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w* is the set of infinite sequences of natural numbers.
Let A C w¥. Define G,(A) to be the following game:

I ‘ao an aq ag asg
II‘ ai a3 as a7 ag

Players I and I alternate playing numbers a, € w, forming tog-
ether an infinite sequence z = (ag,a1,a2,------ ) € wv.

If z belongs to A then player I wins.
If z does not belong to A then player I1 wins.

Gw(A) is determined if one of the players has a winning strategy.

(A strategy is a complete recipe that instructs the player precisely
how to play in each conceivable situation.)
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For ' ¢ P(w¥), det(lN) is the statement that all sets in I are
determined.

Using the axiom of choice (just a wellordering of R) it is easy to
construct a non-determined set.

det(P(w®)) is therefore false.

But determinacy for definable sets is: (1) true; and (2) useful.
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w<“ is the set of finite sequences of natural numbers.

Ns = {x € R | x extends s} (s € w<¥) are the basic open sets.
A C R is open if it is a union of basic open sets.

The Borel sets are those that can be obtained from open sets
using complementations and countable unions.

The projection of B C R x R is the set {z | (Jy){x,y) € B}.
A set is analytic if it is the projection of a closed set.

A set is projective if it can be obtained from an open set using
complementations and projections.

{Borel sets} C {analytic sets} C {projective sets}.
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Theorem 1 (Gale—Stewart 1953) All open sets are determined.

Theorem 2 (Martin 1975) All Borel sets are determined.

Theorem 3 (Martin 1970) All analytic sets are determined.

Theorem 4 (Martin—Steel 1985) All projective sets are deter-
mined.

Theorem 5 (Woodin 1985) A/l sets of reals in L(R) are de-
termined.

Theorems 1 and 2 are in ZFC, the basic system of axioms for
set theory.

Theorems 3, 4, and 5 require large cardinal axioms.
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Theorem 6 (Banach, Oxtoby 1957) Assume det(I"). Then
all sets in I’ have the Baire property.

Theorem 7 (Mycielski—Swierczkowski 1964) Assumedet(lN).
Then all sets in I are Lebesgue measurable.

Theorem 8 (Davis 1964) Assume det(lN). Let A e I'. Then
either A is countable or else it contains a perfect set.

For a pointclass I': = is the pointclass of complements of sets
in . dI" is the pointclass of projections of sets in .

Y1 = {analytic sets}. I, = -%}. X}, =3I0;. A =TI} NX;.

Every E}z set A is obtained from an underlying open set using
negations and existential quantifiers. A is (lightface) =} if the
underlying open set is recursive. Similarly with I‘I,}L.
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Theorem 9 (Kuratowski 1936) The pointclasses 11} and %3
have the reduction property.

Reduction for higher pointclasses cannot be settled in ZFC.

Blackwell (1967) obtained II] and X1 with a very elegant argu-
ment using det(open).

Inspired by his proof, Martin and Addison—Moschovakis proved
the reduction property for TI3, assuming det(Al).

In fact they did more. They obtained a fundamental property,
the prewellordering property, which implies reduction.
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For BCR xR set By ={y | (z,y) € B}.
Set oB={x| I has a w.s. in G,(Bz)}.
For a pointclass I set oI’ = {oB | B el }.

Easy to check oI} = X!, and (using determinacy) oX} =
1
I . 4.

The pointclasses in Theorem |10 are therefore precisely the point-
classes DMII n < w.
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Theorem 10 helped establish determinacy as the right assump-
tion in the study of definable sets.

The axiom of determinacy (AD), stating that all sets of reals are
determined, became standard in the study of L(R).

Let 4 denote the supremum of the lengths of A pwos on A sets.

Theorem 11 Assume AD. Then 61 = w1, 65 = wp (Martin), and
03 = w,41 (Martin). (Much more known.)

Values of §1 are absolute between L(R) and V. So, e.g., 5% =
(wo)-(R) assuming ADE(R),

Theorem 12 (Steel—Van Wesep—Woodin) Assume ADL(R)
Then it is consistent (with ADL-(R) and AC) that (wo)-R) = (s,
and hence 63 = wo.
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The critical point of « is the first ordinal k so that n(x) # k.

x mMmust be a cardinal. Otherwise have 7 < k and a surjection
f: 77— k. But then by elementarity n(f) is onto w(x). Since
fCrxkCecrit(n)?, n(f) = f. So n(k) = k, contradiction.

x must be a limit cardinal. Otherwise have 7 < k so that k = 7.
But then by elementarity n(k) = (#(r)T)M. Yet n(s) =7, so
(k) = (+T)M = g, contradiction.

Similar arguments show x must be inaccessible, and in fact can-
not be described from below in any absolute manner.

So the existence of non-trivial 7: V — M C V cannot be proved
in ZFC, and the first ordinal moved by m must be very large.
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7 IS A—strong if M has all bounded subsets of A\, and A—strong wrt
D if in addition ANn#(D) = AN D.

Kk IS <d—strong if it is the critical point of a A—strong embedding
for each XA < 4. Similarly wrt D.

Note: if x is the first measurable cardinal, then x is only kT—
strong.
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A cardinal is measurable if it is the critical point of an embedding
-V —-MCV.

Theorem (Martin) Suppose there is a measurable cardinals.
Then all T sets are determined.

m: L — L is enough (M.), and also necessary (Harrington).

Greater strength from n: V — M can be obtained by demanding
agreement between M and V.

7 IS A—strong if M has all bounded subsets of A\, and A—strong wrt
D if in addition ANn#(D) = AN D.

Kk IS <d—strong if it is the critical point of a A—strong embedding
for each XA < 4. Similarly wrt D.

o is a Woodin cardinal if for every D C § there is kK < § which is
<oé—strong wrt D.
11
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by E(X) ==n(X)NA.

From E one can construct (using ultrapowers) an embedding
o:V — Ult(V, E) which agrees with = to A\, meaning that ¢(X)N
A=7m(X)NA. (o is called the ultrapower embedding.)

Extenders are thus enough to capture strength as defined above.
Models Q, Q* agree past k if PR (k) = PP(k).

If E is an extender with critical point x in a model @, and Q*
agrees with @ past k, then E gives rise, again using ultrapowers,
to an embedding acting on Q*.

This allows constructing iterated ultrapowers with non-linear

base orders.
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Constructed in stages, starting
from a base model M = Mjy.

E.g., having constructed
Mq,...,Mg: pick an extender
Eeg € Mg, apply it to My,
setting M7 = Ult(M1, Eg) and
letting j17: M1 — My be the
ultrapower embedding.

At |imit A: pick a branch
through the tree, cofinal in A.
Set M, equal to the direct limit
of models and embeddings along
this branch.

The result is an iteration tree on
M.

M,

M7
Ms

M3
My

13



The creation of an iteration tree on M requires large cardinals
in M.

14



The creation of an iteration tree on M requires large cardinals
in M.

For non-linear iterations, measurable cardinals are not enough.

14



The creation of an iteration tree on M requires large cardinals
in M.

For non-linear iterations, measurable cardinals are not enough.

If £, € M, is to be applied to M; for some [ < k, then M; and
M, must agree past crit(Ey).

14



The creation of an iteration tree on M requires large cardinals
in M.

For non-linear iterations, measurable cardinals are not enough.

If £, € M, is to be applied to M; for some [ < k, then M; and
M, must agree past crit(Ey).

Thus the extenders used to form the models between M; and M,
must be crit(E)—strong.

14



The creation of an iteration tree on M requires large cardinals
in M.

For non-linear iterations, measurable cardinals are not enough.

If £, € M, is to be applied to M; for some [ < k, then M; and
M, must agree past crit(Ey).

Thus the extenders used to form the models between M; and M,
must be crit(E)—strong.

The creation of iteration trees with several cofinal branches re-
quires many strong extenders.

14



The creation of an iteration tree on M requires large cardinals
in M.

For non-linear iterations, measurable cardinals are not enough.

If £, € M, is to be applied to M; for some [ < k, then M; and
M, must agree past crit(Ey).

Thus the extenders used to form the models between M; and M,
must be crit(E)—strong.

The creation of iteration trees with several cofinal branches re-
quires many strong extenders.

Woodin cardinals give precisely the extenders needed.
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construct iteration trees very flexibly, reducing quantifiers over

real numbers to quantifiers over iteration trees and branches
through them.

Such reductions are key to:

Theorem (Martin—Steel) Suppose there are n Woodin cardi-
nals and a measurable cardinal above them. Then all H%,+1 sets
are determined.

Theorem (Woodin) Suppose there are w Woodin cardinals and
a measurable cardinal above them. Then all sets in L(R) are
determined.

In both cases Woodin cardinals in iterable inner models (rather
than the actual universe V) are enough, and moreover necessary.
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These theorems are the starting point for a very strong connec-
tion between large cardinals and the theory of L(R).

Many of the results on L(R) can be proved from determinacy
(which in turn is proved from large cardinals).

But some make direct use of inner models for Woodin cardinals.
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Theorem 13 (Neeman—Woodin) det(Il}_ ;) implies determi-
nacy for all sets in the larger pointclass D(”)(<w2—1'[%).
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that = € A iff the least { so that =z ¢ A, V§{ = « is odd.

The lightface notion is defined similarly, requiring a recursive
code for the sequence.

Theorem 13 (Neeman—Woodin) det(Il}_ ;) implies determi-
nacy for all sets in the larger pointclass D(”)(<w2—1'[%).

Theorem 14 (Hjorth) Work in L(R) assuming AD. Let < be a
D(a—T1}) prewellorder with o < w-k. Then the ordertype of < is
smaller than wyy 1.

Theorem 15 (Neeman, Woodin) Assume ADL(R) - Then it is
consistent (with AD~(®) and the axiom of choice) that 6% = wo.
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Constructed in stages, starting
from a base model M = Mjy.

E.g., having constructed
Mq,...,Mg: pick an extender
Eeg € Mg, apply it to My,
setting M7 = Ult(M1, Eg) and
letting j17: M1 — My be the
ultrapower embedding.

At |imit A: pick a branch
through the tree, cofinal in A.
Set M, equal to the direct limit
of models and embeddings along
this branch.

The result is an iteration tree on
M.

M,

M7
Ms

M3
My
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18



Let 8(v) be a formula. A sharp for 6 is a non-trivial embedding
w. M — M where M is the minimal iterable class model admitting
a non-trivial embedding = and satisfying @[crit(x)].

18



Let 8(v) be a formula. A sharp for 6 is a non-trivial embedding
w. M — M where M is the minimal iterable class model admitting
a non-trivial embedding = and satisfying @[crit(x)].

Minimal:

18



Let 8(v) be a formula. A sharp for 6 is a non-trivial embedding
w. M — M where M is the minimal iterable class model admitting
a non-trivial embedding = and satisfying @[crit(x)].

Minimal:

A model consisting of just the sets constructible from enough
extenders to withess 6.

18



Let 8(v) be a formula. A sharp for 6 is a non-trivial embedding
w. M — M where M is the minimal iterable class model admitting
a non-trivial embedding = and satisfying @[crit(x)].

Minimal:

A model consisting of just the sets constructible from enough
extenders to withess 6.

Minimal for 8 in much the same way L is minimal for ZFC.

18



Let 8(v) be a formula. A sharp for 6 is a non-trivial embedding
w. M — M where M is the minimal iterable class model admitting
a non-trivial embedding = and satisfying @[crit(x)].

Minimal:

A model consisting of just the sets constructible from enough
extenders to withess 6.

Minimal for 8 in much the same way L is minimal for ZFC.

Iterability crucial for making sense of minimality in the presence
of extenders.

18



Let 8(v) be a formula. A sharp for 6 is a non-trivial embedding
w. M — M where M is the minimal iterable class model admitting
a non-trivial embedding = and satisfying @[crit(x)].

Minimal:

A model consisting of just the sets constructible from enough
extenders to withess 6.

Minimal for 8 in much the same way L is minimal for ZFC.

Iterability crucial for making sense of minimality in the presence
of extenders.

Comparisons through iterated ultrapowers show that any two
ways to witness 6 are compatible.
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Theorem 16 (Martin) Let B; be a recursive enumeration of
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Theorem 16 (Martin) Let B, be a recursive enumeration of
the <w?—T1 sets. Suppose 0O exists. Then all <w?>-M} games
are determined, and {i | I has a w.s. in G,(B;)} is recursively
isomorphic to the theory of 0F.

Theorem 17 (Neeman) Let B; be a recursive enumeration of
the D(”>(<w2—l‘l%) sets. Suppose a sharp for n Woodin cardinals
exists. Then all 9™ (<w?-N1) games are determined, and {i | I
has a w.s. in G,(B;)} is recursively isomorphic to the theory of
the sharp for n Woodin cardinals.

T hese theorems give tight connection between the theory of em-
beddings acting on models for large cardinals, and determinacy.

The connection (with analogues for w Woodin cardinals) is cru-
cial for Theorems 13—15.
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Analogous connections exist for stronger large cardinal axioms,
and stronger forms of determinacy.

Reach as far as games of length w;.

Let S = (Su | a € [w1]<¥) be a collection of mutually disjoint
stationary subsets of w1.

(With a stationary set S, associated to each tuple a € [w1]<%.)

Let [S] denote the set

{<Ozo, .. .,Ozk_1> < [wl]<w | (Vi < k) a; € S<Oéo,---,ai_1>}'
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Let o(xq,..

.,xr_1) be a formula.
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Let ¢(xg,...,25_1) be a formula. Define Gy, (S, ¢) to be the
following game:

Players I and II alternate playing wq natural numbers, producing
together a sequence r € w*1.

If there is a club C C w1 so that (Lu,[r];r) &= plag, ..., ar_1] for
all (ag,...,ar_1) € [S]N[C]* then player I wins the run r.

If there is a club C C wy so that (Lu,[r];7r) &= —¢lag,...,or_1]
for all (ag,...,ar_1) € [S]N[C]*¥ then player II wins r.

If neither condition holds then both players lose.
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Theorem 18 (Neeman) Let ¢, be a recursive enumeration of
formulae. Suppose that these is a sharp =: M — M for the
statement ‘crit(w) is a Woodin cardinal.” Then:
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Theorem 18 (Neeman) Let ¢, be a recursive enumeration of
formulae. Suppose that these is a sharp =: M — M for the
statement ‘crit(w) is a Woodin cardinal.” Then:

1. The games Gwl(g, ) are all determined.

2. Which player has a w.s. in Gwl(g, @) depends only on ¢, not
on S.

3. The set {i | I has a w.s. in Gwl(g, w;)} is recursively iso-
morphic to the theory of the sharp for “crit(xw) is a Woodin

cardinal.”

The theorem establishes a precise analogue of Theorems 16 and
17, but for embeddings concentrating on Woodin cardinals and

for games of length wj.
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Question How high in the large cardinal hierarchy can such tight
connections between games and the theories of embeddings be
found?
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Question How high in the large cardinal hierarchy can such tight
connections between games and the theories of embeddings be
found?

Theorem 18 is the frontier right now. But the large cardinals
involved are still low compared, for example, to superstrong.

Question What kind of games are tied to axioms higher up in
the large cardinal hierarchy?

Games motivated by Theorem 18 were used by Woodin in results
on X3 absoluteness. Other games similar to those in the theorem
are enough to capture the theory of superstrong cardinals. But
there are no determinacy proofs for these games from large
cardinals, and indeed there are some negative results (Larson).
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Press EscC.

The End
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