(5)



9(0)
g(1)
9(2)
9(3)
g(4)
g9(5)



9(0)
g(1)
9(2)
9(3)
g(4)
g9(5)



9(0)
g(1)
9(2)
9(3)
g(4)
g9(5)

0

o .0 0 0

. O,O CLl CL2 CL3



9(0)
g(1)
9(2)
9(3)
g(4)
g9(5)

0

o ,0 0 0 O

. O,O CLl CL2 CL3 CL4



9(0)
g(1)
9(2)
9(3)
g(4)
g9(5)

0

o o o0 0 0 0

. O,O CLl CL2 CL3 CL4 0,5



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

0

o o o0 0 0 0



g(0) = 0 . a8 a? 08 ag ag ag

g(1) =
9(2) =
9(3) =
g(4) =
9(5) =

(Each d! is a digit between 0 and 9.)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

0

o o o0 0 0 0



9(0)
g(1)
9(2)
9(3)
g(4)
g9(5)



9(0)
g(1)
9(2)
g9(3)
g(4)
g9(5)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O O O

- . @
W ~N Rk RO

)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O O O o

S|

S

S Q
A RPW PN HE O

Q



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O o o o o

Q @ S Q @

S
Ol =B,rPd PW =N R RO



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O o o o o

S Q S )
Ol =B,rPd PW =N R RO

Q

)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O o o o o

Q )
e )

S

=) S
O B,rPd P =N

)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O o o o o

Q )
e )

S

=) S
O B,rPd P =N

)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O o o o o

Q )
e )

S

=) S
O B,rPd P =N

)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O o o o o

Q )
e )

S

=) S
O B,rPd P =N

)



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O o o o o

- - Q -
e )

Q

S
O B,rPd P =N



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

o O o o o o



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

o O o o o o

0o .1 .2
Qg ay as



g(0) =
g(1) =
9(2) =
9(3) =
g(4) =
9(5) =

o O o o o o

Diagonal

For a digit a set a = {

4
5

0o .1 .2
Qg ay as

ifa=>5
ifa#x5



g(0) = 0 . ag

g(1) = 0 ai

g(2) = 0 as

9(3) = 0 a3

g(4) = 0O aj

g(5) = 0 a?
Diagonal ad al a3 a3 al a2 ...

4 ifa=
For a digit a set a = I “ 5. Either way a+*#a.
5 ifa#5



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

o O o o o o

0o .1 .2
Qg ay as



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o

0o .1 .2
Qg ay as



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o

1 .2
aj as



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o



g(0) = 0 . ag

g(1) = 0 ai

9(2) = 0 a3

g(3) = 0 a3

g(4) = O aj

g(5) = 0 ag
Diagonal ad al a3 a3 al a2 ...
Set: » = 0 . a) a; a5 as a3 a2 ---

Note: z and the diagonal differ on each digit.



9(0)
g(1)
9(2)
g9(3)
g9(4)
g9(5)

Diagonal

Set:

o O o o o o



_ 0
g(0) = O a
_ 1
g(1) = 0 a;
_ 2
g(2) = O as
g(3) = O
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It follows that z #= g(n).
This is true for each n € N.

So z, which belongs to the interval [0, 1], is not in the range of
g.

Hence ¢g: N — [0, 1] is not onto.

T his completes the proof of Cantor’s theorem.



Theorem (Cantor, 1873). R and N are not of the same size.

Proof. Suppose for contradiction that R ~ N.

Then there is a function f: N — R, so that f is one-to-one and
onto.

Let [0, 1] denote the interval {z |0 < x < 1}.

Define g(z) = f(z) — | f(=)].

Note that ¢g: N — [0, 1] is onto.

Consider the following table:



z and g(n) differ on digit number n.

It follows that z #= g(n).
This is true for each n € N.

So z, which belongs to the interval [0, 1], is not in the range of
g.

Hence g: N — [0, 1] is not onto.

T his completes the proof of Cantor’s theorem.
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Cantor named the smallest infinite size “Ng”, the next infinite
size “Nq"", etc.

01 2 -+ Ng Ny Rp o0 Ny Vg o0 Ry oooeeee

N has size Ng.
By Cantor’s theorem, R has size at least N;.

The exact size of R cannot be determined from the axioms of
set theory.

It is impossible to prove R ~ R; (Cohen, 1963), and it is also
impossible to prove R % N (Godel, 1938).

Impossible here really means impossible (and provably so).
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Let V denote the entire universe of sets.

An elementary embedding of the universe is a function
m: V. — M, which preserves truth.

Precisely this means that for all sets z1,...,x;, any statement
true of x1,...,x in V is also true of n(xq1),...,7m(x) in M.

7(0)=0.7(1)=1.7(2)=2.............

Ng is the first infinite size.
By preservation of truth so is 7(Rg).
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Let V denote the entire universe of sets.

An elementary embedding of the universe is a function
m: V. — M, which preserves truth.

Precisely this means that for all sets z1,...,x;, any statement
true of x1,...,x in V is also true of n(xq1),...,7m(x) in M.

7(0)=0.7(1)=1.7(2)=2.............
T(Rg) =Ng. 71(N7) =N7 ...... T(Ny) =Ny oo

The first size which is actually moved by = cannot be described
from below. It must be extremely large.
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The smallest size moved by an elementary embedding of the
universe is referred to as a large cardinal.

Statements asserting the existence of elementary embeddings of
the universe are called large cardinal axioms.

They cannot be proved from the basic axioms of set theory.
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Let A C [0,1]. Consider the following game, denoted G(A):
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If z belongs to A then player I wins.
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G(A) is determined if one of the players has a winning strategy.

(A strategy is a complete recipe that instructs the player pre-
cisely how to play in each conceivable situation.)
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Taken as an axiom, det(l") gives rise to a very rich structure
theory that establishes a hierarchy of complexity on the sets in
[, and completely answers all natural questions about the sets
in each level of the hierarchy.

There are sets A so that G(A) is not determined.

But these sets are constructed using a transfinite sequence of
choices which cannot be made in any definable way.

Determinacy is now accepted as a natural hypothesis in the study
of definable sets of reals.
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Let Q be the set of positions from which player I has a winning
strategy. (By assumption, the empty position is not in Q.)

If z=0.agaj1a>a3--- is won by player I, then there exists k so
that (ag,...,ar) € Q. This uses the assumption that A is finitely
supported.

If there is no k£ so that (ag,...,a;) € Q, then O.agajiasaz--- is
won by player I1.

If 11 can avoid positions in ) for the entire game, then she wins.
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If p=(ap,...,an) is not in Q then there is a move aygy 1 for I1
so that p™"apgi41 is also not in Q.

If p = {ag,...,ao,_1) is not in @ then for every move ay; for I,
p aopp IS also not in Q.

It follows that II has a strategy that stays outside ) for the
entire game.
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This strategy is winning for I1 in G(A).
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Theorem (Gale—Stewart, 1953). Let A C [0,1] be finitely
supported. Then G(A) is determined.

Proof. Suppose that player I does not have a winning strategy
in G(A). We prove that player II does.

Let Q be the set of positions from which player I has a winning
strategy. (By assumption, the empty position is not in Q.)

If z=0.agaj1a>a3--- is won by player I, then there exists k so
that (ag,...,ar) € Q. This uses the assumption that A is finitely
supported.

If there is no k£ so that (ag,...,a;) € Q, then O.agajiasaz--- is
won by player I1.

If 11 can avoid positions in ) for the entire game, then she wins.
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We proved det(l") for the very simple class I' = {all finitely sup-
ported sets}.
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My own work involves: optimal proofs of determinacy; determi-
nacy for transfinite games; the investigation of large cardinals;
and uses of large cardinals in the study of definable sets of reals.
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Press EscC.

The End
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