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Chapter 1

Introduction

Among all the interesting spaces in topology, the spheres are no doubt beautiful
objects and of most consideration since antiquity. Any nontrivial observations of
them are of course very important. From the categorical point of view, we should
not just focus on the objects themselves, but the morphisms between them as
well. For this purpose, in algebraic topology, we do want to classify the set
of continuous morphisms between spheres under the equivalent relation named
homotopy, which describes a continuous deformation between two continuous
maps. Let S™ be the n-sphere and 7 (X) be the set of homotopic equivalent
based maps from S* to X. For the reason that S* is a double suspension when
k > 2, the set is actually an abelian group. A natural question is, what are
these abelian groups?

The importance of this question is not just aesthetical, but also from the
fact that it is connected to many other areas in mathematics, such as geometric
topology, algebra and algebraic geometry. For example, the groups of differ-
ential structures on spheres is somehow determined by the stable homotopy
groups of spheres (By the Freudenthal suspension theorem, the group m,, (S"+*)
is independent of n when n is larger than k + 1, and is called the k' stable
homotopy group of spheres, denoted by m?(SY)). Another impressive example
is the theory of topological modular forms, which relates certain parts of 7¢(S°)
to the moduli stack of elliptic curves. A quick look of the known table of these
groups shows that the pattern is not simple at all. Many great works has been
done for the last 90 years, but there are much more we want to know and want
to understand.

In Chapter 2, the theory of framed cobordism was discussed to calculate
stable homotopy groups of spheres. From Section 2.1 to 2.3, we introduce basic
notions of framed cobordism and discuss its relationship with stable homotopy
groups of spheres. In Section 2.4 and 2.5, following Pontrjagin’s method of
surgery, we sketch the proof of w5 (S°) = Z/2. In Section 2.6, following Atiyah’s
methods and citing some facts of K3-surfaces, we work out the details of the
proof of m5t(SY) = Z/24.

In Chapter 3, we talk about Serre’s method in Section 3.1, where Serre



fibration and Serre spectral sequences are discussed. In Section 3.2, we introduce
the EHP-sequences and Toda brackets. Using the EHP-sequences, we calculate
the 2-components of 7, (S™) for k < 3. A table for 2-components of 7,1 (S™)
for k < 24 can be found in in appendix A, where the data come from [Tod62,
MT63, Mim65, MMO74]. We also follow Toda’s proof for the non-existance of
Hopf invariant one problem in dimension 16 in Section 3.2.5.

In Chapter 4, we introduce the stable homotopy category in Section 4.1,
which is the right category to discuss stable groups. In Section 4.2 and 4.3, using
the notion of spectra, we introduce Adams spectral sequences and some basic
properties of Fs-term for sphere spectrum at prime 2. To calculate the Fo-term
of Adams spectral sequence, May spectral sequence was introduced in Section
4.4. Following Tangora’s method, we actually work out detailed calculations to
compute the F..-term of May spectral sequence up to stem 29 at prime 2 with
illustrations. Citing some differentials of Adams spectral sequence in Section
4.5, we have the table of the first 29 stable homotopy groups of spheres at prime
2.

In Chapter 5, we talk about different kinds of cobordism theories charac-
terized by G-structures. We introduce basic notions in Section 5.1 and convert
the problem of computing cobordism ring to the one of computing the homo-
topy ring of Thom spectra by Pontrjagin-Thom construction in Section 5.2. In
Section 5.3, we do the calculations of the unoriented cobordism ring, the ori-
ented cobordism ring and the first three groups of spin cobordism. In Section
5.4, we compute the complex cobordism ring and introduce the Adams-Novikov
spectral sequence, which is based on complex cobordism MU and is efficient in
computing stable homotopy groups of spheres at large primes.

In Chapter 6, we give a short introduction to chromatic homotopy theory.
In Section 6.1, we discuss basic notions of formal group laws in that Quillen
discovers that complex cobordism in fact gives the universal formal group law.
We talk about the Brown-Peterson spectrum BP in Section 6.2, which is a sim-
pler version of complex cobordism when localized at a prime p. Similarly as the
Hopf algebroid (MU,, MU, MU), (BP., BP,BP) represents the moduli stack of
formal groups localized at a prime p. We therefore introduce Morava K-theories
as the "points” of this geometric object in Section 6.3. Using the filtration of
BP given by the height of formal groups, we introduce the chromatic spectral
sequence in Section 6.4. In Section 6.5, we shortly describe the geometric ex-
planation of the chromatic filtration using Hopkins’ Nilpotence and periodicity
theorems. In Section 6.6, we present the result of calculation in chromatic level
one and discuss its relation to J-homomorphism and localization with respect
to K-theory. In Section 6.7, we present the result of calculation of homotopy
groups of K(2)-local sphere and the resolution concerning spectra, which are
homotopy fixed points of Lubin-Tate spectrum under actions of certain finite
groups. We also discuss its relationship with the moduli stack of elliptic curves.

We do not claim originality of any results in this survey and we have to
mention that the sources we quote here is where these results we learned from.



Table 1.1: Symbols

MU.MU

the ring of integers

the field with p elements

the integers localised at p

the quaternions

the n-dimensional sphere

the n-dimensional euclidian space
the sphere spectrum

the Eilenberg-MacLane spectrum of Fy

the homotopy groups of X
the suspension

the Steenrod algebra with coefficient [y
the dual Steenrod algebra with coefficient Fq

one point

the spectrum of unoriented cobordis
the spectrum of oriented cobordism
the spectrum of complex cobordism

the coefficient ring of complex cobordism, Z[z1, 22, ...
the MU-homology of MU, MU,[by,bs, ..

the Brown—Peterson spectrum

the coefficient ring of BP, Z,)[vi,va, ...]

the BP-homology of BP, BP,[t1,ts

m

g oo

]

]

the spectrum of the n*"* Morava K-theory

the coefficient ring of K (n), Fplv,,v
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n

]
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Chapter 2

The Method of Framed
Cobordism

In this chapter, we take the north pole as the base point of the S™, and identify
the complement of it with R™.

2.1 Mapping degree and 7,(S")

Tt is easy to show 7;(S™) = 0 for ¢ < n. So the first nontrivial homotopy groups
of spheres are m,(S™). The computation of m,(S™) is standard. Here we give
an elementary argument.

To see the group is nontrivial, we define the notion of mapping degree.
Assume f: M — N is a smooth map between n-dimensional compact oriented
manifolds M and N. Then for a generic point p of N, f~!(p) is a finite set and
the Jacobian of f at each of the points x € f~!(p) does not vanish for some
(hence any) oriented coordinate chart, and ind(x) is defined to be the sign of
the Jacobian.

Definition 2.1.1. The mapping degree of f, deg(f), is Xge -1 (pyind(x).

It can be shown that deg(f) is independent of the choice of p, and it is
homotopy invariant. So we can define the degree of any continuous map to be
that of any smooth map homotopy to it.

In the case of spheres, the degree gives a homomorphism from 7, (S™) to Z,
since by definition of the sum of two maps, the preimage of a generic point for
the sum correspond bijectively to the disjoint union of the preimages of each
map. Since the mapping degree of the identity map is 1, this is an epimorphism.

In fact we have the following:

Theorem 2.1.2. The mapping degree gives an isomorphism m,(S™) = Z for
n>1.



10

Proof. Tt suffices to show it is a monomorphism, that is, if f : S™ — S™ has
mapping degree 0, then f can be extended to a map f : Dl S where
D"+l s the (n + 1)-dimensional unit disk.

We can suppose f is smooth. Let p be a generic point of S™, and f~1(p) =
{z1,.. &k, Y1, ..., Yk}, with ind(z;) = 1 and ind(y;) = —1. By suitable choice
of sub-indices, we can find smooth paths ly,...,l; in D™, which are embedded
submanifolds not intersecting each other and [; intersects the boundary trans-
versely on x;, ;.

Further more, we can find local charts ¢,v¢1,..., ¢k, 61,...,6, : D" — S™
around p, x1,..., Tk, Y1, - - - , Yk, respectively, and tubular neighborhoods 71, ..., 7% :
D" x [0,1] — D"+ of Iy, ..., I, such that:

1. ¢,91,...,9 preserve orientation and ¢y, ..., S, reverse orientation .
2. The images of ¥1, ..., %k, 61, ..., do not intersect each other.
3. the images of 7q,..., 7, do not intersect each other.

4 fovi=0¢, fos =0

ot

: 7—i|D"><{0} = i, Tz“Dﬂ><{1} = G-

This can be achieved, for example, by giving Riemannian metrics to S™ and D™
which is euclidian near p,x1,..., %k, Y1, - - -, Yk, and take the exponential map.
Now we can extend f to Im(7;) by the formula f|1m(n) =prio Ti_l where
pr1 : D™ x [0,1] — D™ is the projection. Let M be the complement of the
interior of UI'm(t;), then f is already defined on the boundary of M, and take
values away from p. Since the complement of p in S™ is homeomorphic to the
euclidian space, f can be extended to the entire M, and we find the desired
map. [

2.2 Framed cobordism

To generalize the method in the preceding section to calculate 7, (S™) for
k > 0, one has to investigate the preimage of maps from the (n+ k)-dimensional
sphere to the n-dimensional sphere, which is in general a manifold of dimension
k. So the problem is to give manifolds some kind of indices generalizing those in
the preceding section for points. This is done by Pontrjagin, who introduced the
notion of framed cobordism to classify the preimage of maps between spheres.

Definition 2.2.1. A framed submanifold of R"t* of dimension k is an k-
dimensional submanifold of R"* together with a framing (i.e. n linearly in-
dependent sections) on its normal bundle.

Let f: S"** — S™ be a based smooth map, and p € S™ be a generic point.
Then the preimage of p is a k-dimensional submanifold with normal bundle
f*T,S™, and any frame of T,,S™ pulls back to a framing of it. By deleting the
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base point, we get a framed submanifold of R***  depending on the map f, the
point p, and a frame of 7,,5".

This submanifold is of course not homotopy independent. But it is homotopy
independent up to an equivalence relation called cobordism.

Definition 2.2.2. A framed cobordism between M and N, two framed sub-
manifolds of R"** of dimension k, is a submanifold L of R"** x [0,1], whose
boundary is contained in R™* x {0,1}, (also required to intersect transversely
with R™"* x {0,1}), together with a framing on its normal bundle, such that
LNR™F x {0} = M and LONR"™* x {1} = N as framed submanifolds.

In such a case, we say M is framed cobordant to N.

Conversely, let M be a framed submanifold of R"** of dimension k. Then
we can find a tubular neighborhood o : M x D™ — R"™** of M such that the
framing pulls back to the one induced from some fixed frame of Ty D™. Define a
map M x D™ — S™ by composing the projection to D™ with the map D™ — S™
which collapses the boundary of D™ to the base point. We can extend this map
to S™** by sending the other points to the base point. Thus we construct from
a framed submanifold a map between spheres, which is easily seen to be a right
inverse to the preceding construction.

Moreover, starting from a framed cobordism, a similar construction gives a
homotopy between two maps. We conclude:

Theorem 2.2.3. The homotopy class of continuous maps from S™* to S™, i.e.
Ttk (S™), correspond bijectively to the cobordism class of framed submanifolds
of R"k of dimension k.

Proof. See [Pon76]. O

Remark 2.2.4. If we define the addition of cobordism classes to be disjoint and
‘untangled’ union, then this is an isomorphism of abelian groups.

Remark 2.2.5. The suspension homomorphism correspond to the inclusion of
R™ in R™*!, and a general position argument shows the Freudenthal theorem
for spheres that the suspension homomorphism % : 1 £(S™) — Tpy14x(S™H)
18 an epimorphism for n =k + 1 and an isomorphism for n > k + 2.

Remark 2.2.6. The smash product of homotopy groups correspond to the carte-
sian product of framed manifolds.

2.3 Hopf fibration and 7, 1(5")

The first nontrivial map from a higher dimensional sphere to a lower dimensional
one is given by the Hopf fibration.

Let S3 C C? be the unit sphere. Then the group U(1) acts freely on it, and
the quotient is the complex projective line CP' = §2. The quotient map defines
the Hopf fibration 7, : % — S2.
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To show this map is not homotopoy to the trivial map, look at the corre-
sponding framed manifold, which is a circle (in the sense of euclidian geometry)
with a certain framing.

Define the canonical framing of the standard embedding S' C R? C R? to
be the orthonormal framing with the first vector lay in R? and pointing out
and the second vector to be (0,0, 1). Then any framing differs from a canonical
one by a map S — O(2). The orientation of S' can be determined by the
framing so that when we move it isotopically to the standard one in R? with the
standard orientation, the difference to the canonical framing is in fact a map
S1 — SO(1). One verifies the homotopy class of this map depends only on the
original framed circle.

Now the difference of the framing corresponding to the Hopf map from the
canonical one is just a degree one map. But if a framed circle in R? is null cobor-
dant, then the framing should be extended to some disk and thus homotopic to
the canonical one. So the Hopf map is not null homotopic.

The above argument can be extended to higher dimensions to show the sus-
pension of the Hopf map is also nontrivial since this correspond to the nontrivial
element of m1.50(n) which is Z/2 when n > 3.

To calculate the group m,11(S™), observe that any 1-dimensional framed
submanifold of R™ is cobordant to a circle, though the case of knots and links
cost some meditation. Thus the preceding argument gives the following result,
which is first obtained in [Hop30] and [Fre37]:

Theorem 2.3.1. 73(S?) = Z generated by the Hopf map and 7,1(S™) = 7/2
generated by the suspension of the Hopf map.

Proof. See [Pon76]. O

2.4 Surgery

For the sake of simplicity, we consider only stable groups from now on. And in
the stable case, the background manifold R™ can be gotten rid with.

Definition 2.4.1. A stably framed manifold (X, N,0,<) is a smooth manifold
X, a vector bundle N over X, together with framings o, ¢ of N and TX & N
respectively.

Another stable framing (X, N', o', ¢") of X is said to be a subframing of
(X,N,o,¢) if there is a vector bundle V' over X with a framing &, such that
N=No®V,c=0c"®E andc=cDE.

Two stable framings of the same manifold is said to be equivalent if they are
subframings of some common stable framing. Fquivalent stable framings will be
identified as the same stable framing.

A homotopy between two stable framings is any homotopy between two equiv-
alent ones.

Definition 2.4.2. A framed cobordism between two stably framed manifolds
(X,N,0,¢) and (X', N',0',¢"), is a stably framed manifold with boundary (Y, P,&,n),
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such that Y, the boundary of Y, is XUX', (X, N, 0,<) is equivalent to (X, P|x®
V,€x®C,nlx), and (X', N',0",<') is equivalent to (X', P&V, € x:&(—C), nlx),
where V is the normal bundle of Y in'Y, and C is the inward pointing unit
vector of V.

Remark 2.4.3. When restricting a stable framing to an orientable codimension
one submanifold, we mean to add the normal vector of the submanifold to the
framing of the normal bundle in the definition of a stable framing as the last
factor.

In general there are two choices of the normal vector. An orientation specifies
a choice of the normal vector. When restricting to the boundary, we call the two
choices inward pointing framing and outward pointing framing.

In the preceding definition, X gets the inward pointing framing, and X' gets
the outward pointing framing.

Theorem 2.4.4. The cobordism class of stably framed manifolds is isomorphic
with the stable homotopy group of spheres.

Remark 2.4.5. When taking the product of (X, N,o,<) and (X', N',0',¢"), we
force N to be even dimensional, or a sign (—1)%mN)-dim(X7) st be introduced.

To study the cobordism class of manifolds we need the notion of surgery.

In the following, all corners are to be smoothed without explicit mentioning.

Suppose Y is a cobordism between X and X’. Let f : Y — R be a Morse
function such that f|x =0, f|x» =1 and 0 < f < 1 in the interior of Y. Such a
function gives a handle decomposition of Y. Precisely, whenever a is a critical
value of f, f710,a + €] is obtained from f~![0,a — €] by attaching a handle
DF x D! where k is the index of the critical point and € is a small positive
real number. And f~!(a + ¢) differs from f~!(a — €) by cutting D¥ x dD! and
pasting 9D x Dt along 9D* x 0D!. And we see X' is obtain from X by a
sequence of such an operation called surgery. Conversely, if two manifolds differ
from each other by a sequence of such surgeries, we can construct a cobordism
by attaching handle bodies.

In the case of stably framed cobordism, we need to be careful about framings.
D* x D! carries a canonical framing (in fact unique up to homotopy if an
orientation is specified, since it is contractible), and this induces the canonical
stable framing over D¥ x 9D, DF x Dt, and 0D* x 0D*. Here D* x 9D? gets the
inward pointing framing and 9D* x D? gets the outward pointing framing, while
OD* x OD! gets the outward pointing one as the boundary of either 9D x D?*
or ODF x OD?..

Definition 2.4.6. Let (X, N,o0,<) be a stably framed manifold of dimension
k+t—1. Suppose ¢ : D* x OD* — X is an embedding and T is a homotopy
from the canonical stable framing of D* x 0D to the one pulled back from X.
Then a surgery along ¢ is obtained by cutting Im(¢) and gluing OD* x D' along
OD* x OD*. The framing over the remaining part of X is unaltered and over
OD* x Dt is the canonical one except near OD* x 0Dt it is modified according
to T so that it glues up.
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Taking care of framings in the preceding argument, we get:

Theorem 2.4.7. Two stably framed manifolds are in the same stably framed
cobordism class if and only if they differ from each other by a sequence of surg-
eries described above.

2.5 Arf invariant and 7, .5(S")

The calculation of m,42(S™) is completed in [Whi50] and [Pon50]. Here we
follow the method of Pontrjagin.

We will assume n > 4 in this section.

First we show the group is nontrivial.

Let S be an orientable surface. It is elementary that we can transform it
into a sphere by surgery along some non-seperatting S'’s.

Now suppose S is stably framed. Taking the account of framings, only those
surgeries along S'’s which bound stably framed disks are admissible. We know
the obstruction to extend a stable framing of S! to the disk lies in 71 (O) which is
Z/2. So define a function v from immersed S1’s in S to Z/2 by taking v(C) = 0
if the curve C' together with the stable framing restricted from S bounds a stably
framed disk and v(C) = 1 otherwise. When C' = C; U --- U CY is a immersed
submanifold with k components, we can extend the definition of v by taking
Y(C) =~v(C1) + -+ - +(Ck). For those C which have only double points, define
a function 0 by taking 6(C) = v(C) + s(C) where s(C) is the number of its
double points mod 2.

Theorem 2.5.1. §(C) depends only on the mod 2 homology class of C, so that
we can write §(z) for z € H1(S,Fa) unambiguously. Moreover, § is quadratic
and

5(Z1 +22) = 5(21) —|—5(22) —|—J(Zl,2’2) (252)

where J is the intersection form for Hy(S,Fs).
Proof. See [Pon76]. O

For quadratic forms over Fo satisfying equation 2.5.2 there is the Arf in-
variant. Let ai,...,a4,b1,...,by be a canonical basis for J in the sense that
J(a;,b;) = J(bi,a;) =1for i =1,...,¢ and any other pairings of them form 0.
Then the Arf invariant of ¢ is defined to be Y _7_, 6(a;)d(b;). This is independent
of the canonical basis.

It happens that the Arf invariant of the quadratic form ¢ in theorem 2.5.1
is a stably framed cobordism invariant. So any stably framed surface S with
§(S) = 1 would correspond to a nontrivial element of 7,42(S™). In fact the left
invariant framing on S x S* would do, which can also be described as n? where
7 is the suspension of the Hopf map.

Alternatively, this invariant can also be described as the index of the Dirac
operator on S. The stable framing on S gives a spin structure on S and this
determines a K O-orientation on S as described in [ABS64]. The invariant is
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(1) € KO~2(pt) where p is the map from S to one point. This is the mod 2
demension of the solution of the Dirac equation on S. See [Ati71] for details.

Now we show in fact this Pontrjagin—Arf invariant gives an isomorphism
Tnt2(S™) = Z/2. The surjectivity is already prooved. To show injectivity,
suppose S is a stably framed surface with Pontrjagin—Arf invariant 0 (it can be
shown that it suffices to consider the connected case). Let the genus of S be
g. If g =0, since m(O) = 0, S bounds a framed solid ball and we are done. If
g > 0, then by the definition of Arf invariant, there exists some S' embedded
in S which bound a framed disk and non-separating so that surgery along it
reduces the genus g. We arrive at the following:

Theorem 2.5.3. 7Tn+2(Sn) = Z/2 genefrated by M ONna1 where N gn+l _, gn
is the suspension of the Hopf map.

Proof. See [Pon76]. O

2.6 The computation of m,,3(S")

The calculation of m,,13(S™) is difficult since it is hard to classify 3 dimensional
manifolds. However, this difficulty can be bypassed, and the group is calculated
in [Rok51].

Here we calculate the stable group, so assume n > 5.

First we show the group is nontrivial, following [AS74].

Let X be a stably framed 3 dimensional manifold. This gives a spin structure
on X. The 3 dimensional spin cobordism group is trivial (this can be shown
by elementary methods, see section 5.3.3), so we can find a 4 dimensional spin
manifold with boundary Y such that Y = X as spin manifolds. The tangent
bundle of Y together with the framing on X gives an element [TY] € KO(Y, X),
and we can calculate its Pontrjagin class p; ([TY]) € H*(Y, X;Z). By integration
we get an integer p1(Y, X). Since TY has a spin structure, p; (Y, X) is in fact
an even number. This number depends on the choice of Y. If Y’ is another
spin 4-manifold with boundary X, then consider the manifold Z obtained by
gluing together Y and Y’ along X. Since X has a framing, which means we
can choose some connection on the stable tangent bundle of Z which is flat
near X, p1(Z) = p1(YV, X) — p1(Y', X). The A-genus of a 4 dimensional spin
manifold is even (this can be shown by the Atiyah-Singer index theorem since
this is the index of the Dirac operator, or calculate directly the homomorphism
p: KO(Z) — KO~*(pt) where p is the map to one point), and A; = —5, s0
p1(Z) is divisible by 48. Thus e(X) = —$p1(Y, X) mod 24 is well defined.

In fact, e(X) depends only on the stably framed cobordism class of X.
Suppose X is another framed manifold cobordant to X, and W is a stably framed
manifold with &W = X UX. If X is the boundary of the spin manifold Y, then
V =YUxWU53Y is aspin manifold. One verifies p1 (W) = p1 (Y, X)—p1 (Y, X),
soe(X) = e(X').

The Lie group S® = Spin(3) with the left invariant framing has e(S3) = —1,

since the first obstruction for Spin is &-. So the map e : m,3(S™) — Z/24 is
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an epimorphism.

Theorem 2.6.1. m,13(S™) = Z/24 given by the e invariant and is generated
by the element v corresponding to S with the left invariant framing.

Proof. Only the injectivity of e remains to be proved.

Let X be a stably framed 3 dimensional manifold, and Y a spin manifold
with boundary X. Let Z be the manifold obtained from Y by removing a small
solid ball D* in Y. (Z,X) is homotopy equivalent to a CW-pair of dimension
3, and since 7;(Spin) = 0 for ¢ < 2, the framing on X extends to one on W.
So W gives a stably framed cobordism from X to S® with a certain framing.
The framings on S? correspond bijectively with 73(0) = Z, and one verifies the
addition in cobordism classes correspond to the addition in the homotopy group
73(0). This shows m,43(S™) is cyclic with generator v.

Suppose M is a closed 4 dimensional spin manifold and N is obtained from
M by removing a small solid ball D*. Then as before there is a framing on
N. This gives a null-cobordism of S$® with the framing restricted from M. The
nontriviality of this framing is the obstruction of the existence of a framing over
M, and since the first obstruction for Spin is &}, we see this framing corresponds
to & times v.

Now set M to be the K3 surface. We know that p; (K3) = —48, so 24v = 0.

O



Chapter 3

Methods from Homotopy
Theory:
Sequences and Operations

The method in the last chapter of calculating 7,4« (S™) becomes more and more
complicated when k grows. One might wonder if there is any systematic method
in calculating the homotopy groups. In fact homotopy theory provides many
methods to deal with the homotopy groups in general and these can be used to
calculate the homotopy groups in a certain range. Though there is no method
available at present to provide a practical way to calculate the homotopy groups
to any range as one like, we understand quite a lot of the general structures of
the homotopy groups by now.

The homotopical methods use as the main tool exact sequences. These
exact sequences are unanimous in homotopy theory, and relates various kind
of groups together, leading to a complicated network in the end. Theories
and tricks are invented to unravel them so that the calculations are possible
for human beings. Also, in deciding the morphisms in the sequences, certain
natural transformations are needed. These are the cohomology operations and
homotopy operations, which has complicated relations. In some sense, these
are the origins of the seemingly random structure of the homotopy groups of
spheres.

3.1 The method of J.-P Serre

The first method leading to a general scheme to calculate the homotopy groups
was given by J.-P Serre. Since the homotopy group of the loop space of a
topological space is just a shift in degree of the original one, by taking the n-fold
loop space, the calculation of the homotopy groups reduces to the calculation
of the fundamental group, which is well understood. J.-P Serre developed the

17



18

method of spectral sequence so that the cohomology of the loop space can be
calculated. This enabled him to prove the that the homotopy groups of spheres
are finitely generated, as well as the determination of the rank of the free part.
With the aid of cohomology operations such as Steenrod squares, he was able
to calculate the groups m, (S"*) for k < 8.

3.1.1 The Serre spectral sequence

The method of spectral sequence is a means to calculate the derived functors
in two steps. One might ignore something in the first step, so that the derived
functor, such as cohomology groups, is comparatively easy to compute. And in
the second step, one computes the cohomology of the output in the first step.
But in general, we lose some information in the first step. For example, applying
the cohomology group functor loses those information carried by the differentials
in the complex. So we do not get what we want by directly calculating the
derived functor of the outcome in the first step. Instead, we must trace back
the information carried by the differentials, and the result is a spectral sequence.

A spectral sequence is a sequence of graded abelian groups E, with differ-
entials d, : B — B} of certain degrees and d, o d, = 0, satisfying the condition
that the homology of (E),d,) is £}, ;. The abelian groups in a spectral se-
quence may have more structures, such as module structures over some ring, or
a second degree, etc. In some cases, we can define the limit E%  of the groups
LY as r — oo, and the resulting groups EZ  will give approximations to the
object we want to study. One can consult [Boa99] for a general discussion of
the convergence of spectral sequences.

The Serre spectral sequence is used to calculate the homology of the total
space of a fibration once that of the base and the fibre is known. It can also
be used reversely to calculated the cohomology of the base or fibre from the
knowledge of the other two.

Theorem 3.1.1. Suppose p : E — B is a Serre fibration, with fibre F, base
B. Let R be a commutative ring. Then there is a spectral sequence (EP9,d,.)
with d, : EPY — EPTT=1 " converging to H*(E, R), and EY'? is functorially
isomorphic to HP?(B, H1(F, R)). Here H*(F, R) is the local system (or locally
constant sheaf) defined by the cohomology of the fibre.

Proof. See [Ser51]. O

Remark 3.1.2. The Serre spectral sequence has a multiplicative structure on
each E** respecting degrees, and the differentials d, are derivations (in the
graded sense).

The Serre spectral sequence can be used to prove finiteness conditions of
cohomology groups.

Corollary 3.1.3. Suppose furthermore B is 1-connected and R is a PID. Then
if any two of the spaces F, B, E has the property that all cohomology groups with
coefficient R are finitely generated R-modules, then the third one also has this
property.
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Proof. See [Ser51]. O

This corollary show that many spaces constructed from fibrations, such as
the loop spaces of simply connected finite CW-complexes, has finitely generated
cohomology groups. But one should take in mind that in general this is not the
case for non-simply connected spaces.

To calculate the homotopy groups of spheres, J.-P Serre computed induc-
tively the n-fold loop spaces of the spheres using the fibration QX — EF — X,
where F is contractible, for any space X. When the cohomology of Q"S* is
computed, its fundamental group is deduced from the Hurewics theorem. Then
take the universal cover and apply the loop functor to compute the cohomology
of the next loop space.

Theorem 3.1.4. The groups m,1(S™) are all finitely generated. Their ranks
are given by

1 df k=0
rank(mp+x(S") =4¢ 1 if n even and k=n —1 (3.1.5)
0 otherwise

Proof. See [Ser51]. O

3.1.2 Cohomology operations and Eilenberg-MacLane spaces

The cohomology operations are natural transformations between cohomology
functors. They are important in determining the differentials in the Serre spec-
tral sequence. And the structure of the algebra of all the cohomology operations
is used in the Adams spectral sequence, which will be discussed in the next chap-
ter.

The simplest cohomology operation is the Bockstein operation, which is
induced by a short exact sequence of the coefficient groups.

Let p be a fixed prime. The Bockstein exact sequence ... — H™(X,Z) —2
H"(X,7Z) — H"(X,Z/p) LR H"Y(X,Z) — ..., where 3 is the Bockstein op-
eration, gives an exact couple. The resulting spectral sequence is the Bockstein
spectral sequence. Let (3, to be the differential of the F,-term in the spectral
sequence. This is call the r*"* Bockstein operation, and they give information
about the elements in H*(X,Z) of order p".

The other operations are the Steenrod squares S¢’, and the Steenrod powers
Pi. They satisfy (and characterized by) the following properties.

e For any pair of spaces Y C X,
Sq': HI(X,Y,7/2) — H (XY, 7/2),
B:HYX,Y,Z/p) — HI(X,Y,Z/p) for p an odd prime,
Pl HYX,Y,Z/p) — HI?P=V(X Y, Z/p) for p an odd prime,

o Sq =id, P° =id
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o if v € HY(X,Y,Z/2) then Sqiz = 2
if z € H?4(X,Y,Z/p) then Piz = zP

. if v € H*(X,Y,Z/2),k < q then Sq?x = 0
if x € H*(X,Y,Z/p), k < 2q then Pz =0

Sq', 3 are the Bockstein operations induced form 0 — Z/p — Z/p* —
Z/p — 0.

Cartan formula:

k
Sqk (xy) = Z Sq¢'x - Sq"ty (3.1.6)
i=0
k . .
Pk (zy) = ZP% Pty (3.1.7)
i=0
e Adem relations:
if a < 2b, then
@2l /p 4 —j
6g b _ atb—j g i
Sq*Sq Z ( o2 )Sq Sq (3.1.8)
7=0
if a < pb, then
[a/p]
—Db-t)—1
PPl =" (-1)H <<p -1 )P““"t?ﬁ (3.1.9)
P a—pt
if a < pb, then
appb _ la/p] (_qyatt (p—1)(b—1) atb—tpt
peapt = g e (070070 gpeep

[(a—1)/p]
_ -1 -t)-1 _
_q)a+t-1 (p a+b—t gt
+ ; (-1) ( wlpi_1 )PP

o if 0* : HI(A,Z/p) — HI"(X, A, Z/p) is the coboundary map, then

For the construction of these operations, see [SE62].

We can construct other cohomology operations by composition of the Steen-
rod squares and powers. Because of the Adem relations, only certain kind of
compositions are needed.
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Definition 3.1.10. Fix a prime number p.

e Ifp=2letI = (s1,...,8:). I is admissible if s; > 2s;4; and s > 1.
The length, degree, and excess of I are defined by (I) =k, 0(I) = >_ sy,
and, for I = (s,J), ¢(I) = s — d(I). Define Sqf = Sq**...Sq*1Sq;*.
Here Sq; = Sq® if s > 2, Sq} = B is the Bockstein operation if t < oo,
and Sql, = 0. The empty sequence is admissible. Define Sq' = Sqif

e Ifp>2 let I = (e1,51,..-,€k,Sk,€kt+1), € = 0 or 1. I is admissible if
$; > pSit1 + €11 and s, > 1 or if k =0 (then I = (€)). Define I(I) = k,
0I) => €6 +>.2(p—1)s;, and, if I = (e,8,J), ¢e(I) = 25 + € —0(J).
Define Pl = papsi...pePs3* . Here 30 = 1 for all t, 3} = B; for
t < o0, and 8L, = 0. Define P! = Pi.

In view of the Adem relations, the linear combinations of the form Sq’ or
P! exhaust all the cohomology operation obtained from the Steenrod squares
and powers together with the primary Bockstein operation.

The cohomology functors are representable in the homotopy category of
spaces. So by the Yonida lemma, the natural transformations between two co-
homology functors correspond bijectively to the morphisms between the objects
representing them.

The space representing the functor H'(e, II) is the Eilenberg-MacLane space
K(I1,4). So cohomology operations from H'(e,II) to H' (e,II') are classified by
[K(IL,4), K(I', )], or H¥ (K (IL,),1I'). The cohomology of Eilenberg-MacLane
spaces can be calculated using the Serre spectral sequence, since we have the
relation QK (I1,7) = K(I1,% — 1). The main results is as follows:

. H'(K(G,n),Q) =0 if G is finite and i > 0.
H*(K(Z,n),Q) = Aliy,] if k is odd.
H*(K(Z,n),Q) = Qliy] if k is even.

H*(K(Z/2',1),Fs) = Alt1] @ Fa[B¢(11)], for t > 2.

(K(Z,
(K(Z,
o HYK(Z/2,1),F3) = Falua].
(K (
*(K(Z/2t,n),Fy) = Fo[Sqle, : I is admissible and ¢(I) < n], if

T

n > 2.
H*(K(Z,n),Z/2) = F3[Sq’1, : I is admissible and ¢(I) < n,s;, > 2|,
ifn>2and I = (s1,...,5k).

e For p an odd prime, and when ¢t = co the group Z/p! is replaced with Z,

H*(K(Z/p",1),Fp) = Ala] @ Fy[By(e1)]-

H*(K(Z/p',n),F,) = AT ] @ Fp[S, 4], where F, 4 and .7, are
subsets of {P/s,, : I is admissible and ¢(I) < n or, ¢(I) = n and e; = 1}
of odd and even degree respectively. Here I = (e1,, 81, .., €k, Sk, €k+1)-

The proofs can be found in [Ser53a], [Car55] and [May70].
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Remark 3.1.11. For unequal characteristics, the groups H'(K(Z/q",n),F,) =
0 fori > 0 if p # q. In general, we have the notion of localization at a prime
number, just as in algebraic geometry, so that we can deal with one prime at
a time and ignore the other primes. See [BK72] for details of localization at a
prime number.

With the aid of cohomology operations, J.-P Serre could compute the first
eight nontrivial homotopy groups for the spheres. See [Ser53c] for details.

3.1.3 The Steenrod algebra

Using the results on the cohomology of Eilenberg-MacLane spaces, we can clas-
sify all the cohomology operations for cohomology with coefficient F,,. We are
mainly interested in the stable cohomology operation, i.e. those commuting
with the suspension. These operations constitute an algebra under composi-
tion, called the Steenrod algebra A(p)*. And the cohomology of topological
spaces are modules over A(p)*.

Theorem 3.1.12. The Steenrod algebra A(p)* is generated by the Steenrod
squares if p = 2, the Steenrod powers and the Bockstein operation if p > 2,
modulo the Adem relations. Moreover, it is a Hopf algebra with comultiplication

W(Sq') = iS4 © Sq* if p =2, Y(P') = 3, P? @ P and ¢(B) =
168+68®1 ifp>2.

Proof. See [SE62]. O

Since the Adem relations have a very complicated form, the Steenrod algebra
is not easy to investigate. However, we can take the dual algebra A(p).. Since
the dual algebra is a Hopf algebra with commutative multiplication, its algebra
structure must have a simple form.

Theorem 3.1.13. A(p). is a graded commutative, noncocommutative Hopf al-
gebra.

o Forp =2, A(2). = F2[&,&2,...] as an algebra where [§,| = 2" — 1. The
coproduct A : A(2) — A(2).®A(2), is given by A&, =S gcicn 2 @&,
where & = 1. T

e Forp>2, A(p)« =Fplé1, e, ... |®A[10,T1,...] as an algebra, where |€,| =
2(p" — 1), and |1,| = 2p™ — 1. The coproduct A : A(p). — A(p)« @ A(p)«
is given by A&, = 3 ocicp fl_l ® &, where & =1 and A1, = 7, @ 1 +
2 o<i<n Eni ® Ti-

Proof. See [Mil58]. O

Dually, the homology of topological spaces are comodules over the dual

Steenrod algebra A(p)..

The theory of cohomology operations can be extended to the generalized
cohomology theories, at least for good ones. But in general, the dual algebra
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would not be a Hopf algebra. Instead, it is a Hopf algebroid. See [Rav86],
chapter 2 for details.

3.1.4 The Postnikov tower

We can simplify J.-P. Serre’s method by using the Postnikov towers instead
of applying iterated loop space functor, so that we can avoid dealing with non-
simply connected spaces, and deal with stable homotopy groups directly without
knowing the unstable ones.

For reasons of simplicity, we consider only simply connected spaces in this
section.

Definition 3.1.14. The Postnikov tower of a simply connected space X is a
sequence

x <lox<lox, (3.1.15)
lgo lgl igz
Yo Y Yo

such that Yy, is of type K(I1, k+ 1) and X;, which is the homotopy fibre of fi_1,
is the i-connected cover of X.

One can show that the Postnikov tower exists and is unique up to homotopy.
Also, the homotopy groups of X is just the direct sum of the homotopy groups
of the Y}’s.

Using the Serre spectral sequence, one can calculate the cohomology groups
of the X; inductively, and determine the spaces Y; using the Hurewics theorem.
This is particularly useful in the stable range, because in this case the Serre
spectral sequence becomes an exact sequence.

Remark 3.1.16. The Postnikov tower is a kind of resolution of spaces by the
Eilenberg-MacLane spaces. In the next chapter, we will study another resolution,
the Adams resolution, which makes the calculation simpler, and also gives more
structures of the groups.

Using this method, one can calculate the first nine stable homotopy groups
of spheres, and to the thirteenth stem in the 2-component. The 14*" stem of
the 2-component cannot be obtained with this method alone, essentially because
the Hopf invariant one problem for n = 16 shows up here.

3.2 The method of Hirosi Toda

The difficulty encountered by the cohomological methods in the preceding sec-
tion is overcome by H. Toda using homotopy operations, the composition and
Toda brackets. He was able to compute more stems of the homotopy groups of
spheres, and in particular, solved the Hopf invariant one problem for n = 16.
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We work with only the 2-component in the section, so all the spaces involved
will be implicitly assumed to be 2-local and the groups are all localized at the
prime 2.

3.2.1 The EHP-sequence

The sequence used by H. Toda was the EHP-sequence of I. M. James. This
sequence was primarily a long exact sequence for the 2-component, and could
be extended to the other components. However, we will only discuss the 2-
component in this section. so all the spaces involved will be implicitly assumed
to be 2-local.

The main point in the EHP-sequence is a 2-local fibre sequence S™ —
an-i-l s QS2"+1.

To prove it, let us study the spaces 257! first. It turns out to be the free
A, space generated by S7. Since the A,-operad is equivalent to the associa-
tive operad, we have a concrete model for 25/t Fix a base point ey in S7.
Define €57 to be the quotient space obtained from [],-, Hk S7 by identify-

. k ; .
ing (1,...,%¢-1,€0,Tt41,---,Ck) € [[ 57 with (z1,...,2¢—1,Tr41,...,2%) €
Hk_l S7, where Hk 57 means the cartesian product of k copies of S7.

Theorem 3.2.1. The space €S is homotopy equivalent to QS7+1.
Proof. See [MayT72]. O

The space €57 has a natural cell decomposition with one cell in dimension
kj for each k, and a calculation with the Serre spectral sequence of the fibre
sequence Q89! — E — S§i+1_ for the cohomology with coefficient Q, shows that
all the boundary maps in the complex of the cell decomposition vanish. Thus
H*(QS7+17) = Z and the cohomology groups of other dimensions vanish.
Now in the Serre spectral sequence of 257t — E — Sit! for the coefficient
Z, the only pattern is that d;y1(2x;) = T(—1); ® y where xy; is the generator
of H*(QS7,7) and y is the generator of H/+1(S7*1 7). So the multiplicative
structure of H*(QS7%1,Z) can be read from it. If j is odd, z;xor; = T(2k41);
and xap;jTon; = (k—]:h)xz(k+h)j. If j is even, zpjxh; = (k',:h)x(k+h)j. Modulo 2,
we obtain H*(QS7T Fy) 2 Alwar; : £ > 0]

Next we describe the map H : 257+t! — QS%+1, Since S7 A ST =2 §%7 we
have a map h : S x S7 — S%. The map H is defined to be H(z1,...,71) =
[1, M(zo,, z0,) for (z1,...,2) € €S9, where o = (01, 02) runs over all sequences
with 1 < 0 < 02 < k and the product is the multiplication in €527, One checks
that this is well defined.

The map H maps the 2j-cell in Q571! to the 2j-cell in QS%*+! with de-
gree 1. So if j is odd, H*(2;;) = wa2x; where z; and z; are the generators
of H*(QS7*17Z) and H*(QS%*1,Z) respectively. If j is even, then we have
H* (24y;) = % Tak;. Anyway, we have H* (2%, ;) = w2;; modulo 2.

Theorem 3.2.2. There is a 2-local fibre sequence S7 £, Qi+t L g%t
where the map & is dual to the suspension.
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Proof. Let § be the homotopy fibre of the map H. Since H maps the j-skeleton
87 C €87 to the base point, the map & : 9 — QS7T! factors through J.
A calcualtion with the Serre spectral sequence of § — Q571 — QS29+1 for
coefficient Fy shows that H*(,F2) = Afu;] with u; the restriction of x;, and
the differential vanish. This shows the map S7 — § is a 2-local equivalence. [J

Corollary 3.2.3. There is a long exact sequence
o m(S™) B (S D (82T B (ST — ... (3.2.4)

This is the EHP-sequence. The map H is called the Hopf invariant.

3.2.2 Homotopy operations

We will discuss homotopy operations in a general setting, including those with
many variables and the underlying space might vary.

So suppose § to be a functor sending the sequence of pairs of topological
spaces (X1,Y1),...,(X,,Y,) to the pair (W, Z). Then a homotopy operation
would mean a natural transformation from [X1,Y1] x -+ x [X,,,Y,] to [W, Z],
where [X, Y] means the set of homotopy classes of maps from X to Y.

The first example of a homotopy operation is the composition of maps. These
define in particular maps 7,,,(S™) x 7, (S*) — 7,,(S*). These satisfy:

Let ¢,, € m,(S™) be the identity map, and «, 5 are elements of the homotopy
groups of spheres.

tnoa=qwot,=a foracm(S") (3.2.5)
ao(fiEtP)=aoBi+aocf (3.2.6)
(a1 tag)oXB=a;0XB+ayo0Xp (3.2.7)

Note the the composition is not distributive in general.
The suspension commutes with the composition:

Y(aof)=3aoXg (3.2.8)

The Hopf invariant behaves well with composition if one of the components
is a suspension:
H(aoXf)=H(a)o X3 (3.2.9)

H(YXvyoa)=%X(yAvy)o H(a) (3.2.10)

Remark 3.2.11. This equation shows in particular that H(ka) = k?H(a).
Letting « to be the generator of m3(S?), we see that the composition is not
bilinear in this case.
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For the map A in the EHP-sequence, we have:
Ao ¥?B) = Ala)o 8 (3.2.12)

The proof of 3.2.9, 3.2.10 and 3.2.12 can be found in [Tod62], chapter 2.
The smash product is closely related to the composition. In the stable range,
they define the same ring structure on the stable homotopy groups of spheres.

alAi, =X (3.2.13)

(Oll o 042) A\ (51 @) ﬂg) = (0[1 A ﬂl) o (O[Q @) ﬂg) (3214)
If @ € mpy(SP) and 8 € my4p(S9),

aAB=(—1)Pthath—pig \ o (3.2.15)

a B =(—1)MrtRxag o wrtkg — (—1)Phyppnathy (3.2.16)

Corollary 3.2.17. The composition is commutative (in the graded sense) in
the stable range, i.e.

Yo XPTFE = (—1)*hxPg o nithg (3.2.18)

Another important homotopy operation is the Whitehead product. To avoid
complicity, suppose the spaces are simply connected.

The space S™ x S™ has a standard cell decomposition, with one (m +n)-cell
and the (m + n — 1)-skeleton is S™ Vv S™. The attaching map gives a map 1) :
gmAn—1 _, gmy/ 8" This map can also be described as follows. S™+"~! can be
viewed as the boundary of D™ x D", so S™+ "=t = (D™ x S™)Ugm » gn (S™ x D™).
The map ¥ on D™ x S™ is the composition of the projection to D™ followed by
the quotient map to S™. The restriction to S™ x D™ is similar.

Let o € mp(X) and 5 € 7, (X), then their Whitehead product is defined by
[, 8] = (e, B) 0 € Tpgn—1(X) where (o, 3) : S™V S™ — X restricts to o and
£ on S™ and S™ respectively.

The Whitehead product is bilinear, and if we set deg(a) = m — 1 for
a € mp,(X), then it gives a graded Lie algebra structure (if the sign is cho-
sen suitably):

Theorem 3.2.19. If a, 3,7 are elements in my(X), mq(X), m.(X) respectively,
with p,q,r > 1, then

(_1)p(r_1)[a7 [67 7]] + (_l)q(p_l)[ﬁv [77 O‘H + (_l)r(q_l)['% [Ogﬁ]]
(=P [lev, B],4] + (=1)*[[B,7], o] + (=1)"[[7, a, 4]
=0 (3.2.20)

Proof. See [NT54]. O
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This suggests the Whitehead product has something to do as a commutator.
In fact, the Whitehead product is a commutator on the free part.

Theorem 3.2.21. Let ¢ be the composition mg41(X) 2, (X)) — Hy(X,Z),
then

o, B] = (—1)9[g(a), ¢(B)] (3.2.22)

Where the bracket on the left side is the Whitehead product, and the one on the
right is the commutator of the Pontrjagin product on H,.(QX,Z).

Proof. See [Sam53]. O

Remark 3.2.23. The Whitehead product, together with the composition, gen-
erate all the primary homotopy operations on the homotopy groups of a fixed
space, as proved in [Hil55]. Also, the data given by the Whitehead product com-
pletely determine the rational homotopy type of a simply connected space, see

[QuiG9b].

The Whitehead product also gives the commutator of the composition prod-
uct just below the stable range:

Theorem 3.2.24. Let o € m,(S™) and 3 € m4(S™). Define
9 = Zn—la o Zp_lﬁ _ (_1)(p—m)(q—n)zm—16 ° Zq—la

Then 20 = 0 and
0 =1, ]oX* " 2H(B) o X H(a)

Proof. See [Bar61]. O
It can be proved that
Atom+1) = E[tm, tm) (3.2.25)
Since the Hopf invariant of [tm,, tm] is 2,
H(A(t2ms1)) = 20201 (3.2.26)
Combining 3.2.12, 3.2.25 we get
A(2?*y) = £[tm, tm] 0y (3.2.27)

So the 6 in theorem 3.2.24 equals £A(X?™H(8) o X9t H (a)).

3.2.3 The Toda bracket

The most important secondary homotopy operation is the Toda bracket. It is
defined for triples (o, 3,7) whenever awo 3 = 30~ = 0, and takes value a coset
for certain subgroup.
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Let n >0, and o € [E"Y, Z], 8 € [X,Y], v € [W, X] such that « o X" =0,
B o~ =0. Then there exist homotopies ® : ¥"X x [0,1] — Z from « o X" to
0, and ¥ : W x [0,1] = Y from So~ to 0.

Define © : ¥"T'W — Z by the formula

a(X"¥(w,2t — 1)) for
O(w,t) =
O(E"y(w),1 —2t) for 0<¢<

Then the Toda bracket < a, 3,7 >, is defined to be the set of © when ®, ¥
run over all possible homotopies. This is a double coset in [S"T1W, Z] of the
subgroups [E"M1 X, Z] o X" ly and a0 X" [EW, Y]. Sometimes we will omit the
subscript n.
Alternatively, we can describe the Toda bracket as follows. We call & €
[Y Ug CX, Z] an extension of « if &y = a, and call 4 € [EW,Y Ug CX] a
coextension of -« if
(Y(w),1-2t) if 0<t<)
:}/(w7 t) =
ey if <t

IN
—_

Then < «, 3,7 >, = {(-=1)"@o X"} where & and 4 run over all the extensions
of o and coextensions of «y respectively. This description shows that the Toda
bracket in the stable range coincides with the Massey product in the triangulated
category of spectra.

The Toda bracket has many good properties. Firstly, it is trilinear:

Theorem 3.2.28. Let a, 0’ € [E"Y, Z], 8,0 € [X,Y], 7,7 € [W, X]. Then

<a,X"B,X"(y+7) >, C <a,X"B,E' >, +<a,X"6,X" >,

ifn>1o0rW=3XW (3.2.29)
<a,X"(B+0),Ey>, = <a,¥'8,E"y >, +<a, X3, E"y >,
ifn>1orvy=2%3, (3.2.30)
<a+d, "3, X"y >, C <a,X"B,X'y >, +<d, X325y >,
ifn>1orB=3p8 and v = ¥4, (3.2.31)
Proof. See [Tod62], chapter 1. O

We also have the juggling formula:

Theorem 3.2.32. When the Toda brackets in the following formula are defined,
we have

<a, X", 5%y >, o X"t
<o, X"B3,5"(y0d) >,
<aoX"(3,X"y, X" >,
ao< B,X"3,3570 >,

<o, X"3,5"(yo0d) >, (3.2.33)
<a,X"(Bony),X" >, (3.2.34)
<a,X"(Boy),X" >,  (3.2.35)
<aof,X"y, X" >, (3.2.36)

NN NN
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Proof. See [Tod62], chapter 1. O

We also have

<<, B,y >,86,Y>+ <o, < B,7,0 >8>+ <a,f,<v,6,e>>=0
(3.2.37)
In the stable range, there is commutation relations:

Theorem 3.2.38. Let o € mp(S?), B € mgr(S?) and v € w1 (S™). Suppose

aAfB=BAy=0, then < R4t 7, LPThtrg ypthtatks 5 gnd

(= 1)k ARIHIAL o yiptay yiptrl g sathtr+lo > have a common element.
Further assume o Ay = 0, then (—1)M< X4+7q, Ypthtrg yipthtatks 5

(,1)kh< »rtrs, Ep+q+k‘% Sqtk+r+l, >+(,1)lk¢< E”*qu, E‘”T“a, 2p+h+r+lﬂ >

contains 0.

Proof. See [Tod62], chapter 3. O

Suspension commutes with Toda bracket:
<, X6, 8"y >, C < Xa, B3 vty > (3.2.39)
The Hopf invariant of the Toda bracket can be calculated:

Theorem 3.2.40. Suppose n > 1, then
H(<a,X"3,5"y >,) C < H(a),X"3,5"y > (3.2.41)
Proof. See [Tod62], chapter 2. O

If all three variables are suspensions, we can be more precise:

Theorem 3.2.42. Suppose Y.(ao ) = foy =0, then
H(< 2a,%8,%y >;) = —A " ao 3) o B2y (3.2.43)
Proof. See [Tod62], chapter 2. O

As an example, we calculate the Toda bracket < 2,7,2 > where n is the
generator of 7y (S).

Theorem 3.2.44. The set < 2,1,2 > contains a single element n?.

Proof. We know mo(S) = 7Z/2 generated by n?. Suppose on the contrary
< 2, M,y 2bn41 > contains 0. Let K = S™ U, D"*? and o € [K,S"] be
an extension of 21, and 3 € [S"T2 K] be a coextension of 2¢,.;. Since
0 € < 2y, My, 241 >, we can choose a, 0 so that a0 =0. Let L = S"U,CK.
Then there is a coextension 3 € [S"*3, L] of 3. Define M = Lug CS™3. K has
two cells, and we have S¢? (zn) = Zpto where z,, and x,12 are the generators in
H*(K,F3). L has three cells. The two lower dimensional cells is S™ Uy, D"*1 so
Sq*(Yn) = Yn+1.- When the bottom cell is collapsed we get K so Sq¢(yni1) =
Yn+3. Here Yn,Ynt1,Yn+3 are the generators in H*(L,Fs). Similarly, in M,
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Sq*(zn) = Zn+1, S¢*(2n+1) = znts and Sq'(zp43) = zn44 for the generators
Zns Znls Znass Znia of H*(M,Fy). But S¢*Sq*Sqt = S¢3Sq' = Sq?Sq? by the
Adem relations. We have S¢%(z,) = 0 because there is no (n + 2)-cell. But
Sq?Sq?(zn) = S¢?Sq%Sq* (2,) = zny4, contradiction. O

Remark 3.2.45. Using the decomposition S™?2 LNy N S™ of < 2up, My 2tp41 >,
one can calculate directly to show that this represents the element h? in the
Adams spectral sequence, so < 2,1,2 > = n?.

In general, the Toda brackets of the form < a, 3, « > often have the form
B o a* with a* depending only on «.

Theorem 3.2.46. Let o € m,11(S™) and h > 0 satisfy
(1— (—DFEnhgoxnthlg =0 (3.2.47)

Assume k < 2n — 2.Then there exists a* € mopiok41(S*") such that for any
B € Tpit(S™) with BoXta =0,

Zn/B ° EtO[* c (71)km+kt+t< EmOé, En+kﬂ, EnJrktha >n+k

+(_1)k7z+iz+t+1< En,@, En—&-ta’ (1 _ (_1)k)2n+k+ta >h+t

(3.2.48)

Further if (1 — (=1)F)Xr+k+la =0 then
Y"BoXlar € (—1)Fmhtt ymg stk g sinth g > (3.2.49)
Proof. See [Tod62], chapter 3. O

In particular, from theorem 3.2.44, it follows that the a* associated with 2.
is . So we have:

Theorem 3.2.50. Let 3 € w4, (S™) with k > 0. Assume 23 =0, then

Zﬁ O Nm+k+1 €< 2Lm, Eﬁ7 2Lm+k+1 >1 (3251)

There is also higher Toda brackets with more than three variables. For
example, let a € [V, Z], B € [X,Y], v € [W, X], 0 € [V, W] satisfy aof = oy =
v0d =0, < a, 3,0 >and < (3,7,5 > both contain 0. Assume further that we can
choose homotopies ® from awo to 0, ¥ from Bovy to 0, Y from ~yod to 0, such that
the elements k, p defined by them in < o, 3,0 > and < 3,7, > are homotopic
to 0. Choose homotopies = from k to 0 and O from p to 0. Then define the
bracket < «, 3,7,6 > to be the class defined by the maps A : X2V — Z, defined
by

— - 1 1
E(6(v),1 - 2s,t) if 0<s<35,0<t<3
E(6(v),1— 155, 1) if 0<s<1-ti<t<1
Av,s,t) =¢ ©(Y(v,2s—1),1-2t) if +<s<1,0<t<3
a(O(v,s,1— =) if 1-t<s<il<t<i
a(0(v, s, 2t — 1)) if 1<s<1,i<t<l

(3.2.52)
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when the homotopies run over all choices.
This is sketched in the following picture:

®ayod

EO(S Q2

adWol

3.2.4 Calculation with the EHP-sequence

We give some examples of calculations of the 2-component of the homotopies
groups of spheres using the EHP-sequences and homotopy operations. The de-
tailed calculation of m,41(S™) for k < 19 can be found in [Tod62], and more
calculations can be found in [MT63, Mim65, MMO74]. Their results are sum-
marized in appendix A.

To begin with, we first give the structure of the homotopy groups implied
by the existence of the division algebras.

Theorem 3.2.53. Let n = 2,4 or 8, and b : S?"~1 — S™ the map with Hopf
inwvariant one. Then

X+ by wi,l(S"_l)@wi(S2"_1) —>7T1(Sn) (3254)
18 an isomorphism for all .

Proof. The case n = 2 is obvious. So assume n = 4,8 in the following.

Define a map j : "~ ! x Q5?1 — Q8" by the formula j(z) = &(x) - Qb(z),
the loop-multiplication in QS™ of the inclusion & : S"~! — QS™ and the map
Qh. The cohomology ring of the loop space of spheres is calculated in 3.2.1.
The fact that h has Hopf invariant one means it pulls back the generator of
H?"=2(QS",Z) to the generator of H?"~2(QS5?"~1 7). It follows that the map
j is a homotopy equivalence. O

Remark 3.2.55. One can also use the long exact sequence
= (ST — m (ST — (ST 2, i1 (8" — L.

from the fibration S"~! — §2n—1 LR S™, and show directly that the map O is a
left inverse to the suspension.
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Now we can give the calculation of 7,4, (S™) for k < 3.

When k = 1, we know from the preceding theorem that 73(S?) = Z gener-
ated by the Hopf map 72, and the Hopf invariant is an isomorphism. Next use
the EHP-sequence 5(S®) 2, m3(S5?) R2N 74(S%) — 0. Since H(A(t5)) = 2t3 by
3.2.26, m4(S3) = Z/2 generated by n3 the suspension of 1,. Thus:

Theorem 3.2.56. 73(S?%) 2 Z, m,41(S™) 2 Z/2 forn > 4.
The following lemma will be useful:

Theorem 3.2.57. Let a € m;(S3) such that 2a = 0, so < 13, 2t4, Lo > s
defined. Let 3 € < n3,2t4, % >;. Then H(B) = X%a and 23 = 13 0 Xa o niy1.

Proof. By 3.2.43, H(B) € A7 (n202t3) 0 X2 = A~1(2m2) 0 X2 = 150 X% =
Y2a.

By 3.2.32 and 3.2.39, 283 € < 13,214, X > 021549 = N30 35< 23, 0,21, > C
N3 0 —< 24, X, 20541 >4, and this contains 03 o —(Xa 0 n;41) = 13 0 Vv 0 Miq1
by 3.2.50.

A calculation of the indeterminacy of the bracket shows in fact 28 = n3 o
Y onyr. O

For k = 2, by 3.2.53, m4(S?) = Z/2 generated by 12 = 1, o n3. Next use the
EHP-sequence
m6(5%) 1 m6(S%) 2 ma(5%) o m5(5°) I ws5(57) 2 my(S2)
We know A : 75(5%) — 73(5?) is injective. So ¥ : m4(S?) — m5(S3) is surjective.
Let v/ € < n3,2t4,m4 >, then by 3.2.57, H(V') = 15 and 21/ = n3.
This shows H : m(53) — m6(S°) is surjective, so X : m4(S?) — 75(S?) is an
isomorphism. By 3.2.53, m6(5%) 2 m5(S5?) @ m6(S7). Hence:

Theorem 3.2.58. 7,,2(S™) =2 7Z/2 generated by n?2.

Now we calculate the case k = 3. As before, 75(5?) = Z/2 generated by n3.
Next use the sequence m7(S%) 25 77(S%) 25 m5(82) = 76(S3) 25 76(S%). We
have H (V') = 15 and 2v/ = ¥n3. We also have H(v' ong) = H(V') ong = 12 by
3.2.9. So H : m7(S?) — m7(S®) is surjective. So m6(S?) = Z/4 generated by v/,

By 3.2.53, m7(S*%) = Z ® Z/4 generated by v4 and ¥v' where vy is the map
with Hopf invariant one.

The next step is a little elaborated. But since we have already calculated
the stable group m,4+5(S™) for n > 5 in 2.6, there is a shortcut. By the EHP-
sequence, mg(S°) =2 m7(S*)/A(m(S?)). Since A(tg) has Hopf invariant 2 by
3.2.26, A(rg) = £2v4 + kX' for some k. And the only way to obtain the
expected group Z/8 is A(tg) = +2v4 + X/, By suitable choice of v/, we may
assume A(1g) = 4+(2v4 — 3v') so that 2Xvy = %20/,

Theorem 3.2.59. 75(S2) = Z/2, 16(S°) = Z/4, n7(S*) = ZDZ/4, T, 43(S™) =
Z/8 forn > 5.
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3.2.5 The Hopf invariant one problem for n = 16

Here we show how the composition methods can be used to prove the nonexis-
tence of a map from S3! to S16.
First we need the result of the groups m,47(S™).

Theorem 3.2.60. 7,3(S%) = Z/4 generated by 0" with H(c") = n?,. m14(S7) =
7./8 generated by o' with H(o') = m3, and 20" = Yo" . m5(58) 2 Z S 7Z/8 gen-
erated by og and Yo', where og has Hopf invariant one. m,47(S™) = 7/16
generated by o, forn > 9. A7) = £(203 — Bo’) and 2X0g = Y20,

Proof. See [Tod62], chapter 5. O

We also need the result of 7,4, (S™) for £ < 9, which is collected in appendix
A. These calculations are also obtainable by the cohomological methods in
section 3.1.

Using the sequence 73;(S1) EiR 731 (S31) 2, a9 (S'?) we see that to prove
the nonexistence of a map in w31(519), it suffices to prove that A(t31) # 0 in
29 (515).

Using theorem 3.2.24, A(131) = A(XH (0g) 0o X16H(0g)) = X705 0 Bl40g +
Yog o XMooy = 202, so it suffices to show 20%; # 0.

We begin with m2(%), which by theorem 3.2.53, equals Z/16{02 }&Xm21 (S7).
So 202 # 0. We have to prove this element suspends to a nonzero one in
ma9(S*?). So we calculate the kernel of 3, which equals the image of A by the
EHP-sequence.

A(m4(S'7)) is generated by A(o17). By 3.2.12, A(o17) = A(ui7) 0 015 =
+(208 —Xo') o015 = +(20% — B(0’ 0014)). We will show o/ 014 # 0 in ma1(S7)
so 202 # 0. In fact, H(¢o' 0 014) = H(0') 0o 014 = mi3 0 014. This element is
nonzero, and equals 713 + €13 in the table of appendix A.

Next A(ma5(S51Y)) is generated by A(vZy) = A(t19) ov?; using 3.2.12. A(1q9)
cannot vanish because there is no map with Hopf invariant one in m19(51%). In
fact A(t19) = 09 0 M16 + Vg + €9, and A(vdy) = g o v2.. We have to prove that
U7 o 1/%5 #+ 0’ o0y in 7721(57). This is the case since v; o V125 is a suspension so
have Hopf invariant 0. Thus 20%; # 0.

The two groups ma(S?!) and m27(S??) vanish so that 207, # 0.

Now A(mag(52%)) is generated by A(vas) = A(a5) o v3 using 3.2.12. Since
H(A(L25) o] V23) = 2V23 using 3.2.9 and 3226, A(V25) and 2A(l/25) are not sus-
pensions. A(4vas) = A(n35). By 3.2.24, A(n35) = A(SMH(0") o X1 H (")) =
$0" 0 X267 + 350" 0 B3¢ = 1607, = 0. So the image of A does not contain
common element with the image of ¥ in m26(S*?). And we have 2035 # 0.

A(ma9(S527)) is generated by A(n2,). Using 3.2.24 one proves A(n3;) = 8025,
s0 20%, # 0.

Similarly, A(m30(52?)) is generated by A(n9) = 402,, and we have finally
proved 20%; # 0.

Theorem 3.2.61. There is no map in 731(S6) with Hopf invariant one.
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The general theorem that the only maps with Hopf invariant one are those
induced by C,H,Q, is proved by using secondary cohomology operations or using
K-theory, see [Ada60, AAGG].



Chapter 4

The Adams Spectral
Sequence

In this chapter, a basic reference is [Rav86]. To make Serre’s method more clear,
we use the language of spectra.

4.1 Stable homotopy theory
We first state Brown’s representability theorem.

Theorem 4.1.1. Let H be a contravariant functor H on the homotopy category
of based CW complexes to the category of Abelian groups satisfies wedge axiom
and MV axiom. Then H is representable by a CW complex Y, that is, there is
an isomorphism between H(-) and [-,Y] for any finite CW complez.

Proof. See [Bro62] O
As a corollary, we have the following

Theorem 4.1.2. Any generalised cohomology theory E* is represented by { E;}
such that E*(X) = [X, E;] and the maps E; — QF;11 are weak equivalences.

1E€L’

For example, for ordinary cohomology theories, we have natural isomor-
phisms H™(X;m) = [X, K(m,n)] for any CW complex X, integer n > 0 and
Abelian group 7. To better understand relations between these E;, we intro-
duce the notation of prespectra.

Definition 4.1.3. A prespectrum is a sequence of based spaces E = {E;},~,
and based maps o : XE; — FE;y1 as structure maps. A map f : E — F of
prespectra E and F is a sequence of based maps f; : E; — F; commuting with
structure maps. Hence we get a category of prespectra, denoted by PreGp.

35
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As shown in [May99], we can associate a generalized homology theory for
a given prespectrum under certain connectness conditions. To discuss more
properly with respect to the stability and generalized cohomology theories, we
introduce the notation of spectra.

Definition 4.1.4. A spectrum is a prespectrum such that the adjoints E; —
QF; 1 to the structure maps are homeomorphisms. The category of spectra,
denoted by Gy, is defined as a full subcategory of PreGp.

Just like we can associate a sheaf to a presheaf, the inclusion functor PreSp —
Gp has a left adjoint named spectrification, denoted by L, which can be shown
by Freyd’s adjoint functor theorem.

Definition 4.1.5. The sphere spectrum, denoted by S, is defined to be the spec-
trification of the suspension prespectrum S* with obvious structure maps.

Remark 4.1.6. A similar statement of Brown’s representability theorem holds
for spectra.

As discussed in [Ada74], we can properly define generalized homology, coho-
mology and homotopy groups of a spectrum. For instance, denote HZ/(p) the
mod (p) Eilenberg-Mac Lane spectrum, then HZ/(p)*(HZ/(p)) is just the mod
(p) Steenrod algebra A,.

Remark 4.1.7. If we define the fibrations (resp. weak equivalences) to be the
maps f : E — F such that f; : E; — F; are fibrations (resp. weak equivalences)
and the cofibrations to be precisely those maps which have the LLP with respect
to the acyclic fibrations, then the category Sp becomes a closed model category.

Remark 4.1.8. If we defined suspension to be the translation functor, and dis-
tinguished triangles to be the cofibration sequences, then the homotopy category
of &p, which is also called the stable homotopy category, becomes a triangulated
category.

As in the category of based topological spaces, smash product is also an
important operation in category Gp.

Theorem 4.1.9. There is a functor )\ : Gp x Sp — Sp named smash product.
Smash product is associative, commutative (up to homotopy), and has the sphere
spectrum S as a unit, up to coherent natural equivalences.

Proof. For detailed constructions and proof, see [Ada74]. O

4.2 Construction of the Adams spectral sequence

Definition 4.2.1. A spectrum E is called connective, if m;(F) =0 for alli <n
for some n.
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Definition 4.2.2. A mod (p) Adams resolution (X, fs) for a spectrum X s
defined to be the diagram:

X, fo X, f1 X, f2
igo igl lgz
Yo Y1 Y,

where X = Xo, Ys = Xe NHZ/(p),and H*(gs) is onto.

Theorem 4.2.3. Let X be a connective spectrum of finite type, then there is a
spectral sequence
(B4 (X),dy Bt — B

such that
Ey' = Bt} (H*(X,Fp)), Fp) = m(X) © Zg,
is conditionally convergent in the colimit sense (in the sense of [Boa99]).

Proof. We sketch the proof. As in Serre’s methods, we can show that for a
given spectrum X as above, there exist a mod (p) Adams resolution (Xj, fs)
such that each sequence

fs gs

Xs+1 - Xs YS ZXerl

is a fiber sequence. Then we get a short exact sequence:
0 —= H*(SX441,F,) —= H*(Y,,F,) —2= H*(X,,F,) —= 0.
Since each Yy = X,AH Z/(p) is a wedge of suspensions of HZ/(p) and HZ/(p)*(HZ/(p)A
X,) is free as a module over the Steenrod algebra A,, we obtain a free A,-
resolution of H*(X,F)):
= H*(5?Y3,Fy) ——= H* (Y3, Fp) —— H* (Yo, Fp) —— H*(X, Z/(p)) — 0.

Also from the fiber sequence, we get a long exact sequence of homotopy groups,
and by setting D" = m,_,(X,), B} = m_4(Y,), an exact couple is obtained:

where i1 = m—s(fs), 71 = m—s(gs), and ky is a boundary map. This leads to a
spectral sequence. Let X, = holim(Xy), we get an exact sequence:

0—— @W*(Xoo) —— (X)) — limlﬂ*(Xoo) — 0.
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Define Z, such that there is a fiber sequence

X X, Z, S X

Then use the octahedral axiom of the stable homotopy category as a triangulated
category, this spectral sequence converge to m.(Zp), that is, m.(X) ® Z¢,). O

Generally, we have the following.

Theorem 4.2.4. Let X be a connective spectrum of finite type, then there is a
spectral sequence
(B2 (X),dy + By — ByFrt)

such that
Byt = Eot' (H*(X,F,)), H*(Y,F,)) = [V, X AS,)]
is conditionally convergent in the colimit sense.

Definition 4.2.5. A map f : X — Y has Adams filtration > s, if it can be
factorized as

X f1 W, f2 W o W, v

such that HZ/(p),(f:;) =0 for all i.

4.3 Properties of the Fs-term of the Adams spec-
tral sequence

In this section, we state some results of the FEs-term of the Adams spectral
sequence of prime 2. For primes p > 2, the results are similar and can be found
in [Rav86].

Fy ift=0

Theorem 4.3.1. 1. Hom,(Fy, S.'Fs) = { 0 else

Fy if t = 2ifor some i
2. Bty (Fy, Y 'F2) :{ 02 ! ej;se

Proof. Compute directly. O
Denote h; # 0 € Extly (Fa, ZTIFQ).

Theorem 4.3.2. 1. Ext} (s, ST Fy) = 0 for (s,t) such that t — s < 0.
2. Ext}y, (Fa, Y "F3) = Fy generated by ho®.

3. Ext22(]P‘2,ZtIE‘2) = 0 for all (s,t) such that 0 < s < t < U(s), where
U(s) is the following numerical function: U(4s) = 12s — 1,U(4s + 1) =
128+ 2,U(4s +2) = 12s + 4,U(4s + 3) = 125 + 6.
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Proof. See [Ada66b]. O

We call this theorem Adams edge theorem.Roughly speaking, we say there
is a vanishing line.

Theorem 4.3.3. Extiz (Fa, >"F2) = 0 is generated by h;h; satisfying the re-
lations hlh] == hjhi;hihi+1 =0.

Remark 4.3.4. <h0, hl, h0> = h%,<h1, ho, h1> = hohg.

Theorem 4.3.5. E:r:ti,z (Fa, > "Fs) = 0 is generated by hihjhy and ¢; satisfying
the relations hih? o, = 0,h2hipo = b, | ,¢; = (hip1, by, hi,).

Remark 4.3.6. dghl = hz’—lhg-

Remark 4.3.7. hthy = 0. If x € E3" such that hix is above the vanishing
line, then we get the Massey product (x,hd, hs3).

Theorem 4.3.8. When (s + 4,t + 4) is above the vanishing line,

t t+12
(o.hg, hs) : Eat’y, (Fa, Y Fa) — Eati*(Fa, > Fa)

18 an tsomorphism.

Proof. See [Ada66b]. O

Remark 4.3.9. h%n hn+1 =0, forn > 1. Similarly, near the vanishing line, we
have (8, h3", hni1) as an isomorphism. This is a line of slope %

4.4 'The May spectral sequence

In this section, citing a differential in 24-stem, we follow Tangora’s method to
compute the F,, term of the May spectral sequence up to 29-stem at prime 2.
He actually computed through dimension 70 in [Tan70a].

Theorem 4.4.1. There exists a spectral sequence (E*V-*,d,.), called the May
spectral sequence, converging to the Es term of the Adams spectral sequence,
where each d, is a homomorphism of the tri-graded algebra: d,. : E%t —
Eutrv=r+Lt g5 q derivation with respect to the algebra structure. The Eo term
of this spectral sequence is gemerated by the following generators in the range
t—s < 31 and s < 3 in Table 4.1 below subject to the relations(at least) in
Table 4.2 below.

Proof. See [May65a, May65b, May66]. O

Remark 4.4.2. In the tri-graded algebra Ezu’v’t, u s the filtration degree, v
is the complementary degree, t is associated with the degree in the Steenrod
algebra, and homological degree s = u + v, which is the same as in Adams
Spectral Sequences.
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Table 4.1: Generators of Ey for t — s < 31

t—s s Name U v t
0 1 ho 0 1 1
1 1 h1 0 1 2
3 1 ho 0 1 4
4 2 bo2 -2 4 6
7 1 hs 0 1 8
7 2 ho(1) -2 4 9

10 2 b12 -2 4 12
12 2 bos —4 6 14
15 1 hy 0 1 16
16 2 hi(1) -2 4 18
22 2 bao -2 4 24
26 2 b13 —4 6 28
28 2 boa —6 8 30
31 1 hs 0 1 32

hihir =0 (i > 0)
habgo = hoho(l)

hobia = haho(1)
h0(1)2 = bgab1a + h%bog
haho(1) = 0

hlhl(l) = h3bia
hghl(l) = h1bog
bozh1(1) = h1hs3bo3
ho(1)hy (1) = 0

bo2bas = h3bis + h3bos
baoho(1) = hohabis

~—

Table 4.2: Relations in Ey for t — s < 31
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There are some quick observations from the theorem above.

Remark 4.4.3. We have d,.(h;) = 0 for any h; (i > 0) and d, (r > 2) and
d. =0 for r odd by dimension reasons.

Remark 4.4.4. If x € Ey and h;x # 0, then hl'x # 0 for any n > 0, at least
in the range of t — s < 31. Any nonzero element in FEo cannot be of the form
h;y and h;41z at the same time.

Remark 4.4.5. If dox =y in FEy and that h;x and h;y are nonzero, then h;"x
and hy are nonzero, and do(h;"x) = h;"y. Therefore, all of these elements
disappear in E3.

Since there are many generators, Fo becomes large very soon. A basic tech-
nique offered in [Tan70a] to simplify this issue is to make use of the remark
above. We call dax is h;-stable and these elements involved is a h;-ladder. Then
when we compute Fs term stem by stem, we throw out all these ladders, that
is, quotient these acyclic complexes, to make later stems in E5 smaller. Doing
this will not change F3 term, however, we need to be careful in later stems of
E since the ds of certain elements will not contain only one element. Details
will be discussed as follows.

0-stem: We have hg, s > 0.

1-stem: We have hj. Since h; is a permanent cycle, hf survive.

2-stem: We have h?. By Leibnitz’s rule, d;(h3) = 0. Therefore hy survives.

3-stem: We have h$ and héflhg, s > 1. These are permanent cycles by
direct computation. Therefore h? survives.

4-stem: We have h} and hj 2bga, s > 2. h{ is a permanent cycle.

Theorem 4.4.6. do(bo2) = h$ + h3hs.

Proof. By dimension reasons, we can assume dz(bg2) = ah$ + bh3hs, where
a,b = 0,1 to be decided. By Adams edge theorem, h{jhs cannot survive for
large s. Since hihs is a cycle, it is also a boundary. Then hfhs is in the image
of d,.(h§ ?by) for some r since this is the only possible element in position.
The filtration degree u of hjhs and h‘s_zbog are 0 and —2 respectively, hence
we have r = 2. Then we have dy(h§ 2boz) = hi 2da(bg2) = hiha, so b = 1.
Also by Adams edge theorem and ”slope” reasons, hj cannot survive. Then
we have hi = d,(hiz) for some z. (Otherwise, if h§ = d,.(hozx), then 0 =
dy(hihox) = hid,.(hox) = hiTh, which is a contradiction.) The only possibility
is that d2(hj®bo2) = hj. Therefore a = 1. O

Remark 4.4.7. This conclusion can also be obtained by using the result h3 =
h3hs of Adams in the Ey term of Adams spectral sequence or computing directly
in bar complex.

Notice that da(h;bo2) is h,-stable, i = 0,1, then we can throw these two
ladders away:.

5-stem: Nothing is left after throwing out these two ladders above containing
h3, and hibga. Therefore, there is no survivors in 4-stem and 5-stem.
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6-stem: We have h3. For simplicity, we don’t mention those factored already
and hg-multiplies any more.
7-stem: We have hg and ho(1). hs is a permanent cycle.

Theorem 4.4.8. do(ho(1)) = hoh3.

Proof. One way to see this is to use the relation habgs = hoho(1). Then
hodg(ho(l)) = dg(hoho(l)) = d2(h2b02) = h%h% Therefore dg(ho(l)) 7é 0. Then
the only possibility is that da(ho(1)) = hoh3. Another way is using Adams
edge theorem for h372h§ and filtration degree u for differential d, to decide the
equality. O

This differential is ho-stable. Therefore only h3 survives in 6-stem.

8-stem: We have h1hg, hiho(1) and b3,. hqhs is a permanent cycle. da(hiho(1)) =
hida(ho(1)) = hihoh3 = 0. Since the filtration degree u of hihg(1) is —2, we
get h1ho(1) is a permanent cycle. Denote hihg(1) by co. da(bg2) = 0.

Theorem 4.4.9. dy(b3,) = hihs.

Proof. For large n, hifhs cannot survive, then we must have d,.(b3,) = hihs.
Since the filtration degree u of b3, and hghs are —4 and 0 respectively, we get
r=4. O

This differential is hg-stable. Therefore only héhg, 0 < ¢ < 3 survives in
7-stem.

9-stem: We have h3, h?hs, h?ho(1) and h3. These are all permanent cycles.
Therefore the survivors of 8-stem is hihs and ¢ = hihg(1).

10-stem: We have hihs, hib3,, hiho(1) and bis. First three elements are
permanent cycles.

11-stem: We have hgb()Q, boghg(l), h%hg, h?b(zm, hzllho(].) and h1b12.

12-stem: We have bog, h%, b827 hlhgbog, hlbogho(l), h?hg, h%bg% h‘?ho(l) and
hgblg.

Theorem 4.4.10. dg(blg) = hg + h%hg, d2(b03) = h1b12 + h3bga.

Proof. For dimension reasons, we can assume that do(bja) = A1h3 + Ash?hs
and dg(bog) = Aghibis + Aghgbga, where A; = 0,1, i = 1,2,3,4. To kill hghg,
only possibility is h{bi2, then we get Ao = 1. To kill hfhsbge, only possibility
is hgb()g, then we get A3 =1. 0= dgdg(bog) = dg(hgbog) + A4d2(h1[)12) =
h3hz + Ay Ayh3hs, then we must have A = Ay = 1. O

da(h;b12), d2(h;bos) are h;-stable for i = 0,1, so we can throw four ladders
away. Therefore, in 9-stem, there are survivors h3hs = h3, h?ho(1) = hico and
h1b3,.

Remark 4.4.11. We denote P'hy = h1bZ,, and generally Pz = b2z, where
P is short for periodicity, for reasons discussed in the last chapter.
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In 11-stem, da(bo2ho(1)) = boada(ho(1))+da(bo2)ho(1) = boshoh3+ho(1)(hi+
h%hg) Since h2b02 = hoho(l), we have dg(bogho(l)) = h?ho(l) = h%CO. dg(hgbgz) =
0. This is hi-stable. Since the filtration degree u of h?b3, and hob2, are —4 and
—4 respectively, hab3, is a permanent cycle. Therefore the only survivor in
10-stem is h2b2, = P'h2.

In 12-stem, da(b3y) = b2yda(bo2) = h2hab3y + h3b3, and it is h;-stable for
i = 0,1. Then we can throw two ladders away. Therefore, in 11-stem, there
are survivors héJrlbozho(l) = hihab3y = P hihy for i = 0,1,2, where P h3hy =
PR3,

13-stem: We have only h2b12. dg(h2b12) = hgdg(blg) = hg(h%hzg + hg) = h%
This is hg-stable. We can throw this ladder away. Therefore, there are no
survivors in 12-stem and 13-stem.

Remark 4.4.12. It should be mentioned that this differential is also ha-stable.
We will also throw this ha-ladder away, such as d2(h3b12) = h3 and their related
ho-ladder together.

For now, the above process can be shown by the Table 4.3 below. We use
very short lines to denote hy and hi-stable derivations, see da(bo2) = h% + h%hg
as an example.

Therefore, we have the F., term of the May spectral sequence in the range
of t — s < 13 in Table 4.4 below.

We move on.

14-stem: We have h3 and boabia. (We have the relation ho(1)? = boabia +
h2bg3, so we don’t need to consider ho(1)? since h3bos is already thrown away in
the quotient complex.) Since 13-stem is already empty, these are all permanent
cycles. It should be mentioned that bysb12 is not actually a cycle, but equivalent
to a cycle ho(1)? in the quotient complex. We denote dy = bg2b12.

15-stem: We have hy, habos, hab3s, ho(1)b3, and some hi-multiplies. For
simplicity, we do not mention these hi-multiplies explicitly from now on, since
they can be viewed directly in the table. da(habos) = 0 da(ho(1)b3,) = hoh3bZ, =
h(?jdo. This is ho-stable. All these are do-cycles.

Remark 4.4.13. Since hjyh% in 14-stem cannot be killed by do as discussed
above, by Adams edge theorem, it must be killed by d,., v > 4. For this purpose,
we need to discuss which da-cycles in 15-stem can survive in E4 term. Therefore
we move to 16-stem.

16-stem: We havebg,, bosboa and hq(1).
Theorem 4.4.14. da(h1(1)) = hyh3.

Proof. For dimension reasons, we can assume dg(h1(1)) = A1hih3 + Ashdhy +
Ashabos, where Ay, Ag, A3 = 0, 1. The filtration degree u of da(hy(1)), h1h3, hiha
and hobgs are —2,0,0 and —4 respectively. Then we get A3 = 0. By relation
hohl(l) = 0, we get 0= d2(h0h1<1)) = A2h8h4, hence A2 = 0. By relation
hlhl(l) = h3b12, we get Alh%h% = dg(hlhl(l)) = h%h%, hence Al =0. O
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Table 4.3: Quotient complex of Fy in the range of t — s < 13

boa ng  [ho b1 bos
ho hl hg h3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 t-s
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Table 4.4: E, term of the May spectral sequence in the range of t — s < 13

Plhy Plhy

N

Co

W

h3

ho h1 hao hs

Y
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This is hl—stable. dg (béQ) =0. dz(bogbog) = bogdz (bog) + b03d2 (bog) = hldo +
h3b3y + h3habos + hibgs. Therefore, we have E3 term of 15-stem and h3zb3,
remains nonzero. Then dy(h3b,) = hady(b3y) = hgh3.

Theorem 4.4.15. dy(habos) = h3h3.

Proof. Since do(h@bosboz) = hihabdy+hi T2 hobos, hihabZy and hi+2habog repre-
sent the same element in E,. Therefore dy(h3haboz) = ds(hohsbiy) = hih:. O

Therefore, the survivors of 14-stem are h3, hoh3 and hidy for i = 0,1,2.
Theorem 4.4.16. dg(b3,) = hShy.

Proof. The only opportunity to kill hithy is b3y, then we have d,.(b3,) = hihy.
The filtration degree u of bi,) and hShy are —8 and 0 respectively, so we get
r=38. O

Therefore, the survivors of 15-stem are h(i)h4 for 0 <i <7 and hidp.

Remark 4.4.17. Since da(bosbo2) = hido + hab3y + h3habos in the quotient
complex, we use h3b(2)2 +h(2)h2b03 to kill ho-ladder of bosbge. Remaining elements
could be viewed as hidy and one of h3b3y and h3haboz equivalently, and the later
is killed by dy. Hence we get only hidy in 14-stem.

17-stem: We have only hg(1)b;2 since we don’t mention hj-multiplies any-
more. dg(ho(l)blg) = ho(l)dg(blg) + blgdg(ho(l)) = hgho(l) + blghoh% = 0.
Therefore, the survivors of 16-stem are hihyg, h3dy and hyho(1)b3, = Plcy.

Remark 4.4.18. We denote ey = ho(1)b12.

18-stem: We have h2h4, h%bog, h%bog and b(2)2b12. d2(h2h4) =0. dg(h%bog) =
h3da(bos) = 0. da(h3bo2) = h3da(boa) = h3h3 ~ 0. da(b3sb12) = bZada(bia) =
h3b3, + h2h3b2y ~ hdeo + hidy. da(hib2sbia) is hi-stable for i = 0, 1. Therefore,
the survivors of 17-stem are h?hy, hieg for 0 < i < 3, hy Plcg and hibd, = P2hy,
where h%eo = Plhg ~ h:fdo

Remark 4.4.19. We denote fo = h3bps.

19-stem: We have hghl(l), h4b()2, h3b03, ho(l)b037 h3b82 and ho(l)bgz dg(hghl(l)) =

0. dg(h4b02) = h4d2(b02) = h‘;’hzl + h%h2h4, and dg(hih4b02) is hi-stable for
= O, 1. d2(h3b03) = h3d2(b03) = h%bog + h1h3b12 ~ h%on, and it is hi—stable
for i = 07 1. dg(ho(l)bog) = ho(l)dg(bog) + bogdg(ho(l)) = h160 + hoh%bog, and
dg(hlho(l)bog) is hi—stable for i = 0,1 dg(hgb?m) = h3d2(b82) = h?hgb(zp ~ 0.
da(ho(1)b3y) = b3ada(ho(1)bo2) = hiPlcy, and it is hi-stable. Therefore, the
survivors of 18-stem are hjhohy for 0 < i < 2, h%h%bog for j = 0,1 and P?h?,
where h3h2h4 ~ hzlgh4 and h1€0 ~ hofo.

Remark 4.4.20. We denote ¢; = hahi(1).

Remark 4.4.21. In the quotient complex, we have da(hsbos) = h3boa. This is
also hs-stable. Therefore we can throw this hs-ladder away together with related
hi-ladders for i =0,1. We do not draw this differential in Table 4.5 below.
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20-stem: We have b%Q, b82 and b(2)2b03. d2 (b%Q) =0. dz(b%Qbog) = b32d2 (bog) =
h3b(2)2+h1b(2)2b12 ~ h3b(2)2 and this is hi—stable for ¢ = 0, 1. dz(bgz) = ngdQ (bog) =
P2h3 + P2h3hy, and da(h;b3,) is hi-stable for i = 0, 1. Therefore, the survivors
of 19-stem are c¢; = hahy(1) and hiyP?hy for 0 < i < 2, where h3P?hy ~ P2h3.

Remark 4.4.22. In the quotient complex, we have dg(b3sbos) = h3byy. This is
also hz-stable. Therefore we can throw this hs-ladder away together with related
hi-ladders fori=0,1.

21-stem: We have h3hy, h3, hibos and dohg(1). da(h3hy) = 0. da(h3) = 0.
dz(hgb()g) = h%dz(bo;;) = 0. dz(doho(l)) = dodg(ho(l)) = hoh%do ~ h%b%Q and
this is ho-stable. Therefore, the survivors of 20-stem are hib?, for 0 < i < 2,
where hob%Q = hQBQ.

Remark 4.4.23. We denote g = b3,.

22-stem: We have b227 h%hl(l) = thl, h%b%Q, b82b12 = Pldo, b12b03 and
haho(1). da(haci) = 0. da(h3b2,) = 0. da(Pldg) = 0. da(b12bos) = biada(bo3) +
bosda(bia) = hib3y + hiboz, where we use relations boahi(1) = hihsbes and
h3b12 = hlhl(l). dg(hiblgbog,) is hi-stable fori = 0, 1. d2(h4h0(1)) = h4d2(h0(1))
hoh3hy and it is ho-stable. Citing the result da(bg2) = h3hs + h3 from Theorem
4.4.23 below, the survivors of 21-stem are h3hy ~ h3 and h1g ~ hafo = h3bos.

Remark 4.4.24. dy(h;bes) is h;-stable for i = 0,1. As in the case of da(habi2)
in Remark 4.4.12, da(habas) is also ha-stable, hence we can throw this ha-ladder
away together with related ho-ladder. What’s more, da(hsbaz) is also hs-stable,
hence we can throw this hs-ladder away together with related hg, hi-ladders.

For now, the above process can be shown by the Table 4.5 below.
Therefore, we have the F,, term of the May spectral sequence in the range
of 14 <t — s <21 in Table 4.6 below.

Theorem 4.4.25. dy(bge) = h3hg + h3.
da(b13) = habia + hobas.
d2(boa) = habog + hi1bis.

Proof. By dimension reasons, the six elements are all we can expect. We need
to determine the coefficients. Firstly, by resulting the calculations done above
of 22-stem, the only hope to kill hZh3 is hlbag, therefore the coefficient of
hg in da(bag is 1. Secondly, we assume the coefficient of hgbgs is 0, and we
conclude that there is a contradiction. Under this assumption, da(hobgs) = 0.
Since the filtration degree u of hgbgs is —6, we need some element in 29-stem
with u less than —8 to kill hllbos. We only have bozbiaho(1) = bosep with
u = —8 and b82b12h0(1) = b82€0 with u = —10. dg(h0b03€0) = hoeodg(bog) = 0,
hence cannot kill Albos. da(hobiseo) = hihaPleg, hence dy cannot kill hibgy.
By dimension reasons, d4(hobos) = 0. dg(hobosa) = 0. Therefore, h{jbos is
a permanent cycle, which contradicts to Adams edge theorem. At last, by
0 = da(da(boa)) = da(haboz + Ah1b13) = hihabia + Ahida(big), we get A =1,
that is, da(bos) = habos + h1b13 and the coefficient of hybi2 in da(b13) is 1. By
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Table 4.5: Quotient complex of E5 in the range of 14 <t — s < 21

11

10 V

N N

ho(1)b3,

NN

Plby biHs  doho(1)

N

bo2bos  eg

14 15 16 17 18 19 20 21 22 t-s



49

Table 4.6: FE., term of the May spectral sequence in the range of 14 <t—s < 21
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0 = dQ(dQ(blg)) = d2(h4b12 + Bhgbgg) = h%h4 + thdg(bgg), we get B = 1, that
iS, dg(b13) = h4b12 + h2b22 and the coefficient of h%h4 in dg(bgg) is 1. O

Remark 4.4.26. ds(h;bos) is hi-stable for i = 0,2. Therefore we can throw
these two ladders away together with another hg-ladder related to da(habos).

23-stem: We have P1h4, P2]’L3, P2ho(1), hgg, h3b02b03 and ho(l)bogbog.
dQ(P1h4) = 0. dQ(PQhB) = 0. dQ(PQhO(l)) = b%ng(Plho(l)) = Plhgdo This
is ho—stable. dg(hgg) = 0. dQ(hgbogbog) = h3d2(b02b03) ~ Plhg and this is hi—
stable for i = 0,1. da(ho(1)bo2bos) ~ h1hi(1) and this is hq-stable. Therefore,
the survivors of 22-stem are h3h;(1) = hgc; and hiPldy for 0 <i < 2.

Remark 4.4.27. In the quotient complex, we have dg(hsbozboz) = P*h3. This
is also hg-stable. Therefore we can throw this hs-ladder away together with
related h;-ladders for i =0, 1.

24-stem: We havebS,, bosbs, boabds, b33 and hibos. da(b8y) = 0, dy(bS,) =
b32d4(b32) = P2héh3 and this is ho-stable. dg (b03b82) = Pldg (b03b02) = h1P1d0+
P2h3 + hgho(l)bozbog, and hidz(bogb?m) is hi—stable for i = 0, 1. dg(bogb%z) ~
h3hab3, and this is ho-stable. da(bZ3) = 0. da(hjbos) = 0.

Theorem 4.4.28. dy(b2;) = hably + hab?s.

Proof. To kill hjy PLhy, we need an element with u < —8, which could only be
bZ;. Therefore we get the coefficient of hyb2, is 1. For the other coefficient, we
need to use calculations in the range of 42 <t — s < 44, see [Tan70a). O

Remark 4.4.29. dy(h;b33) is h;-stable for i = 0,1. Actually, some h7b%; and
hi P hy will not survive to Ey in that they will be killed by h'"hybgy and T boab3,
respectively with n = m + 3 as discussed later.

Therefore, the survivors of 23-stem are hycg, hag ~ Plhy, hohag, hiP'dy and
hZ')Z for 0 < ) < 57 where 7 = hobogbogho(l) = Plhzbog and h%Z ~ P2h3+hlpld0.

25-stem: We have hgblgbog, h4b12, h%cl and Pleo. dg(hgblgbog) = hgdg (b12b03> =
h3bos and this is hg-stable. do(hab12) ~ 0. da(h3c1) = 0. da(Pleg) = 0. There-
fore, the survivors of 24-stem are P2cq, h? P'dy and hyhyco.

Remark 4.4.30. do(hobi2bos) is also ho-stable. Therefore we can throw this
ladder away together with its related hg-ladder.

26-stem: We have blg, b12h1(1>, h§b03, b02b22 = h%blg + h%bog, h4b()2h()(1),
doboz, P?b1o and h3g. da(b13) ~ hsbiz as in Theorem 4.4.24 and it is h-stable
for i = 0,1. da(biah1(1)) = hicy. da(h3bos) = hibge has already been thrown
in Remark 4.4.21. dg(h4b02h0(1)) = h‘i’h4h0(1) = h%h4Co and it is hl—stable.
dg(dobog) ~ hlplbog and it is hl—stable. d2(P2b12) = PldQ(P1b12) = h‘%PldO +
h3Pley and da(h;P%b1a) is h;-stable for i = 0,1. da(h3g) = 0. Therefore,
the survivors of 25-stem are hiP2%cy, P3h; and hiPley for 0 < i < 3, where
h3Ptdy ~ h3Pley.
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Remark 4.4.31. In the quotient complex, da(hab1s) = hahabis is ho-stable and
s0 is da(b12h1(1)). Therefore we can throw these two ladders away together with
their related hqo-ladders.

27-stem: We have h4b82, Plho(l)bog, hgbgz, ho(l)bSQ, h4b03, hgbg?) and
ho(l)g. d2(h4b82) = h?P1h4 + h%P1h2h4 = h§P1h4 + hgh4b02h0(1) and it is
h;-stable for i = 0,1. We should mention that h$P'h; has not been quo-
tient yet since it is killed by hi-stable elements of dy(b2;). do(P1ho(1)bog) ~
hlpleo + h%dobog, and dg(hlplho(l)bod) is hi—stable for i = 0, 1. dg(h3b82) =
0. dg(ho(l)b?m) = }L%]DZCO7 and it is hl—stable. dg(h4b03) = h1h4blg ~ 0.
d2(ho(1)g) = hoh3g and it is hg-stable. da(h2b33) = 0. By checking filtra-
tion degree u of corresponding dimension in 28-stem, we know that hob3; can
not be killed by da. Then we have dy(hab3s) = hads(b2;) = Plhohy + h3g and
it is ho-stable. da(ho(1)g) = hoh3g and it is ho-stable. Therefore, the survivors
of 26-stem are h3g ~ Plhohy, P3h? and hjj for 0 < i < 3, where j = hodgbos,
h()j = hgi = Plf() and h%] ~ hlpleo.

Remark 4.4.32. dy(hab?3;) is also ha-stable. Therefore we can throw this ladder
away together with its related hg-ladder.

28-stem: We have P2b03, bgg, bo47 hl(l)bog, b02b33 and Plg = d(% d2(P2b03) =
h3bd, and it is h-stable for i = 0,1. da(bly) = P3h3 + h2P3hy and h;b),
is h;-stable for ¢ = 0,1. da(bgs) ~ habps as proved in Theorem 4.4.25 and
it is h;-stable for ¢ = 0,1. dg(hl(l)bog) = hl(l)dg(bog) + bogdg(hl(l)) ~
h1h1(1>b12 = hgg and it is hl—stable. d2(502b33) = b%ng(bog) = h‘;’b%?) + h%hgbgg
and da(h;bo2b3s) is hi-stable for i = 0,1. da(Plg) = 0. Therefore, the survivors
of 27-stem are hP3hy for 0 < i < 2 where h3P3hy ~ P3h3.

29-stem: We have Pldoho(l), ho(l)blgbog, hgdobog and h4d0. dQ(Pldoho(l)) =
Pldg(doho(l)) = thlg and it is ho—stable. dg(ho(].)blgbog) = 60d2(b03) =
h160b12 = hlho(l)g and it is hl—stable. dg(hgdobog) = hgdg(dobog) ~ 0. d2(h4d()) =
0. Therefore, the survivors of 28-stem are hiP'g for 0 < i < 2 where P'g = d3.

Remark 4.4.33. We denote k = hadgbgs.

30-stem: We only mention that dg (b02b13) = blgdg(bog) + b02d2 (blg) ~ h4d0
and it is h;-stable for i = 0,1. do(P'biobo3) = Plda(bi2bo3) = Plhig +
Plhgbog ~ Plhlg + hgk and dg(hiplblgbog) is hi—stable for i = 071 There-
fore, the survivors of 29-stem are h%k for 0 < i < 2 where hok = hsj and
h3k ~ hiPlg.

By now, the process above can be shown by the Table 4.7 below.

Therefore, we have the F, term of the May spectral sequence in the range
of 22 <t — s <29 in Table 4.6 below.
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Table 4.7: Quotient complex of Es in the range of 22 <t — s < 29
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Table 4.8: E., term of the May spectral sequence in the range of 22 < t—s < 29

15

14

13

12

11

10

P3hy

P200
Pld, Pleg Plg
7 J k
h3g
hgg/
h2.61 h4C()
22 23 24 25 26 27 28 29 t-s
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4.5 Differentials in the Adams spectral sequence

Theorem 4.5.1. In the Adams spectral sequence, all differentials in the range
of 0 < t—s < 29 are the following: da(hy) = hoh3, dz(hohs) = hodo,
d3(h(2)h4) = h%do, dg(eo) = h%do, dg(fo) = h%eo, dg(hofo) = hg(io, dQ(Z) =
hoPldQ, dg(hol) = h%Pldo, dQ(Pleo) = h%Pldo, dQ(hgj) = hSH_lPlBO fO’I’
n=0,1,2, do(k) = hoPlg, d2(hok) = h3P'g and ds(r) = h3k.

Proof. See [Rav86]. O

Remark 4.5.2. The is a nontrivial extension at the 23-stem. This must be
proved using some other methods. For example, one can compare it with the
Adams—Novikov spectral sequence, see [Rav86] for details.

Since there are no differentials in the range of 0 < ¢t — s < 13, the FEs-term
and E.-term of Adams spectral sequence will be just the same as Table 4.4.
The differentials in the above theorem can be viewed in Table 4.9 and Table 4.10
below.



55

Table 4.9: differentials of the Adams spectral sequence in the range of 14 <

t—s<21

11

10

d3
do \ e g9
51 h.g
h2 hahy
ha
13 14 15 16 17 18 19 20 21 t-:
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Table 4.10: differentials of the Adams spectral sequence in the range of 22 <
t—s<29

15
) /’
13
P3hy P3hy
12 /
11
P260
10 \

Pldo Pleo Plg d3

Se

h3g

hag

[ ]
hacy hacg
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Therefore, we have the F..-term of the Adams spectral sequence as in Ta-
ble 4.11 and Table 4.12 below.

Table 4.11: E, term of the Adams spectral sequence in the range of 14 < t—s <

21

11

10

P2h, P2h,
Pl Co e
~
/ hady
do h3hy g
51 h.g
02 hyhy hahy

13

Y

14 15 16 17 18 19 20 21 t-s
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Table 4.12: E, term of the Adams spectral sequence in the range of 22 < t—s <
29

15
14

13
P3hy P3hy

12 /
11

10

=
U
S
g
=
Q

t D
So—
<

=
N[N
e}

.
}LQ C1 h4Co

Y

22 23 24 25 26 27 28 29 t-s
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Therefore, we have the first 29 stable homotopy groups of spheres at prime
2 listed in Table 4.13 below.

Table 4.13: 2-component of 7 (S) for k < 29

k 0 1 2 3
Wk(S) Z(z) Z/2 Z/2 Z/S
7T4+]€(S) 0 0 Z/Q Z/16
T8 +k(S) Z2® Z/2 ZReZ]20 Z]2 Z/2 Z/8
124k 0 0 Z/2EBZ/2 Z/QEBZ/?)Q

726 7]2 Z]26 7226 Z]2® Z]2 726 Z]3 Z]2& 78

720 7]2 720 7]2 Z]26 72 Z/3

(S)
(S)
204k (S) Z/8 Z2® Z)2 Z2® Z)2 Z]2®Z/8d Z/16
(S)
(S)

Z/2 0
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Chapter 5

Cobordism Theory

5.1 Bordism and Cobordism

The theory of cobordism is important in algebraic topology for many reasons.
Primarily, it gives a classification of manifolds, which is computable by the tools
of homotopy theory. This classification, though very coarse, is surprisingly use-
ful since many things, such as the Chern numbers and Pontrjagin numbers, the
signature, even things so complicated as the index of elliptic operators and the
existence of metrics with positive scaler curvature, are invariant under certain
kind of cobordisms. Also, as shown in chapter 2, the homotopy group of spheres
is a special kind of cobordism group. Further more, the theory of complex cobor-
dism gives deep insights into homotopy theory, which will be discussed in detail
later.

Different kind of cobordism theory are characterized by a G-structure, where
G is a group with a morphism p : G — O, the infinite orthogonal group. (Pre-
cisely speaking, we should regard both G and O as Ind-objects of the category of
compact Lie groups, but all we need in the following is a fibration v : BG — BO,
so we do not discuss the details of the groups here.) Roughly speaking, a G-
structure of a vector bundle V is a G-principle bundle P together with a iso-
morphism from the associated O-bundle P xg O to the one corresponding to
the stabilization of V.

Definition 5.1.1. Suppose f : X — BO is a map classifying a stable vector
bundle U (or a virtual vector bundle of dimension 0), then a G-structure on U
is a lifting of f to BG, and two liftings are regarded as the same if they are
homotopic relative to v.

The space BO is an H-space with the addition induced by direct sum. This
has a homotopy inverse, so BO is an H-group. Fix a choice of homotopy inverse
¢ : BO — BO. If M is a manifold and f : M — BO classifies its stable tangent
bundle, then (o f classifies its normal bundle (in fact we may choose this as the
definition of the normal bundle).

61
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Definition 5.1.2. A manifold with a G-structure (abbreviated as G-manifold),
is a compact manifold with a G-structure on its normal bundle.

Definition 5.1.3. A G-cobordism between compact G-manifolds X and X' is a
compact G-manifold with boundary Y such that Y = X U X' as G-manifolds.

The cobordism class of G-manifolds form a group, with the addition induced
by disjoint union, and the inverse induced by changing the orientation, which
means the following:

Definition 5.1.4. Let f : M — BO be a map and g : M — BG a lifting
of f. Since the fundamental group acts trivially on BO, we have a map F :
M x [0,1] — BO such that F|pxo = Flux1 = f and Fl,x0,1] represents the
nontrivial element in the fundamental group for every p € M. F lifts to a map
G : M x[0,1] - BG with G|pxo = g. Define the map Glyx1 to give the
reverse orientation of g.

If BG is an H-group with v : BG — BO a morphism of H-groups, then
the cobordism group has a ring structure induced from cartesian product. We
assume this from now on.

We can generalize the preceding definition to give a generalized homology
and cohomology theory.

Let T be a space. Then MG, (T) is the cobordism group of maps from G-
manifolds to T. Precisely, we call to maps f : X — T and f’ : X’ — T from
compact G-manifolds X and X’ to T cobordant if there is a compact G-manifold
Y with boundary X UX’ as G-manifolds and a map from Y to T' which restricts
to f and f’ on the boundary. The group MG (T) is formed from the set of maps
from compact k-dimensional G-manifolds to 7" modulo the relation generated
by cobordism. This is the bordism group. It is a generalized homology theory.

Remark 5.1.5. The boundary map in the Mayer-Vietoris sequences is defined
as follows:

Let T =UUYV with U, V open, and A : X — T represent an element of
MG .(T). Choose a smooth function f : T — R such that the support of | f|—1 is
contained in \"H(UNV) and f takes the value —1 outside V and value 1 outside
U. Further, we may suppose 0 is not a critical value of f. Then f~1(0) is a
manifold with G-structure contained in \™*(UNV), and define O[N] = [A] y-1(0)]-

To define the corresponding cohomology theory, we work in the category of
compact manifolds. It can be easily generalized to noncompact manifolds to
give the definition of a generalized cohomology theory with compact support.
We will give the definition for a general space in the next section.

Definition 5.1.6. Let f : X — Y be a map between manifolds. Then a G-
structure on f is a G-structure on the virtual bundle [f*(TY)] — [T X].

So a G-structure on a manifold M is the same as a G-structure on the
map from M to one point. Also observe that the composition of maps with
G-structure has a specified G-structure.
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Let M be a manifold of dimension m. The cobordism group, MG* (M), is the
cobordism classes of maps with G-structure from compact (m — k)-dimensional
manifolds to M.

To define the pullback along maps, let f : M — N beamap,andv : X — N
a representative of an element of MG*(N). By suitable choice, we can make f
and v intersect transversely so that W = X X M is a smooth manifold. Let
w:W — M and o : W — X be the projection, then we have [p*T M| —[TW] =
o*([v*TN] — [TX]). Let u have the induced G-structure and define f*[v] to be
the cobordism class of p. One verifies this is well defined.

Remark 5.1.7. For manifolds with boundary, we can define the cobordism
groups to be cobordism classes of maps with G-structure from manifolds with
boundary which maps the boundary into boundary. If one extends the defini-
tion further to manifolds with corners, then there would be a quite satisfactory
cohomology theory.

For a vector bundle V' with a G-structure, there is a M G-orientation with
the Thom class given by the cobordism class of the zero section map.

If M is an m-dimensioanl G-manifold, then it is M G-oriented, so we have
Poincaré duality. In fact, by composition with the map to one point, we see a
map f: X — M has a G-structure if and only if X itself has a G-structure, so
MGm — k) (M) = MGy(M).

Let f: M — N be a map with G-structure, then the map f, : MG*(M) —
MG*=*(N) is defined by composition with f, where ¢ is the dimension of M
minus the dimension of V.

If A: X — M represents an element of MG.(M), then p; o A* defines the
pairing of bordism and cobordism MGy (M) x MG'(M) — MG—_.(pt) where
p: X — pt is the map to one point.

If v : X — Mand g : Y — N represent element of MG*(M) and
MG*(N) respectively, then v x p : X x Y — M x N represents their prod-
uct in MG***(M x N). The cup product is defined by pulling this product
along the diagonal map.

Summarizing, we define a pair of productive generalized homology and co-
homology theory (defined for manifolds for now), and a manifold (or vector
bundle) is M G-orientable if (in fact only if) it has a G-structure.

5.2 The Pontrjagin—Thom Construction

The computation of the cobordism groups are possible because we can define
spectra with homotopy groups isomorphic to the cobordism groups. In the pre-
ceding section, we constructed homology theories MG, with coefficient group
the cobordism group. By the Brown representability theorem, there exist spec-
tra representing these homology theories. It is a remarkable fact that these
spectra can be constructed in concrete ways by the Pontrjagin—Thom construc-
tion, making the tools in homotopy theory available in computations.
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First define the notion of Thom spectra. For a finite dimensional vector
bundle, the Thom space is the space obtained from the total space of the
vector bundle by adding one point at infinity. Now let V be a virtual vec-
tor bundle of dimension n over X with classifying map v : X — BO. The
space BO has a filtration BO(0) ¢ BO(1) ¢ --- ¢ BO(k) Cc --- C BO.
This induces vector bundles Vy, Vi,..., Vg, ... of dimension 0,1,...,k,... over
v=1(BO(0)),v~Y(BO(1)),...,v"Y(BO(k)),... classified by the restriction of v
to these spaces.

Definition 5.2.1. The Thom spectrum of V is obtained from the prespcec-
trum {Wy}, where Wy, is the Thom space of Viin if Kk +n > 0 and one
point otherwise, and the map XWj — Wy is induced from the isomorphism
Vi ®R = Vk+1|u—1(BO(k)).

Definition 5.2.2. The spectrum MG is defined to be the Thom spectrum of the
virtual vector bundle of dimension 0 induced from v : BG — BO.

We will show that the spectrum MG represents the homology theory MG,
and the cohomology theory MG, justifying the notation.

Now let X be a t-dimensional G-manifold. Embed it into some euclidian
space R™**. Then the normal bundle has a G-structure. The classifying map
for the normal bundle induces a map from the Thom spectrum of ¢t — [T X] to
MG. The tubular neighborhood N of X in R™ is homeomorphic to the normal
bundle, so R***/(R"**\ N) is homeomorphic to the Thom space, and we get a
map X!S — MG by composing the quotient map to R /(R"*t\ N) with the
map between Thom Spectra.

Conversely, given a map X!S — MG, we can realize it as a map from S"*!
to the Thom space of the vector bundle V,, classified by v~1(BO(n)) — BO(n)
for some n and the preimage of some generic section of V,, is a G-manifold
embedded in R**¢.

One shows these maps give an isomorphism between the cobordism groups
and the homotopy groups of MG.

For a map A from a G-manifold X to a space T representing some element
of MG.(T), and an embedding of X in R"** with normal bundle N, we can
define a map from M, the Thom space of N, to the space M AT where T is
the disjoint union of 7" and a base point. When p € N, then map p to the point
pAAXon(p) where m: N — M is the projection to the base, and send the point
at infinity to the base point. One verifies this is indeed continuous.

This give a homomorphism from MG.(T) to m.(MG ATy ), which is a mor-
phism between homology theories. Since it induces an isomorphism between
coefficient groups, it is an isomorphism of homology theories. So we get the
following:

Theorem 5.2.3. The homology theory MG, and cohomology theory MG* are
represented by the Thom spectrum MG.
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5.3 The computation of various cobordism groups

5.3.1 The unoriented cobordism ring

Setting G = O, we get the unoriented cobordism. The unoriented cobordism
ring was first calculated in [Tho54]. After that, more and more cobordism rings
are calculated by more and more elaborated methods.

The main step in calculating the unoriented cobordism ring is to show that
the cohomology ring of MO is free over the Steenrod algebra, so that it is a
cartesian product of Eilenberg-MacLane spectra.

Since every element of the unoriented cobordism group has order 2, we will
work with the cohomology group with coefficient Fy only.

The cohomology of the space BO(n) is a polynomial ring generated by the
Stiefel-Whitney classes {wy, ..., w,}. By Thom isomorphism, the Thom space
of the universal bundle, M O(n), has the same cohomology as a group. The zero
section map BO(n) — MO(n) induces a map between cohomology by sending
the Thom class ¢ to the Euler class w,, so we can identify H* (MO) as the ideal
in H*(BO(n)) generated by w,. The map (RP')” — BO(n) classifying the
product of the tautological bundle, identifies the cohomology of BO(n) as the
subalgebra of the symmetric polynomials in Fa[ty, ..., t,], where ¢; corresponds
to the generator of the cohomology of the i*" component of (R]P’l)”, And w;
corresponds to the i" elementary symmetric polynomial.

Lemma 5.3.1. When I runs over the set of admissible sequences of total degree
h < n (see 3.1.10 for the definition of admissability), the classes Sq* (tit2 .. .t,)
in H*((RPY)™) are linearly independent symmetric functions in t;.

Proof. See [Thob4]. O

So the classes Sq!(¢) with I admissible of total degree h < n, are also
independent. Letting n — oo, we see that the map A(2)* — H*(MO) induced
by the map MO — HFy defined by the Thom class, is injective. Dually, the
map H,(MO) — A(2), is surjective. One also verifies the map MO — HF,
preserves multiplication (at least up to homotopy). The following theorem of
Milnor and Moore shows that these suffice to show the freeness of the action of
the Steenrod algebra on H*(MO).

Theorem 5.3.2. Let ¥ be a commutative graded connected Hopf algebra over
a field K. Let M be a K-algebra and a right X-comodule. Let C = M Oy K
(defined by the exact sequence 0 — M Oy K — M YoM, gy ® X, where
denotes the comodule structure map of M and 1 the unit map of X). If there is
a surjection f : M — X which is a homomorphism of algebras and ¥-comodules,
then M is isomorphic to C' @ X simultaneously as a left C-module and as a right
Y-comodule.

Proof. See [MMG65] or [Rav86], Appendix Al. O

By comparing dimensions, we get the following:
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Theorem 5.3.3. The homology group of the spectrum MO is isomorphic to
Fo[z, :n # 20 — 1] ® A(2). as an A(2).-comodule.

Thus the spectrum MO is a product of Eilenberg-MacLane spectra by results
in the preceding chapters.

Theorem 5.3.4. The unoriented cobordism ring is isomorphic to Fa[z, : n #
2t —1].

5.3.2 The oriented cobordism ring

The oriented cobordism is the case G = SO. In this case, an SO-structure is the
same as an orientation. We will also call a map with SO-structure an oriented
map.

The rank of the free part of the oriented cobordism group is easy to compute,
since 1, (M SO) ® Q is isomorphic to the rational homology.

Recall the cohomology of BSO.

® H*(BSOaQ):Q[plap27]adzm(pl):4z
o H*(BSO,F,) =F,[p1,p2,...] for p odd, dim(p;) = 4i
L] H*(BSO,FQ) :Fz[wg,’IU37...], dzm(wz) =1

The cohomology of M SO follows from Thom isomorphism.

The calculation of the multiplication of the homology ring is deduced from
the multiplicative properties of the Pontrjagin numbers and Stiefel-Whitney
numbers. In particular, for the rational case, we have:

Theorem 5.3.5. 7, (MSO) = Q[x1,x2,...] where x; can be chosen to be the
class of CP*.

Proof. See [Tho54]. O

The structure of the odd component of the oriented cobordism ring can be
calculated by the Adams spectral sequence. Fix an odd prime p.

Let t1,%a, ... be indeterminates, and set p; to correspond to the i elemen-
tary symmetric polynomial of the ¢;. Define v, = Y t9'¢t3>... be a symmetric
polynomial, where w = (g1, ...,¢s) is a sequence of nondecreasing positive in-
tegers. Then the v, can be expressed by a polynomial in p;, and we can cor-
respond them to elements in H*(BSO,F,). These form a basis for the group.
Let V,, € H*(MSO,F,) be the image of v,, under the Thom isomorphism. Call

w p-adic if at least one of the summands is equal to p—;l
Theorem 5.3.6. The Bockstein operation acts trivially on H*(M SO, F,). When
w runs over all non-p-adic sequences (including the empty one), and I runs

over all admissible sequences, the V,,’s together with the PV, ’s form a basis for
H*(MSO,F,).

Proof. See [Nov62]. O
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This meas the cohomology group of M SO is free over the algebra generated
by P?, which is the quotient of the mod p Steenrod algebra by the two sided ideal
generated by the Bockstein operation. The calculation of the Adams spectral
sequence of this kind of A(p)*-modules will be done in the next section. In
particular, it follows that 7.(MSO) has no p-torsion.

A complete calculation with the Adams spectral sequence gives the ring
structure of the free part of the oriented cobordism ring, which was calculated
in [Mil60].

Theorem 5.3.7. The quotient ring of m.(MSO) by the torsion part is isomor-
phic to the ring of polynomials with generatord w; of dimension 4i for i > 1.

Proof. See [Nov62]. O
Remark 5.3.8. The generators z; = [CP*] has the property that modulo de-
composables, x; = (2i + Vu; if 2i + 1 # p* for any p and x; = %ui if

2i + 1 = pF for some p.

The computation of the 2-component is more difficult. It is calculated in
[Wal60]. Tt turns out that after localization at the prime 2, the spectrum M.SO
becomes a product of Eilenberg-MacLane spectra, so in principle we can try to
prove that the cohomology of M SO is a sum of the A(2)*-modules A(2)* and
A(2)*/A(2)*(Sq"). This needs some work in algebra, see [Pen82a].

In the rest of this chapter, all coefficients of cohomology will be F.

To avoid the complication of algebra, one starts with the exact sequence

T« (M SO) X2, Tx(MSO) — m,(MO) due to V. A. Rokhlin. Here we give the
argument in [Ati61a).

First observe MO~*(pt) = MSO?*N—#(RP?*") for some N > k. For any
manifold M, the first Stiefel-Whitney class of its tangent bundle is classified by
a map M — RP°°, and this map descends to some map ¢ : M — RPN unique
up to homotopy. Since the first Stiefel-Whitney class of RP?V is the nontrivial
element in H'(RP*Y | F,), the map ¢ is always orientable, and the orientation is
irrelevant since the action of 7T1(]R]P)2N ) reverses the orientation. Reversely, any
oriented map M — RP*" from a k-dimensional manifold necessarily preserve
the first Stiefel-Whitney class.

Define #;, = MSO> *(RP? RP°). Since RP* /RP?"N 2 =~ RP?/RP, #;, =
MSOQN_k(RPQN, RIPQNfZ).

From the triad (RP?, RP*, RP°), observing RP?/RP' 2 $2 and RP'/RP =
S, we get an exact sequence

= Wi L MSOF(pt) S MSO~F(pt) = # — ... (5.3.9)

The map ¢ is induced by the map which attaches the 2-cell of RP? to its 1-
skeleton, so v is multiplication by 2.
From the triad (RP*Y, RP*V 72 (), we get the exact sequence

= W — Mo_k(pt) LN MO_(k_Q)(pt) — ...
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The map € is induced by taking the preimage of RP*NV =2 ¢ RP?Y for the map
classifying w; .

The most technical step is the following construction. Let f : M — RP*¥—2
be the map classifying w;. Denote by .4 the normal bundle of RP*¥~2 in
RP?*Y. Define Q to be the projective bundle of f*(.4) & R, which is a fibre
bundle over M with fibre the projective plane associated with the affine plane
f*(A)|x over any point z € M. Fix a projective line £ C RP*Y which do
not intersect RP*Y~2. For any point y € RP?M =2 the projective plane passing
through y and .Z can be identified with the projective plane associated with
Ny, with £ the line at infinity. We have a map from W to RPN mapping
the fibre at  to the projective plane passing through f(z) and .Z by the above
identification.

One sees the preimage of RPN =2 in W is just M, so the above construction
gives a right inverse to ¢ : MO~(*=2)(pt) — MO~*(pt), so the long exact

sequence splits and we get a split exact sequence 0 — #;, — MO~*(pt) LN

MO_(k_z)(pt) — 0 identifying #4 with a direct summand of 7, (MO), and
Rokhlin’s exact sequence is proved in view of the sequence 5.3.9.

Remark 5.3.10. One may want to have a explicit construction, for any ori-
ented manifold X bounding a not necessarily oriented manifold Z, of a oriented
manifold whose boundary is X U2Y for some Y. In the following, transversality
is assumed whenever necessary. Let f : (Z,X) — (RP?Y pt) be the map clas-
sifying wy1(Z, X). Denote by M the inverse image of RP?N =2, Apply the above
construction to M, we obtain a manifold W and a map v : W — RPN such
that u‘l(R]P’QN_l) = M. Let T be a sufficiently small tubular neighborhood of
RP*N =2 Cut out f~Y(T) from Z and paste v='(RP* \ T) in (This can be
done whenever T is sufficiently small since then f~1(T) is the disk bundle of
f*(A)), then we get a manifold U with boundary X and the classifying map for
wi (U, X) lies in RP*N \ RP*M 1. Since RP*Y \ RP*N =2 is homotopic to RP",
we have a map g : (U, X) — (RP*,pt) classifying wi (U, X). Let p € RP* be a
generic point. Then g~1(p) is an orientable manifold with trivial normal bundle
in U. Define V to be the manifold obtained by cutting U along g~*(p). Then
V is orientable and has boundary X U2g~1(p). The induced orientation on X
may not be the original one, but this is irrelevant modulo 2.

Remark 5.3.11. The group #j, = MSO?*~*(RP?* RP°) can be identified with
MSOz*k(}RIP’2 \RPY), the cohomology with compact support. So it is represented
by manifolds whose classifying map for wy lies in RP? \R]P’O which is homotopic
to RP'. Hence they are manifolds with wy coming from cohomology with integral
coefficients. The map W 9, Tr—1(MSO) can be described as follows. Let M
be a manifold with w, integral, so it is classified by a map M — S' and the
preimage of a generic point is the desired orientable manifold.

Next we need the explicit basis for m, (M O) introduced in [Dol56].
First define an action of Z/2 on S™ x CP" by the formula (z,y) — (—z, 7).
This is a free action and define &, , to be the quotient. This can also be
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regarded as the quotient of S™ x $2"*! by the action of O(2) defined by

g
g(x,2) = | det(g)z,
9

We have a fibration CP" — £, ,, — RP™ induced by the projection to S™.
When m,n — oo, the space &, ,, approximates BO(2), which has cohomology
ring Fo[wy, ws]. By the naturality of the Serre spectral sequence, we see all the
differentials in the Serre spectral sequence of the fibration CP" — &2, ,, — RP™
vanishes, so H*(,,.,) is isomorphic to Fale,d]/ (™1, d"*1) as a module over
H*(RP™) where ¢, d correspond to the generator of H*(RP™) and H*(CP")
respectively. Moreover, since the Z/2 action preserve any hyperplane in CP",
the class of the quotient of S™ x S for any hyperplane 7 is the Poincaré dual
of d. Since the intersection of n + 1 hyperplanes is empty, we see d"t! = 0, so
H*(Pn) = Fale,d]/(c™F,d" 1) as a ring.

The Steenrod squares on &, ,, is the pull back of that on BO(2), so by
Wu formula, Sq'(d) = ed and others are determined by the axioms and Cartan
formula. Once the Steenrod squares are calculated, the Stiefel-Whitney classes
of &, follows by a calculation using Wu’s theorem.

Theorem 5.3.12. The Stiefel- Whitney classes of Py, n is given by
W(Pmn)=0+c)"(1+c+d)"!
Proof. See [Dol56]. O

Remark 5.3.13. Alternatively, we can argue as follows. The manifold Py, p,
as a bundle over RP™, has tangent bundle the direct sum of the vertical part and
the horizontal part. The horizontal part is simply the pull back of the tangent
bundle of RP™ so has Stiefel-Whitney class (1 + ¢)™*1. The vertical part can
be described as in the case of CP". The vertical part for the tangent bundle
of S™ x CP" is just (n 4+ 1)y — C where v is the tautological bundle. This
descends to the quotient. -~ turns out to correspond to the pull back of the
universal bundle over BO(2), so has Stiefel-Whitney class (1 + ¢ + d), and
the trivial bundle C, since the action is conjugation, goes to the determinant
bundle of that pulled back from BO(2) so has Stiefel-Whitney class 1+ c¢. Thus
wW(Pmn)=1+c)™(1+c+d)" .

By a calculation with Stiefel-Whitney numbers, we obtain a set of generators
for m,(MO).

Theorem 5.3.14. For any integer i not of the form 2F — 1, define numbers
s,r by the formula i +1 = 2"(2s + 1). Define &; = RP" if i is even, and
@z’ = 927‘_17327” ’LfZ 1s odd. Then W*(MO) = FQ[[@Q], [,@4], [:@5], . ]

Proof. See [Dol56]. O
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The manifolds P,; 1 are all orientable. Also the action of Z/2 on S™ x CP"
defined by (z,y) — (Z,y) where & = (2o, ..., Tm—1, —Tm) if x = (2o, ..., i1, Tm),
descends to an action on &, ,,. This action reverses the orientation of Po;y1.
Thus Py;11 defines a class in 7, (M SO) of order 2.

Next we will investigate the structure of #;. It is easy to see the product of
two manifolds with integral w, still have w; integral, so ), #4 is a subring of
7.(MO), though this one is not induced from MSO*(RP?).

We can show that in 7, (MO), [CP*] = [RP*]? by comparing Stiefel-Whitney
numbers. So the set {[Pg;_1],[€4;]} where €); = CP?* generates a polynomial
subalgebra of 7, (MO) in the image of the map m,(MSO) — m.(MO).

If X represents an element in ., (M SO) of order 2, then their is a cobordism
Z from X U X to the empty set. Pasting together the two copies of X we
get a manifold W with (W) = X where 0 is defined in 5.3.9. Applying this
construction to the %9;_1 we get manifolds Dy; in %, with 9(2s;) = HPai_1.

The manifolds {[25, 25;,,€4;]} with e € {0,1}, s,¢ nonnegative integers
and k, i, j positive integers such that k > 2, k,i # 2", are linearly independent
in %, because we have shown the monomials in {[Ps;_1],[%4;]} are linearly
independent and [25;] = [RP?*] mod decomposables as shown in [Wal60]. (In
fact H*(2umn) = Fale,d, z]/(c™(c + x),d" T, 2?), where ¢,d comes from 2, ,
and z comes from S'. w(Zp,) = (1+2z+c)(1+ )™ (1 +c+d)"*. Here
m =2" —1,n = s2".) By comparing dimensions, we can see these are indeed a
basis for #.

Now we can determine the additive structure of 2-component of 7, (M SO).
The sequence 5.3.9 is a kind of Bockstein sequence. We have the Bockstein
operation d; defined by 9; = v 0 0.

One can also show that the map 9, is a derivation. In fact, if f: X — S!
and g : Y — S? classify w; of X and Y, then po(f xg): X xY — S? classifies
w1 (X x Y) where p : St x S — St is the group multiplication. d(X x Y) is
(o (fxg)~tpt) = (f xg)~L(u"t(pt)). One show by direct construction that
1~ L(pt) is cobordant in ST x ST to {pt} x ST+ St x {pt}, so (f x g)” ("L (pt))
is cobordant to f~ (pt) x Y + X x g7 (pt) = (X)) x Y + X x 9(Y).

Give #. a decreasing filtration by letting 25, &5, €}; have filtration € +
s+ 4t. Then [29;]? have filtration 4. The spectral sequence in calculating the
homology of 0; with this filtration has F;-term the tensor product of the poly-
nomial algebras Fy[€y;] and Fo[Par_1] ® A[Zax] where the differential on the
former is trivial, and on the latter is given by d;(Z2ar) = Pa_1 so has homol-
ogy Fs concentrated in degree 0. The Es-term is thus the Fo[éy, 65, . .. ] which
consists of permanent cycles. So the homology of 9y is F3[%}, s, . ..]. Because
the homology of 0; has generators corresponding to generators of the free part,
the higher Bockstein operations vanish. So the torsion part of 7. (M SO) have
order 2, and {%}, %s, ... } generates the free part of the 2-component. (Indeed
this is used in the proof of theorem 5.3.7 if one do not want to calculate the
mod 2 Adams spectral sequence.)

Corollary 5.3.15. Two manifolds are oriented cobordant if and only if thay
have the same Stiefel-Whitney numbers and Pontrjagin numbers.
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Proof. See [Wal60)]. O

Remark 5.3.16. One can show that the 2-localization of M SO is a product of
Eilenberg-MacLane spaces. This is not true for the localization of M SO at an
odd prime.

The ring structure of 7,(MSO) can be deduced from these. Define hy to
be the generators for the free part, and g, = 9(Zaq, Zog, - - - Zoa, ) Where w
is the unordered sequence (a1, as,...,a,) with a; pairwise unequal and not a
power of 2. One can show these are indecomposable and any torsion element
of m.(MSO) can be put into the form X(]] h4a)([] gp)9. where b denoted the
sequence (b).

Theorem 5.3.17. The ring m.(MSO) is generated by {hqk, g, }, with relation
290 =0, Y. 9w, 9a;, = 0 where w = (a1,...,a,) and w; = (a1,...,d;,...), and
relations of the type gogy = X(I]haa)(T1 )90

Proof. See [Wal60]. O

5.3.3 Spin cobordism

The spin cobordism is defined by taking G = Spin. This is considerably subtler
than the unoriented and oriented cobordism.

Unlike the cases before, there are non-nullcobordant spin manifolds with all
characteristic numbers zero. For example, the circle with the nontrivial spin
structure, or the torus with the spin structure obtained from the left invariant
framing.

Fortunately, we do have characteristic classes in KO-theory which detect
them. The most important is the Atiyah-Bott-Shapiro construction. This can
be described in many ways.

Firstly, for any n-dimensional spin manifold, there is the Dirac operator on
it. Its index gives an element in 7, (K O), which can be shown to be cobordism
invariant.

Secondly, by the Atiyah-Singer index theorem, the index of the Dirac op-
eration can be computed using KO-theory. As shown in [ABS64], the spin
representation gives a specified K O-orientation of Spin-bundles, i.e. a functo-
rial KO-Thom class for Spin-bundles, so a spin manifold is K O-oriented, and
the index of the Dirac operator is simply pi(1) € KO~"(pt) where p is the
map to one point and 1 is the K O-class represented by the trivial bundle of
dimension 1. This construction can be extended to a morphism between gen-
eralized cohomology theories. An element of M Spin*(M) is represented by a
map f : X — M with a Spin-structure of [f*(T'M)] — [T X], so we have the
map fi and Fi(1) € KO*(M) defines a morphism from M Spin* theory to KO
theory.

Thirdly, on the spectrum level, the universal bundle over BSpin is KO-
oriented and the KO-Thom class of M Spin gives a map v : MSpin — KO
which is the morphism constructed before.
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This map can be used to calculate the spin cobordism groups in low dimen-
sions. Since M Spin is 0-connected, the map v lifts to a map u : M Spin — bo
where bo is the 0-connected cover of KO.

The first few spaces of the spectrum bo (i.e. the infinite loop spaces Q" (bo))
can be described quite explicitly: the Oth space is Z x BO of course. The 1st one
is U/SO and the 2nd Sp/U. The 3rd is Sp, 4th BSp, 5th SU/SP. The 6th space
is Spin/SU induced from the lift of the limit of the maps SU(n) — SO(2n).
The 7th space is less classic, the 3-connected cover of Spin. This object, a priori
an F..-space, has now acquired a name, the String group, for reasons apparent
from the name. And the 8th space is just BString.

The infinite loop spaces of M Spin cannot be so easily described, but it
comes form a prespectrum with the n-th space M Spin(n). So the map u can be
approximated by the maps M Spin(n) — Q°°~"(bo). These map can be studied
with little effort, at least up to the 4th term.

We know Spin(4) = Sp(1) x Sp(1). Let G1,G2,G3 be three copies of the
group Sp(1) (identified with the unit ball in H), and Hjs, Hi3, Ha3 be three
copies of H, such that G; x G; acts on H;; by the formula (s,t)h = sht™!, and
the remaining group acts trivially. BSpin(4) is identified with BG; x BGs.
Then the action of G; X G5 on Hyo, Hy3 defines two vector bundles My, My over
BSpin(4), and the action of G3 makes them H-vector bundles. The action of
G1 XG5 on Hyy defines a vector bundle V over BSpin(4) which is the same as the
one pulled back from BSO(4). The G; x Gs-equivariant map HyoX ¢, Haz — His
defines amap v : V' X ggpin(a) M2 — M preserving the H-structure. The Atiyah-

Bott-Shapiro construction in this case is a sequence 0 — p*(My) £ p*(M;) — 0
of H-vector bundles over V' which is exact outside the 0O-section, where p: V —
BSpin(4) is the projection and g is the map v(x) at a point « € V. This

gives a class [v] € I/(TS?)(MSpin(ZL)) = 1?64(M5'pin(4)) which is the KO-Thom
class. So the map M Spin(4) — BSp is given by this virtual bundle. We know
H*(BSp,Z) is a polynomial ring Z[ca, ¢y, .. .|, and if a = co(M7), 8 = ca( M),
then H*(BSpin(4),Z) = Z]a, ). The reduced cohomology of M Spin(4) can be
identified with the ideal in H*(BSpin(4),Z) generated by the Euler class of V|
which is @ — . The pull back along the 0-section of the KO-Thom class [v]
is the virtual bundle [Ms] — [M;] so its total Chern class is ¢([Ma] — [Mi]) =
£ in particular, c1([Ma] — [M1]) = 8 — a and cx([Ma] — [Mi]) = o? — af,
and from this we see the map M Spin(4) — BSp induces an isomorphism of
cohomology groups up to dimension 8. Since these groups have no torsions,
the map of homology is also isomorphism up to dimension 8. From this follows
mi (M Spin(4)) = m;(BSp) for i = 1,2,3. Since m;(M Spin(4)) — m;(MSpin) is
an isomorphism for ¢ = 1,2, epimorphism for i = 3, we get:

Theorem 5.3.18. 7o(MSpin) = Z, m(MSpin) = Z/2, m(MSpin) = Z/2
and w3 (M Spin) = 0.

In fact one can prove that the Atiyah-Bott-Shapiro map M Spin — bo induce
an isomorphism on homotopy groups up to dimension 7, by either calculating
further with the above method, or apply the calculation of H*(bo) in [Sto63].
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The compete calculation of the spin cobordism group is done in [ABP67]. To
state their results, one needs to define more K O-valued characteristic classes.

Let ¢ be a finite dimensional vector bundle. Define \;(£) to be its i exterior
power. Let ¢ be an indeterminate and A¢(§) = > ;50 Ai(§). Let s = ﬁ as a

formal power series. Define wg(&) = (ijff))n
verifies wy(n) = 1 for n a trivial bundle. w, has constant term 1 and satisfies
ws(EDn) = ws(&)ws(n) so ws extends to a natural transformation KO(X) —
KO(X)[[s]] for X finite CW-complexes. This can be further extended to give
a class wy, € KO(BSO)[[s]] which can be regarded as w,(v) where v is the
universal virtual bundle over BSO (of any dimension). Let wy = Y, @;s".
Define wy = wj, @, ... w;, where J = (j1,j2,...,jr) is a sequence of integers
with j; > 1. Define n(J) = j1 + j2 + - - - + jx. The w;’s pull back to classes in
KO(BSpin) and will be denoted by the same symbols.
Define BO(n) to be the n-connected cover of KO.

where n is the dimension of £&. One

Theorem 5.3.19. The map wy : BSpin — KO can be lifted to a map @y :
BSpin — BO(I(J)) where I(J) = 4n(J) if n(J) is even and I(J) = 4n(J) — 2 if
n(J) is odd.

Proof. See [ABP67]. O

The Atiyah-Bott-Shapiro map M Spin — bo gives a bo-orientation, and since
BO(k) are bo-module spectra, we have Thom isomorphisms. Denote by f; €
BO(I(J))*(M Spin) to be the image of o ; under the Thom isomorphism.

Theorem 5.3.20. There exist elements {z;} C H?% (MSpin,F3) for certain
sj such that the map F : MSpin — [[BO((J)) x [[X%HFs given by F =
[1f7 x 11z, induces an isomorphism on cohomology with coefficient Fs.

Proof. See [ABPG67]. O

Remark 5.3.21. The cohomology of MSpin can be calculated from that of
BSpin by Thom isomorphism, and H*(BSpin,Fs) = H*(BSO,F2)/I = Faly; :
i # 1,2"41], where I is the ideal generated by the reqular sequence wa,Sq w2,5¢*Sq ws,
...,quhSQOT%.Sqlwg,.... This can be deduced from the Serre spectral se-
quence for BZ/2 — BSpin — BSO. (See [Qui71b] for the calculation of
H*(BSpin(n)).)

The cohomology of BO{(n) is calculated in [Sto65] as follows: H*(BO(n)) =
A(2)*/A(2)*(Sq*, S¢?) if n =0 mod 8 and H*(BO(n)) = A(2)*/A(2)*(Sq¢?) if
n =2 mod 8. Here A(2)*(Sq', Sq?) is the left ideal generated by Sq*,Sq* and
similar for A(2)*(S¢®).

When the cohomology groups are calculated, the dimensions of the z; can be
deduced by dimension counting,

Remark 5.3.22. The spin cobordism group has no odd torsion as the oriented
case, see [Mil60]. So the above theorem determines the spin cobordism group.

Corollary 5.3.23. Let M be a spin manifold. Then it bounds a spin manifold if
and only if wy (M) =0 for all J and all Stiefel-Whitney numbers of M vanish.
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5.4 Complex cobordism and the Adams—Novikov
spectral sequence

The complex cobordism theory correspond to the case G = U. This was first
studied in [Mil60] and [Nov60]. It is important because it is not only a gen-
eralization of the ordinary cobordism theory, but also gives a powerful tool
in investigating the homotopy groups, and reveals fine structures in homotoy
theory, which will be discussed in detail in the next chapter.

The computation of the complex cobordism group can be achieved by the
Adams spectral sequence.

Fix a prime p, and let all homology groups in the following calculations have
coefficients Fp,.

The cohomology of BU(n) is a polynomial algebra Fplci,...,c,]. And as
in the case of unoriented cobordism, MU (n), the Thom space of the universal
bundle, has cohomology the ideal in H*(BU(n)) generated by ¢,. The map
(CP")» — BU(n) classifying the product of the tautological bundle identifies
H*(BU(n)) with the subalgebra of symmetric polynomials in F,[t1,...,t,] as
before. The Bockstein operation (Sq* if p = 2) acts trivially on these spaces
for dimensional reasons. Consider the algebra P* which is the quotient of the
Steenrod algebra by the ideal generate by the Bockstein operation. Denote by
Pi = S¢* if p=2.

Lemma 5.4.1. When I runs over the set of admissible sequences of total degree
h < 2n (see 5.1.10 for the definition of admissibility), the classes P! (tito ... t,)
in H*((CPY)™) are linearly independent symmetric functions in t;.

So by letting n — oo, the classes P!(n), where 1 is the Thom class in
H*(MU) and I runs over all admissible sequences are linearly independent.

Dually, the homology ring of the ring spectrum MU is a comodule over P,
the subalgebra of A(p). generated by &;,&,... for p > 2 and &7,&2,... for
p = 2. And we have a epimorphism H,(MU) — P,. Applying theorem 5.3.2,
and counting dimensions, we obtain:

Theorem 5.4.2. H.(MU) = Fplu; : i # p* — 1] ® P. as an A(p).-comodule,
where dim(u;) = 24.

In calculating Ezt groups, we can simplify the ring whenever it is free over
something. In this case, we have:

Theorem 5.4.3. Exty, (Ho(MU)) = Extay),er,(C), where C = Fylu; :
i # p¥ — 1] has trivial coaction.

Proof. See [Rav86], chapter 3. O

The algebra A(p). ® F,, is a primitively generated exterior algebra, so its
Ext group is a polynomial algebra by direct calculation in the cobar complex.

Theorem 5.4.4. Exty,), (H (MU)) = Fplu; : i # p* — 1] ® Fplag, ay,...],
where a; € Ext!:2P —1,
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Proof. See [Rav86], chapter 3. O

The following picture shows the generators of Exti"'(;)* (H (MU)) for p = 2.
s

100 eQ1 o (2 o U2

0 2 4 6 8 10 12 14 16 18 t-s

All the differentials in the Adams spectral sequence for MU vanish because
of dimensional reasons. Since 7o(MU) = Z, the multiplication of ag correspond
to multiplication by p in m,(MU). So the complex cobordism ring is:

Theorem 5.4.5. 7. (MU) = Z[z1, x2, ...] with dim(z;) = 2i.

Remark 5.4.6. The preceding calculation gives the Hurewicz map h : m.(MU) —
H.(MU,Z). We have H,(MU,Z) = Z[by,ba,...] and modulo decomposables

L —ph i=p*—1 for some p
h(zi) = { —b;  otherwise

Unlike the case of oriented, unoriented and spin cobordism, (at the prime
2), complex cobordism do not split into a product of simple pieces as ordinary
cohomology or KO-theory. As a new cohomology theory, it can give information
unknown before. In fact, ordinary cohomology theory and complex K-theory
are module spectra over MU, so in principle, complex cobordism always gives
more information.

S. P. Novikov first observed in [Nov67] that in the Adams spectral sequence,
the role of the ordinary cohomology theory can be replaced by complex cobor-
dism theory. The resulting spectral sequence is now known as the Adams—
Novikov spectral sequence.

Theorem 5.4.7. Let X be a connective spectrum. There is a spectral se-
quence converging to m.(X) with Es-term Ext v (MU*(X), MU*(S)) where
AY = MU*(MU) is the ring of operations in complex cobordism theory, or
dually, with Es-term Extyry, iy (MU, MUL (X)) calculated in the category of
comodules over the Hopf algebroid (MU, MU, MU).

Proof. See [Nov67] or [Rav86], chapter 2. O

To use this spectral sequence to calculated the homotopy groups, one needs
to know the structure of the Hopf algebroid (MU, MU,MU). This is most
conveniently described in terms of formal groups, which will be given in section
6.1.

In calculating stable homotopy group of spheres, for the 2-component, the
Adams—Novikov spectral sequence gives information complementary to that in
the classic Adams spectral sequence, and for odd primary components, the
Adams—Novikov spectral sequence always gives more information. Also, the
Adams—Novikov spectral sequence shows a more regular pattern, which will be
explained in the next chapter.
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Chapter 6

Chromatic Homotopy
Theory

6.1 Formal groups

The connection between complex cobordism theory, first appeared in the sixties,
has deeply influenced homotopy theory, especially after D. Quillen’s discovery
that complex cobordism in fact gives the universal formal group law. Since then,
the theory of formal groups, well studied by algebraic geometers, was applied in
homotopy theory leading to deep insight into the structure of homotopy theory.
Also the study of homotopy theory reveals new structures of classical objects in
algebraic geometry.

Definition 6.1.1. Let R be a ring. A (commutative 1-dimensional) formal
group law over R is a formal power series f(z,y) = 2By = z+y+>_, i>1 aiijiyj €
Rl[x,y]] satisfying the following: B

1. zHBy=yHx
2. (xBy)Bz=zB(yHz2)

In other words, a formal group law is a group object in the category of for-
mal schemes over R, together with an isomorphism from its underlying formal
scheme to Spf(R[[x]]).

Remark 6.1.2. Since x By = x+y mod (x,y)?, the existence of an inverse
18 automatic.

Definition 6.1.3. Let v : R — S be a morphism of rings, and f(z,y) =
x+y+zi7j21 a;jx'y’ € R[[z,y]] a formal group law over R. Then the pullback of
[ along 7y is defined to be the formal group law v*(f) = x+y+3_; ;5 y(ai;)z'y?
over S. -

7
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Definition 6.1.4. Let f, f’ be two formal group laws over R. A morphism
between f and f' is a formal power series g(x) € R[[z]] such that f'(g(z),g9(y)) =

g(f(z,y))-

Definition 6.1.5. A strict isomorphism between formal group laws is a homo-
morphism g of the form x + 2122 e;x’.

Definition 6.1.6. A logarithm of a formal group law is a formal power series
log(xz) = x + > 55 biz" such that log(x By) = log(z) + log(y), i.e. an strict
isomorphism to the additive one

Remark 6.1.7. Over R® Q, the logarithm exists and unique. In the following
logarithms are always understood to be over R ® Q.

In homotopy theory, a formal group law is associated with any complex
oriented cohomology theory.

Definition 6.1.8. A complex orientation of a multiplicative generalized coho-
mology theory E* is a class v € E*(CP*) such that the restriction of x to
CP' = S? equals the suspension of the unit 1 € E*(pt).

A complex oriented cohomology theory is a multiplicative cohomology theory
together with a complex orientation.

Remark 6.1.9. One can show that in this case, any complex vector bundle has
a specified E*-orientation, i.e. a functorial Thom class in E* theory for every
complex vector bundle. Moreover, if W = U @&V, then the Thom class of W
is the pull back along the diagonal of the exterior product of those of U and V.
This is equivalent to a multiplicative homomorphism from MU* to E*.

Reversely, given such an E*-orientation of complex vector bundles, a com-
plex orientation of E* is obtained by taking the Thom class of the tautological
bundle over CIP*°, since in this case the Thom space is homotopic to CP>. One
verifies this gives a bijection between complex orientations of E* and multiplica-
tive homomorphisms from MU* to E*.

Given a complex oriented cohomology theory E* with orientation x, a calcu-
lation using Atiyah-Hirzebruch spectral sequence shows E*(CP*) = E*(pt)[[z]]
and E*(CP*> x CP*) = E*(pt)[[z,y]]. The tensor product of complex line
bundles induce a map m : CP™ x CP>* — CP>, and this gives a map m* :
E*(pt)[[z]] — E*(pt)[[z,y]]. Since the tensor product is commutative and asso-
ciative, m* makes Spf(E*(pt)[[z]]) into a commutative group object. So there
is a formal group law over E*(pt).

In the special case E* = MU™, the identity map on MU gives MU* a
canonical complex orientation, and for any complex oriented cohomology theory
E*, the homomorphism from MU* to E* preserves complex orientation, so the
formal group law over E*(pt) is the pull back of the canonical one over MU*(pt).
This shows the formal group law over M U*(pt) is universal among formal group
laws coming from complex oriented cohomology theories.

In fact, it is the universal formal group law.
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Definition 6.1.10. A formal group law F over some ring L is called universal if
for ever formal group law over a ring R, there exists one and only one morphism
of rings v : L — R such that the formal group law over R is the pullback of F
along .

One sees that a universal formal group law exists and unique up to isomor-
phism, and the ring L can be easily described by generators and relations. Its
structure was determined by M. Lazard, so the universal ring of formal group
laws is called the Lazard ring.

Theorem 6.1.11. The universal ring of formal group laws is isomorphic to
Zlx1,x2...]. Moreover, if its logarithm over Q[z1,x2,...] is log(x) = = +
Y i>oMi—1a", then the generators can be chosen so that:

—Z j=pk 1 for some p
m; = p .
—x; otherwise

Proof. See [Laz55]. O

The definition of the universal property of the Lazard ring L gives a mor-
phism L — MU,. This morphism can be computed explicitly once we have the
formula for the formal group law over MU,.

This can be described quite explicitly. The pullback of € MU*(CP), the
complex orientation of MU*, to CP" is the class of a hyperplane CP"~* c CP".
The map classifying the tensor product is the limit of the Segre embedding
CP" x CP" — CP" defined by m : (ag,...,a.) X (bo,--,bs) — (..., a;bj,...)
where N = rs +r + s. So the pullback of x along this map is a hypersurface
in CP" x CP" of bidegree (1,1). Denote the hyperplane class in MU*(CP®) and
MU*(CP'") by X and Y respectively. We want to express m*(z) in terms of X
and Y. Let m*(z) = > a; ;X'Y7. It is computed that pi(X'Y7) = [CP*™" x
CP'7] € MU*(pt) where p is the map to one point. Also pi(X*Y/m*(x)) =
[Hy_i1—j] € MU*(pt) where H; ; is the hypersurface in CP* x CP? of bidegree
(1,1). So we have the equation [Hy_p ;] = > [CP* ""?x CP* "7~ 9]qa, ;. Letting
s,t — 00, we obtain the formula for the formal group law over MU,.

Theorem 6.1.12. The formal group law F(x,y) over MU, is defined by the
formula

x+y+ Zi7j21[Hi}j]:viyj
(1+ 2251 [CP']2*) (1 + 3251 [CPJy7)
Proof. See [BMNT1]. O

F(z,y) =

Corollary 6.1.13. The logarithm of F(x,y) is log,,, (z) = >_,>¢ %xnﬂ,

This gives the morphism L — MU,, from which we deduce the theorem of
D. Quillen:

Theorem 6.1.14. The homomorphism from the Lazard ring to MU, is an
isomorphism.
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Proof. See [Qui69al. O

This theorem shows a close connection between the theory of formal groups
and the theory of complex cobordism. The structure of complex cobordism can
be studied more easily with the aid of the theory of formal groups.

We can describe the structure of the Hopf algebroid (MU,, MU, MU) in
terms of formal groups as follows:

First define a contravariant functor 9% from the category of affine schemes
to grouproids. Let R be a ring, then % (Spec(R)) is the groupoid with objects
formal group laws over R and morphisms the strict isomorphism between formal
group laws.

Remark 6.1.15. The functor My is similar to the moduli stack of formal
groups except that in the latter case we take all isomorphism as morphisms in
the groupoid associated with Spec(R).

It is readily seen that the functor is represented by the Hopf algebroid
(L, LB) where L is the Lazard ring and LB = L®Z[by, ba, .. .], since a strict iso-
morphism is completely determined by a formal group law and a formal power
series of the form g(x) = x + b12? + bex® + .... The structure of the Hopf
algebroid can be calculated from the above description:

Recall that the generators of L & Z[z1,x2,...] can be chosen so that if we
set

{ —Zi  j=pk 1 for some p
m; = p .
—x; otherwise

then log(z) = & + 3,5, miz'™.
Counit €(b;) = 0.
Left unit 7y, is the inclusion L — L[by, b, .. .].

Right unit 3,5 nr(mi) = 3,50 mi(X 50 ¢(bj))" ", where mg = by = 1 and
¢ is the conjugation. - -

Conjugation ), c(b:)(X ;50 b;)t =1 and c(m;) = nr(m;).

Coproduct 3,5, A(b;) =350 50 b)) @b;.

See [Rav86], appendix A2 for details.

Now suppose E* is a multiplicative generalized cohomology theory and x,y
two complex orientations of E*. They give two formal group laws F* FY. Any
cohomology class in E*(CP>) can be expressed in a formal power series in z.
Since the restriction of  and y to CP' equal to the suspension of the unit, we
have y =x+ > ;5 b;z’. This gives a strict isomorphism between F? and FY.

Over MU A MU, there are two complex orientations induced from the mor-

phism MU = MU AS ‘2 MU A MU and MU =S A MU 2% MU A MU
where 77 : S — MU is the unit map for the ring spectrum MU. And there is a
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strict isomorphism between the two formal group laws F! and F". So there is
a morphism of rings LB — MU A MU.

Since the left and right unit of the Hopf algebroid (MU,, MU.MU) is in-
duced from the maps id A and n A id, the map (L,LB) — (MU, MU.MU)
preserves left and right unit. Moreover, the coproduct of (MU, MU, MU) is

induced from the map MU A MU = MU AS AN MU NN g A MU A MU.
There are three complex orientations of MU A MU A MU corresponding to the
three factors, and there are three formal group laws F!, F™ F". The isomor-
phism constructed above is functorial so the composition of the morphisms from
F! to F™ and from F™ to F" is just that from F' to F". This means the map
(L,LB) - (MU,, MU,MU) also preserves coproduct. In fact, it is a morphism
between Hopf algebroids. By direct calculation we conclude:

Theorem 6.1.16. There is a canonical of Hopf algebroids (L, LB) = (MU, MU, MU).

Proof. See [Rav86], chapter 4. O

6.2 The Brown-Peterson spectrum

When localized at a prime p, the theory of formal groups can be simplified so
that one can concentrate on a particular type of formal group laws. Similarly,
the complex cobordism theory, after localization at a prime p, can be simplified
to the Brown-Peterson cohomology theory.

First we describe Cartier’s theory of typical formal group laws.

Definition 6.2.1. Let F be a formal group law over a ring R. Call a power
series f € R|[[z]] without constant term a curve in the formal group defined by
the law. The set of curves forms an abelian group with addition (f B g)(x) =
F(f(z),9(X)).

Define the operators:

([r]f)(x) = f(rx) wherer € R (6.2.2)
(Vaf)(x) = f(a") forn>1
(Faf)@) = D_Ff(Gan) forn>1 (6.2.4)

Here ZFaZ- =a)BasB---Ba,, and {; are the nth roots of unity.
Now fix a prime p.

Definition 6.2.5. Let R be an algebra over Z,). Then a curve f is said to be
typical if Fyf =0 for any prime q # p.
Remark 6.2.6. If R is torsion-free then this is equivalent to the series [(f(X))

over R®Q having only terms of degree a power of p, where l(x) is the logarithm
of the formal groups law F'.
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Definition 6.2.7. The group law F is said to be a typical formal group law, if
the curve x € R[[z]] is typical.

Any formal groups law can be transformed into a typical one by a canonical
change of coordinates.

Theorem 6.2.8. Let cp be the curve

@¥:§:Z%Qﬁﬂx (6.2.9)
(n,p)=1

where p(n) is the Mébius function. Then the formal group law (¢uF)(z,y) =
ex (P(ez (@), ¢ (9)) is typical

Proof. See [Car67]. O

It is not hard to see that there is a universal typical formal group law, over
a Z(y) algebra V. we have a ring homomorphism 7,(MU) — V by the universal
property of 7, (MU), and this extends to m,(MU) ® Z,y — V since V is a Z,)
algebra.

Applying the above theorem to the universal formal group law over ., (MU),
we get a typical formal group law over m,(MU) ® Z,y. This induces a ring
homomorphism V' — 7,(MU) ® Z).

One checks that these make V' a direct summand of m,(MU) ® Z ).

All the above works topologically. These maps lift to an idempotent natural
transformation from MU, to itself, and defines a generalized homology theory,
the Brown-Peterson homology, abbreviated by BP, whose coefficient ring is just
V', the universal ring of typical formal group laws.

Theorem 6.2.10. There is a ring spectrum BP for each prime number p, such
that:

1. m(BP) = Ly [v1,v2, ...] with v; in dimension 2(p* —1).
2. BP is a direct summand of MU,).
3. MU, is a direct sum of suspensions of BP'’s.
4. BP,BP = BP,[t1,ts, ...
Proof. See [BP66] or [Qui69al. O

Remark 6.2.11. We can also construct BP by using the Landweber exact
theorem. Or killing the regular ideal (z; : i # p*—1) in 7. (MU), see [EKMMI7].

Remark 6.2.12. The higher multiplicative structure of BP is complicated. It
is not known by the authors of this report whether BP has an E. structure.
But it is proved that there is no map BP — MU of commutative S-algebras, see
[HKMO01].
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Remark 6.2.13. As in the case of MU, the Hopf algebroid (BP,, BP,BP) rep-
resents the functor from the category of affine schemes over Z,) to the category
of groupoids, which sends Spec(R) to the groupoid with objects typical formal
group laws over R and morphisms the strict isomorphisms.

Remark 6.2.14. One can show that all the prime ideals of BP, which is also
a sub BP,BP-comodule are of the form (p,v1,...,vy,) or (p,v1,va,...). This
enable one to prove the Landweber exact theorem. See [Rav86] for details.

6.3 The Morava K-theories

To summarize the preceding two sections, we can say that the Hopf algebroid
(MU,, MU, MU) represents the moduli stack of formal groups, and (BP,, BP,BP)
represents the moduli stack of formal groups localized at a prime p. As these
geometric objects can be studied by investigating their ”points”, the complex
cobordism theory and the Brown-Peterson theory can be studied using the more
simple Morava K-theories.

When we study formal groups over a finite field K of characteristic p, the
formal groups can be classified by their height. Roughly speaking, the height is
the first £ for which the image of vy, € BP, is nonzero under the map BP, — K
classifying some typical coordinate. A example of a formal group with height n
is the formal group law over F, classified by the map BP, — F, sending v,, to
1 and other v;’s to 0.

The Morava K-theory corresponding to the formal group law over IF,, with
height n is constructed from BP, with coordinate ring Fplv,,v This is
achieved by taking quotients.

In general, Let R be a ring spectrum, and 21 a module spectrum over
it. Let a € m.(M) such that the map of multiplication by a in m,(9M) is
a monomorphism. There is a map a : 9 — 9 defined by the composi-

tion M = S A M L% R A M — M. Construct the distinguished triangle

oML M N IM Using the long exact sequence one veri-
fies that (M) = 7w, (M) /am.(IM). Applying this iteratively, one can take the
quotient by a regular ideal.

ot

So when we take the quotient of BP by the regular ideal (p,v1,...,Vn—1,Vnt1,- .-

and invert v, we get the spectrum K (n) of the Morava K-theory. See [EKMMO97]
for details of this construction.

Remark 6.3.1. The Morava K-theory can also be constructed using other meth-
ods, such as the Sullivan-Baas construction using cobordism of singular mani-

folds.

The Morava K-theories has many good properties. They are much simpler
than the Brown-Peterson cohomology, and also have Kiinneth formulae. See
[Wiir91] for a more detailed survey of Morava K-theories.

),
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6.4 The chromatic spectral sequence

Using the filtration of BP given by the height of formal groups, we can con-
struct the chromatic spectral sequence introduced in [MRWT77], converging to
the Adams—Novikov spectral sequence, and revealing many structures of the
latter spectral sequence.

To begin with, we know a formal group law of height n is something like
taking the quotient of BP, by (p,v1,...,Un—1), and inverting v,,.

Definition 6.4.1. Define BP,BP-comodules inductively as follows:
N® = BP,/(p,v1,...,0n_1)
Assuming N§ is already defined, define M3 = v} N5. Let N3+*' = M3 /N3.
We can write the definition simply as:

N; = BP./(p,v1,. ., Vn—1,0 ., VUpGe_1) (6.4.2)
M; = vgisBP*/(p,vh...,vn,l,vzo,...,v;ﬁsfl)

Patching up the short exact sequences 0 — NS — M — NST1 — 0 we get
resolutions:
BP./(p,...,vn-1) — M) — M, — ... (6.4.4)

This resolution gives the chromatic spectral sequence, with F;-term Extg’*P* gp(M:),
converging to Extpp, gp(BP./(p,...,0n-1)).

Remark 6.4.5. The ezact sequence 0 — NS — MS — N3t1 — 0 can also be
used to calculate the Ext groups of M5 ’s from the Ext groups of K(n).’s, which
is much easier to deal with.

6.5 Nilpotence and periodicity

To describe the geometric explanation of chromatic filtration, we should first
state two theorems of Hopkins and his collaborators.

Theorem 6.5.1. Let X be a finite spectrum. Then f : X9X — X is nilpotent
under composition if and only if MU.(f) : MU.(X) — MU.(X) is nilpotent.

Proof. See [DHS88]. O

This striking result fills the gap between homotopy and homology under the
meaning of nilpotence and when X = S, this theorem recovers the Nishida nilpo-
tence theorem, which states that every element is nilpotent in 75(S). Based on
this nilpotence theorem, they give another periodicity theorem.

Theorem 6.5.2. Let X be a p-torsion finite spectrum and f : X1X — X.
f is called a "vp-map” if the induced map of Morava K-theory K(i).(f) :
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K(1)«(X) — K(i)«(X) is an isomorphism for i = n and nilpotent for i # n.
Then

(1)X has a vy,-map f.(We call X have type n.)

(ii)f is unique after iterating sufficient times and under homotopy equiv-
alence and [ can be chosen such that K(i).(f) is multiplication by a unit in
K (i), (pt) fori=mn or zero fori # n.

Proof. See [DHSS8S]. O

If we say complex bordism is the right theory to detect nilpotence, then
Morava K-theory is the right one to detect periodicity. A significant application
is as follows.

Let p be an odd prime and V' (0) = S"U,e™ !, called Moore space, the cofiber
of the degree p map between S™ with n > 3, then V'(0) has type 1. It is shown
by Adams and Toda that there is a v1-map X7V (0) — V(0), where ¢ = 2(p—1).
Denote the cofiber of this map by V' (1), then V(1) has type 2 by the long exact
sequence of Morava K-theory. It is showed by Smith and Toda that when p > 5,
there is a vy-map of V(1). V(2) is defined similarly and is showed to have a
vg-map for p > 7. All these can be recovered by the periodicity theorem. The
importance of these maps is that associated to these maps, we can have some
periodic families in 75(S). For example, associated to V(0), the composition of
these obvious maps

Sntat . 4y (0) — - — XIV(0) — V(0) — S
gives a map S"t9 — S"+! which represents an nontrivial element in WZ;Ll S)®
Z/(p). The same construction is valid also for V(1) and V(2). In general, any
periodic map should lead to a nontrivial element in 757, (S) ®Z/(p) under some
constructions a little complex than above, and this gives the geometric aspect
of the chromatic filtration.

6.6 J-homomorphism and the K(1)-local sphere

The theory for phenomenon of low chromatic filtration is more or less well
understood now. For chromatic filtration one, it corresponds to K-theory, which
gives a vi-periodic theory, and detects the image of the J-homomorphism. The
theory of topological modular forms correspond to phenomenon of chromatic
filtration two, and can be used to study the K (2)-local sphere.

The J-homomorphism is a homomorphism from 7.(O) to m.(S). The study
of the J-homomorphism was classic in algebraic topology. In [Ada66a], it was
shown that the image of the J-homomorphism was detected by K-theory. To-
gether with the Adams conjecture proved in [Qui71la, Sul74], the order of the J-
homomorphism could be determined. This part of homotopy groups correspond
to the chromatic filtration one part of the Adams—Novikov spectral sequence,
since they are detected by K-theory.

First we define the J-homomorphism. For any map [ : S™ — BO, there
correspond to a virtual vector bundle T over S™ of dimension 0. Let 9 be its
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Thom space. S™ has two cells €, e™. The Thom space of T'|e® is simply S, and
the Thom space of T'|e™ is X°°e™, because they are trivial bundles. This gives a
cell decomposition of 90 into SUf CX"~ 1S where CX" 'S is the cone of X"~1S
and f is the attaching map X" !S — S. The J-homomorphism is defined by
J(l) = f. Analogously, one can also define the complex J-homomorphism using
U instead of O.

Remark 6.6.1. We can also define the J-homomorphism as follows. Since the
normal bundle of S™ is trivial, any map 1 : S™ — O gives a stable framing for
S™. Then J(1) is defined to be the cobordism class of S™ with this framing.

As shown in [Ada66a], the image of J-homomorphism is detected by K-
theory by investigating the extension of K, K comodules defined by the cofibre
sequence S — 9t — X"S. Essentially, this is the part corresponding to the term
Eztgp, pp(Mg3) in the chromatic spectral sequence.

Extpp g p(M&) can be computed directly, and the relevant differentials in
the chromatic spectral sequence can also be determined. To simplify the case,
we discuss the odd primary components. The case for p = 2 can be found in
the references.

Theorem 6.6.2. For p an odd prime,

/Ly if (5.1) = (0.0)
st n_ ) Z/pTif (s,t) = (0,rp'q)
Eetpr.spM0) =1\ gz, if (s.) = (1,0)
0 otherwise
Where ¢ = 2p — 2 and r is some integer not divisible by p.
Proof. See [Rav86], chapter 5. O

Using this, the groups Ezt!(BP,) can be computed:
Theorem 6.6.3. Ext'(BP,) is generated by the groups Ext®t(Mg) for t > 0.
Proof. See [Rav86], chapter 5. O

These elements give invariants for elements of the homotopy groups of spheres
of filtration one in the Adams-Novikov resolution. These are essentially the e-
invariant in [Ada66a], so we call them also e-invariant here. We can compute
these invariants for the elements J(I).

In fact, we have a commutative diagram

S T DI
P
MU BP

|k

S BP BP A BP
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Here A is induced from [ : ™ — BO and p is induced from the unit S — BP.
The bottom line is the first stems in the canonical Adams-Novikov resolution of
S.

Taking the BP homology, the bottom line is the bar complex, so the com-
posite ¥"S — BP — BP A BP gives the above mentioned e-invariant. Calcu-
lation shows that for p an odd prime, the image of J-homomorphism can take
arbitrary values of the e-invariant, so that these elements in the FEs-term of
Adams—Novikov spectral sequenceare permanent cycles. Moreover, the results
in [AdaG6a] show that there are no group extension for these elements.

Theorem 6.6.4. When localized at an odd prime p, the elements in Ext'(BP,)
are permanent cycles. They detect the image of J-homomorphism, and have the
order indicated in the Adams—Novikov spectral sequence.

Proof. See [Rav86], chapter 5. O

These can also be studied using the notion of localization. The general
notion of localization with respect to a spectrum can be found in [Bou75]. The
point is that when we want to study the information given by a particular
type of generalized cohomology theory E, we invert all the maps which induce
an isomorphism on FE-homology. This can be achieved using model category
techniques, and we get a functor Lg, localization with respect to E, which
assigns every spectrum an F-local spectrum whose E-homology is isomorphic
to the original one, and the isomorphism is induced by a natural transformation
Id — Lg. Here a spectrum X being E-local means that for any spectrum Y
with E,(Y) = 0 we have [V, X] = 0.

When studying the homotopy groups, we can use the localization functor
Lk (n), localization with respect to Morava K-theory, to concentrate on phe-
nomenon of chromatic filtration n.

Define L, = Lygvk(1)v-..vK(n), then it is proved that L,S approximates S
as n — 00. So the study of L,,S for small n is the first step towards a systematic
understanding of the homotopy groups of spheres.

When n = 1, L; is the same as the localization with respect to K-theory.
The homotopy groups of L1S is computed and they are essentially the image of
J-homomorphism.

Theorem 6.6.5. For p an odd prime,

Zp) if 1=0
_ _ Q/Z(p) if 1= -2
e W7 j=rplq—1
0 otherwise

Here g = 2p — 2 and r is some integer not divisible by p.

Moreover, the positive dimensional part of m.(L1S) is isomorphic to the sub-
group of m,(S) detected by Extyp pp(BP.) in the Adams—Novikov spectral se-
quence.
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Proof. See [Rav84]. O
There is another description of the K (1)-local sphere.

Theorem 6.6.6. There is a fibre sequence

PN -1
LK(I)S - KOp — KOP
Where N is the Adams operation with N a topological generator of Ly .

Proof. See [Rav84]. O

Remark 6.6.7. In fact, K-theory suffices at odd prime, but we must use KO-
theory at the prime 2.

6.7 Topological modular forms and the K(2)-
local sphere

The theory for phenomenon of chromatic filtration two is considerably more
complex. There are extensive computations of the Ext(M?)-term in the chro-
matic spectral sequence, and computations of the K(2)-local sphere. To under-
stand these results, one uses the topological modular forms, which is a ring spec-
trum, generalizing the ring of the classical modular form. In particular, there is
a finite resolution of the K (2)-local sphere by topological modular forms, so the
structure of the chromatic filtration two part of the homotopy groups of spheres
if understood by this method.

For the sake of simplicity, we work with the prime 3 in the rest of this section,
so all thing are assumed to be 3-local.

The homotopy groups of the K(2)-local sphere is as follows:

Theorem 6.7.1.
T (L (2)S) = (Z3 @ Ay) @ A((2) ® 61 ® &,
Where Zs is the ring of 3-adic numbers and
2 = Z3{Oé3is/i+1 tagigsipr €28 > 0}
with

A = ZZ/?)Hl < Qgigjiy1 : S € Z not divisible by 3 >
i>0

and

B, =BOCHCTDB*D (B, 0L

G=606" 63083
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with
B = Z3{B3ns/3im,it1: 1 > 0,5 € Z not divisible by 3,1 > 0;
1<m<4-3""271 with m not divisible by 3 or m >4 - 3”_21_2}
By = Zz{Bsrs/sim,i+1: Bans/zim,iv1 € B, (s + 1) not divisible by 3, m divisible by 3,
or s =382t — 1 with k > 0,t not divisible by 3 and i # k + 1}
C = €&
€1 = Zs{o1Byn(siprymimsr i 0<i<n,2-3"70 < 3im <2377
€ = Zs{a1Bsn(or 1y simyr i 0<i<n,2-3"771 < 3m—8.3" <2377}
€3 = CJyd T d €Ty T
CJo = Zs{csgns:n>0,s=3t+1ors=9—-1,teZ}
¢y, = Zg{omgr,L(3t+l)/3im+1,i+l :0<i<n, 23" < 3'm < 23" 'm not divisible by 3}
Ty, = Zg{&?ﬂgn(gt_l)/gim+l7i+l :m not divisible by 3 and m < 8 -3""",
0<i<n,i<k+1 whent is divisible by 3’“}
- n+1 if m=1,3,4,6,7
€J3 = Zz{a1Banior—1)/3nm41, i =q n+2 if m=238
n+3 if m=>5mn<k+1 whent is divisible by 3*
B* = Z3{ﬁ(n)§n+ls/3im7i+1 .5 € Z not divisible by 3,7 > 0,n > 0,0 < 3'm < 4-3",
I>iandl>i+1 when (s+ 1) is divisible by 3}
and

6 = Z(Bs{ﬁ9t+1} ® Ba{Bot118s/3} © Ba{Boryran} ® Ba{Borr10, [Bors201]; [Bor+s61]})

tez
®B1{[Bor—1/2011}

& = Z(Bs{XétH} D B4{X8t+3} © Ba{B(0)5¢.415B6/38(0) 9141, B6/36(0)g¢ 14
tez

® Z(BS{ﬁ(O)gn+2t+9u+3 tu € Z\1(n)} ® B2{B(0)3n+24 49443 1 u € I(n)}))

n>1

63 = Y (Bs{CBors1} @ Bs{(Bor115s/3} ® Bo{CPoriran, CBoryran, C[Bors2Bil, C[Borts51]})

teZ

63 = Z(Bs{@Xétw} & Bi{(aX9i15} @ B2{GB(0)5,41} B B1{(286/38(0)5111, C2Bs/38(0)5,44}
tez

@Y (Bs{GB(0)3ns20rguss * u € Z\I(0)} & Ba{C2B(0)ap 9045 u € I(0)}))

n>1

Here
By, = Z/3[]/(87)
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3n71 -1 3n72 —1
I(n):{xEZ:z:72 orx="5-3""24 5 }
The degree and order of the generators are as follows:
generator degree order || generator degree order
Qg /b 4a — 1 3° FH 11
Basb.e 16a — 4b — 2 3¢ Ca 16a — 7 3"t ifa=3"s
a1Bupe | 16a—4b+1 | 3° B(a)y)e.q | 16b—8-3% —dc—4 34
X0 16a + 7 3 X: 16a + 15 3
G -1

In the above table s is not divisible by 3.
The following abbreviation is adopted: aq = q/1; Basp = Basb,1s Ba = Baj1,

OZlﬁa/b = alﬁa/b,l’ alﬁa = OZ/Ba/lf ﬁ(a’);;/c = ﬁ(a)Z/c,U ﬁ(a)z = B(G)Z/l
Proof. See [SW02a]. O

To understand the structure of this complicated groups, one can take a
similar procedure as in the end of last section and try to find a finite resolution
of the K(2)-sphere by some spectra with more regular behavior.

To do this, we need the construction of the K (n)-local spheres as a homotopy
fixed point spectrum.

First we introduce the ring spectrum FE,,. The formal groups over a finite field
are completely classified by their height. And the theory of deformation of a for-
mal groups of height n is given by the Lubin-Tate theory, which asserts that the
deformation can be classified by the ring (E,,). = W (Fpn)[[v1, - .., vn—1]][vn, v, ],
where W (F,n) is the ring of Witt vectors with coefficients in F,». There is a
formal group law over (E,, ). which is the universal deformation of the height n
formal group, so there is a map MU, — (E,,).. The Landweber exact theorem
gives a spectrum FE,, with coefficient (E,,)..

The action of the automorphism group of the height n formal group, the
Morava stabilizer group S, lifts to an action on the universal deformation.
There is a deep theorem that the spectrum F,, is an E, spectrum in a essentially
unique way, and the action lifts to an action of G, = S,, x Gal(Fp» /F;,) on E,,.
See [GHO04] for details.

Theorem 6.7.2. The K (n)-local sphere is the homotopy fized point spectrum
of the action of G, on E,.

Proof. See [DH04]. O

The spectra E, are analogues of complex K-theory for higher chromatic
filtration. The main features of 6.6.6 is a resolution of the K (1)-local sphere by
spectrum which are homotopy fixed points of finite subgroups of G;. Since G
have a maximal elementary abelien subgroup Z/2, the Krull dimension of the
ring of its cohomology with coefficient 5 is one, so we need to use fixed point
spectrum of the action of Z/2 which turns out to be KO when working with
the prime 2.
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At the chromatic filtration 2, there is a similar situation. For example, at
the prime 3, there is also a finite resolution of the K(2)-local sphere.

We need some finite subgroups of the Morava stabilizer group. This can
be done with the help of elliptic curves, since supersingular elliptic curves are
natural sources of formal groups of height two. There is only one supersingular
elliptic curves at the prime 3, which can be represented by the equation over F3

yr=a -2 (6.7.3)

It gives a height two formal group, and the automorphism group of this elliptic
curve gives a finite subgroup of Ss. It turns out the automorphism group of this
elliptic curve consists of pairs (s,t) with ¢t € F3 and s € Fg* satisfying s* = 1,
and the action being
r — slxtt
{ y — sy

This is a finite group Gis of order 12. And we have a subgroup Gay =
G12 X Gal(Fy/F3) C Go. Denote the homotopy fixed point of this group acting
on E5 by EQG 2.

We also need another subgroup of Gy. Let w € Fg™ be a generator of this
cyclic group. dilation by w, though not an automorphism of the elliptic curve,
is nonetheless an automorphism of the height two formal group. And taking
semi-product with the Galois group Gal(Fg/F3) gives a subgroup SDig C Ga
ofs(gder 16. Denote the homotopy fixed point of this group acting on Es by
E57.

Theorem 6.7.4. There is a resolution of the K(2)-local sphere
Lic(2)S — ES* — ES>VyBEPre — 8 piProyyi0pibie , w0 piliey gt g, 3148 plia

meaning there is a finite resolution

LK(2)S X3 X5 X E2024
244E2G24 245E2024 V. E37E23D16 EGE?DIG V. ZSSEéngB Z'?E'ZSDIG V. 271E2Gz4
Proof. See [GHMRO5]. O

Since this resolution is finite, the main structure of 7. (Lg2)S) is controlled
by 7.(ES?) and 7, (E5Pe).

This is the local point of view. We can also take a global point of view.
Instead of taking a single supersingular elliptic curve, we consider all the elliptic
curves, which are arranged as the moduli stack of elliptic curves, 9M.;;. There
is a sheaf w over M., with the fibre over any point of M.;; being the set of
invariant differentials over the elliptic curve represented by that point. Let Q%
be the sheaf of rings @, cz w®™.
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As shown in [HM99], the sheaf of rings Q® lifts to a sheaf of Ay -ring spectra
(it seems that it is well-known to be a sheaf of E-ring spectra, though no
reference of this fact is available to the authors of this report). This means
roughly that any kind of elliptic curve is associated to a ring spectrum, which in
the old day called elliptic cohomology. The spectrum E2G 24 is the ring spectrum
of sections over the formal neighborhood of the point in 9. corresponding to
the supersingular curve 6.7.3.

We can also take the global section of this sheaf, and obtain the ring spectrum
of topological modular forms, TMF. And we can define ¢tmf to be the (—1)-
connected cover of T'M F'. This spectrum is important in many applications. For
example, there is a string orientation M String — tmf where M String means
cobordism theory of manifolds with String-structure (See section 5.3.3 for the
definition of String). This is quite alike the Atiyah-Bott-Shapiro orientation
M Spin — KO, so in a sense tmf is a chromatic two analogue of KO-theory,
which is also indicated by the resolution 6.7.4. See [AHR] for details of this
orientation.



Appendix A

Table of the Homotopy
Groups of Spheres

The following is a table of the 2-component of the homotopy groups of spheres.
The data come from [Tod62, MT63, Mim65, MMO74]. Further results can be
found in [Oda77a, Oda77b]. In the table, the numbers 2,4, ..., 0o correspond to
a direct summand Z/2,7Z/4, ... , Z2) Tespectively, and the corresponding gener-
ators are listed on the right. Only the first stem in the stable range is listed.
The generators with the same Greek letter and different subscript are related by
suspensions, and if & € 7, 1(S™), the symbol a™ means aoX*ao- - con(m=Dkg,
The meaning of the generators are as follows:

e 7)2 is the map with Hopf invariant o (5 € <us,8g, 20 >

one coming from C
o 0 € <o11,2v18, 121 >

o V€< n3,2u,ma > 0 € <o12,v19,M22 >
vy is the map with Hopf invariant

one coming from H ® K7 € <Vr,M0,2011,€11 >

= 2
o 7 = < Vs, 8ug, Vg > ® 3 €< 53,2L117V11 >6
1" : 1" 1"
o’ satisfies 20" = Yo
! satisfies 207 = So”’ e pe< O'H/72L12,80'12 >4
(o .SZi 1S11es 20 — g ) ) p/// €< 0”,4“3,40’13 >1
og is the map with Hopf invariant

e f h . P’ € <o’ 8u14,2014 >
one coming from the octonions o € < 09,16116, 016 >,
o £5= <15, SV vr > p13 satisfies 2p;3 = X*p’ and
$%p13 € < 0,20,8. >

® g € < Vg,M9, V10 >
o o (€<’ e13,2t01 >

e u3 € <3,V , 87,07 > .
’ Y ! e wiy satisfies H(w14) = vor

o &/ =<V, 2u5,19 >4 "
e 0" € < 015,4022,M29 >4

o 1€ <n3, 2y, g > Ny € < 016,2023,M30 >1
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g satisfies 28 = n? o &5 and
Y& =%1v oky

f3 € < us, 2t12,8012 >4

g%, satisfies H(e},) = v3; and
5w _
Y]y = w14 0 M3
Vi € < 016, 2093, V30 >
16 16, 23, Y30 1

A satisfies X3\ — 275 = £A(v33)
and H(\) = v,

N satisfies 22X = 2\ and
H()\/) = £921 mod 721 © 022
N satisfies XN = 2N and

H(\") =g oezp mod 1%y 0 0oy

§12 € < 012, V19,022 >

¢’ satisfies 3¢ — 2812 = £A(025)
and H({') = Ua1 +e21 = 121 0022
g" satisfies ¢’ = 2¢ and
H(&") = vig+mooea = nigoon

/j‘/ €< /JJI74L14740—14 >1
(5 € < (5,816, 2016 >
06 € < Vg,E9 + Vg, 017 >4

W' satisfies ¥2w’ = 2wy4 0130 and
H(w'") =e33 mod 123 0 094

k' € < Vg,n9, M0 0 K11 >
Ky € < v9,M12,2l13, K13 >

(' satisfies 238" = +A((21) and
H(B') = Ci9

B satisfies £3” = A(uss) and
H(ﬁ”) = TJ21 © [22

B satisfies $26" = 8A(ca)
and H(8") = pos

B satisfies ©8 = A(ns) and
fj(ﬁ)=n§7 _

B satisfies ¥f = A(r43) and
H(B) = n39

o€ < V§,2L11,I€11 >

x /1
o™ € < o12,v19, (22 >

o* e < 14,8021, 098 >4
ot e < 0’15,40’22,0’29 >4
0" € < 016,2023,030 >

a € < é€3,2011, K11 >

ﬁ”/ e < piv,2L20780'20 >1
/j” c < —p”’,4b21,40’21 >4
ﬁ, €< ,0”,8L22,20’22 >1
po € < p' 16194, 024 >

05 € < vs,2U8,€11 + V11,019 >
with 265 = 0

Y10 € < 010, V17 + €17, 025 >4

g satisfies X% = A(es3) and
H(e*") =mn9 030
&?lk(j e< 0‘%6,2L3(),53() >

v* satisfies v*' = A(ps3) and
=%\ _ .3

H(v*') = v3g

Vie = €16 T M6 © 032

03 € < e3,€11 + V11,019 >,
_, _ _

Og € < VUg,€14 + V14,022 >
Ch € < (', 8122,2092 >

€10 € < 010,817,732 >5

¢* satisfies ¥2¢* = A(nsz3 0 £34)
and H((*) = (7 mod 2mss(S?7)

p* satisfies Ly’ = A(pss) and
H(p*") = n29 0 pi30

Wi € < 036 230, th3o >,

7 satisfies 77 = A(ws1) and
H (1) = maz

7]’ satisfies X7 = A(n49)+27 and
H(7') = ni;



Table A.1: 2-component of 7,4, (S™) with generators

k=1|k=2|| k=3 k=4 k=5 k=6

n=2|occ|ma | 2|n5 || 2|m3 |[4|mor || 2|morons||2|mor ong
n=3| 203|203 | 4[v ||2|v one 2|V ong 0

n=4 2/n2 lloo|vy ||2|vgony 2| vy 0m? 8| v3

45028V omr|| 2|3V on?

n=>5 8lvs ||2|vs0ms 2 V5o77§ 2 l/g

n=>6 0 0o | A(13) 2|8

n=7 0 2|2

n==8 2|2
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Table A.2: 2-component of m,45(S™) with generators

k=17 k=28 k=9 k=10 k=11 k=12
n=21 0 0 2|myoes N3 0ey 4ingoe 4dingop
72 0 i3 2020y 2|np 0 oy
2|y o ogg
n=3 | 0 2|es 2| us e’ 4| 2|1V o g
2|n3oey 73 O fig 2|ezov 2|V ongoer
2|1V ogq
n=4 | 0 AR 2| v vioo’ 2|vg00’ omal| 2|vioa’ oni,
2| g Ye’ 2| vy 0 2| v
2|nsoes 140175 2|vgo0er 2|\vg0py
413 2|vgonroeg
240119 2|30 o uy
21XV oey 2|31 oy oeg
n=>5| 20" |2|es 2| v Vs 0 0y 8¢5 2| vs
2| ps 75 0 fi6 2|vs0Us 2|vs 0 usg
2|n50¢6 2|vsoeg 2|vs0mg0&g
n=6 | 4/¢" | 8| v 2| v Vg O 09 81 16 | A(o13)
2|eq 2| pe 16 © fi7 4|vgovy
2|ngoey
n=7 1 8|’ ||2|c’ ony 20" oni, V7 00710 81 ¢r 0
2|y 2 y;’ N7 0 lUg 2|7 oy
2 g7 2 2
2|nroes
n=8 |[oc|og ||2|0g0ms 2| o5 0 n?s ogovys || 8|(s 0
8|S0’ ||2| X0’ omys | 2| B0’ onis vgooil || 2|govg
2| g 2 Vg’ 78 © Mg
2 £8 2 U8
2|ngoeg
n=9 || 16 09 2 09 © 116 2 0'907]%6 09 O Vig 8 Cg 0
2| g 2 Vg N9 © 410 2| g oy
2| &g 2| po
2|ng o€
n=10 2| g 0o | Atay) ooz 8|Cwo 4| A(var)
2]€10 2|v3, 710 © f11
2| 1o
2|M10 0 €11
n=11 2 Vi))l 011 © V18 8 <11 2 9’
2| p11 111 © 12
2|m1oe12
n=12 712 © 13 || 00 | Aleas) 210
8/ Cra 2|20/
n=13 8 413 21320
n=14 0




Table A.3: 2-component of m,14(S™) with generators
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k=13 k=14 k=15 k=16
n=2 || 2[nzov o g 2mov ongopr| 2|naoezoryy| 2[nosy
2\mpov omgoer
n=3 || 2| ongouy 2|e3 002 2|&3 2| pug o019
2n30éy
n=4 || 8|viooy 240V, 21&4 2/ v o090y
2|\vgomropus 8lvg0(r 2| pg 0013
21XV ony o g 2|v4 07 0us 2| ny 0 &5
n=>5 || 2|vso0g0vs 2|v50(3 2| p" 2| ps 0014
2|v50Mmg 0 g 2|v5 0080 2| &5 2|m5 0 &g
n=6 | 2|vgo009o0ug 40" o013 4| p" 8|
2 17601/124 2| &g 2| g 0015
2|ng o0&y
n=7|{ 2|v;o090Uuv7 8o’ ooy 8| p” 2|0’ o p1a
4\ k7 20" oy 2 ZCI
2 0'/0614 2 M7 © 016
2| &7 2|m7 o0&y
n=8 || 2|ogovi 16|03 203015 2| og o Vs
2|vg 0011 08 8|Xo’ o005 2|0g0¢€75 2| og 0 s
4 KR8 8 E[)N 2 08 01150 €16
2|0’ o5 2| X0’ o us
2|30’ oey5 2| %2
2| &g 2|\ ug o o1y
2|ns 0 &g
n=9 | 2 ogovi 16|03 16| p’ 2|09 0 Vg
4| kg 2|09 0 g 2|09 0 16
2|09 0¢€16 2|ogomegoerr
2|&y 2| pg 0018
n=10| 2|00 v, 16 | 0%, 16| Xp’ 16| A(o21)
2| Kk10 2|00 0 17 2|010 © pa7
2| €10
n=11|| 26" o3 16 | 0%, 16| %2)/ 2| 011 0 p1g
2 0‘1101/128 2| K11 2|&11
n=12| 2[0omny 16 |0y 16|23/ 2012 0 g
2 29/07724 2| K12 2|&19
4| A(vas)
n=13 2 2907725 16 0%3 32 P13 2 013 O 20
2| K13 2|13
n=14 00| A(t29) 8|0, 32| p1a 8 |wis
2| K14 21&14 2| 014 0 21
n=15|| 0 4 0% 32| p15 2| n*
2| K15 2|&15 2|w1s
2| 015 0 fi2
n=16 2|0 32| p16 217
2 K16 2 516 2 Z’I’}*/
0¢ A(ng) 2 Wwie
2| 016 0 23
n=17 32| p17 2|01y
2|&17 2 w7
2| 017 0 p2g
n=18 2 wisg
2| 018 © p2s
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Table A.4: 2-component of m,45(S™) with generators

k=17 k=18 k=19 k=20
n=2 ||2|mopuzociy |4[ngoé 4imzop oos 4|mzop!
2|n30&y 2|19 0 i3 2|y or 0ég 2|meov opugoors
2| m30pa0013| 2|n50 s
n=3 ||4|& 4| p' ooy 4| @ 21V o g
2| i3 2|V 0é&g 2V opugoois 2|1 omg o pr oo
2mgops0o13  ||2|M30 M4
n=4 ||8|vgo00’ ooy 8lvg0p” 2|lvg00’ o pg 2|vg 00’ ong 0 s
4\vy 0Ky 2|lvgo0’ oy || 2|\vgo0 Xl 2|v2 0 Kig
4|%¢ 2lvg00’ oey 2|vq0 70014 2\vg0 iy
2| jig 2|vgo0éy 2|vgomrocs 2|vg0m70ug 007
2 my0 s 0014 4\Xu' o015 420 2|3V o iy
2|3V oy 2|3V opurooig| 2|XV onropug ooy
2|ng 0 fis
n=>5 | 4|50 kg 8¢5 0016 8¢5 2\ V3 okn
2\ s 2|5 06y 2|vs0ug ooy 2\ v5 0 [ig
2|ms0puso01s  ||2| M50 fle 2|vs0omg o pgooig
n=6 ||2|A(X0) 2/ A(Z0) onas || 8|Ce 32 A(p13)
2|6 0 Ky 8|(g 0017 32| 0¢ 4R
2| fig 2|m6 o pir
2|m6 0 ji7 0 016
n=7 |20’ ongopus ||8|(ro0s 8¢y 8| k7
2|vr0k10 2|m7 o jig 2|07
2| iy
2|n7opugoorr
n=8 ||2|ogomsouie |8|0s°(is 81(s 8| kg
2| X0’ omisopie||8 (g 009 2|03
2|vg oKy 2|ms o fig
2| s
2|ngopgoo1s
n=9 ||2|ogomneopir (|8 090 8¢9 8| kg
2 |vg o K12 2|9 o fi1o 2|09
2| fig
2|ng o p1p © 019
n=10||2| 019 om7 0 p1s ||8 N € 8110 8| K10
2|vi0 0 K13 2 2|010 8|43
2| o 2|mo o fi11
n=11|2|011 omg o p1g ||8 N, € 2| N omngg 8| k11
2|11 0 K14 4 21& omgg 210" 0 g93
2|11 2|m11 0 fi12 8| 2| 3"




Table A.5: 2-component of m,14(S™) with generators

k=17 k=18 k=19 k=20
n=121| 2 ETQ 321&1 2w 8| R12
2|o120mg ol 4 N, D¢ 2|&120m30 || 2|26 0egy
2|12 0 K15 4 2/ XN omzo || 2| A(uzs)
2| 12 2 maofiig|| 2|3 omn30 | 2|0oea
8| Cia 2|00y
2 5_12 2 6///
n=13|| 2|ej, 81&13 2| %W 8| R13
2|o130m00p21| 8| A 2[&3oman || 2|20 05
2|vi3 0 K6 2|msofis | 8 (i3 2|30 o a5
Il:14 2 6?4 8 514 4 W14 © V30 ].6 A(UQQ)
2|0140m21 02| 8| XA 814 8| K14
2|v14 0 K17 2/maofirs || 2|014
2| fi1q
n=15|| 2|n*" ons 81&15 2|wisovsy || 8|K1s
2 et 81 %2\ 8| (s
2lo150Mm220u23 || 2|\msofite|| 2|015
2|15 0 K18
2| s
n=16 2 77?607732 8 l/ikﬁ 2 (t)1601/32 8 I_£16
2| 30" onz 8|&16 81C16
2 81(6 8 23>\ 2 016
201601230 24 || 2|1M16 0 17
2|16 © K19
2| ji1e
n=17|| 2|nj; o nss 8| vy, 2 w17 © V33 8| kit
2|el7 81&17 8|7
2|o170m240 p2s5 || 2|\mrofs || 2|017
2|17 0 K20
2| 7
n=18 || co A(L37) 8 l/ikS 8 <18 8| Kig
2 ETS 4 st—‘rflg 2 6’18 4 A<V37)
2|018 01250 26 || 2|M18 © fi19
2 V18 © K21
2| s
n=19 2 5T9 8 Vikg 8 C19 8 K19
2019 0Mm26 0 ot || 2|9 +E&i19)| 2|09 2|8
2|19 0 Ka2 2|mo o fizo
2| o
n=20 8 V;O [e'e] A(L41) 8| Kag
2| 720 © fig1 || 8| Cao 2| A(n41)
2|02 2|
n=21 8 C21 8 Ko1
2 5’21 2 A(L43)
n=22 8| K22
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Table A.6: 2-component of m,44(S™) with generators

k=21 k=22 k=23 k=24
n=2|12|nz 0 ofig 2impov/ ongofir| 2|ma0e30 kK] 4ing 0
2| myov ongouroog
n=3|/2|v' ong o jir 2|e30k11 4la 2|03
2| iz 0 029
21e' o ki3
n=4|8|vy0(r0013 8lvyo(r 8|vy 0 Ry 2|vg0mroRg
2| vy onrojig 2|y 007 4| Xa 2lvg00’ 0Kya
2|3 ony o ig 21€4 0 K12 2104
2| jig 0091
2|Xe" o kg
n=5|2 o 2| v50(y 8| V5 0 Rg 2| v5 0mg 0 Rg
2| v5 0mg o fig 2| vs 003 2| p" 2|5 0080 K15
2|e50K13 2| ¢s5 2|05
2| [i5 0 022
n=6|2|ns o k7 41p" o009 8 | Vg 0 Rg 2| Vg 009 0 K1g
2| Ug 0 K14 4| p" 2| dg
2|vg 009 2| 6 2| jig © 023
2/ s 0 r 8lam), @ 8¢
4 2|0g
2| A(Aonz1)
2| A(&13 0 m31)
n="72|n7 o ks 810" 0pis 8|vr ok 2| v7 00100 K1t
20" oKya 2|70 Kis 8| p 2|07
2|vro0010 2|97 2| iz 0024
2|e70 K15 2| Ry o var — w7 0 Ryo || 2| &4
2|0’ o014 0o 2|at
2|0’ owyy 2|0 o i
2|0’ owig 0130
n=8 |4 og’ 32|05 0 p15 2 052;0/@2 2|08 0 fi1s
2|08 0 K15 2|0g 015 2|ogowrs 2|08 0192 0 fig3
2| ng o Kg 8| Yo’ o p15 2|ogon*™ 2|08 0150 Kig
2 20/0K15 2 Vg O K16 8 Vg 0 K11 2 0'8051‘5
2 Vg 0011 8 Eﬁ/ 2 08077*/07731
2| eg 0 Kig 2| ¢g 2|vg 0011 0 Kig
2 K8 O /98 — /g O K11 2 68
2| X0’ 0015 0 oo 2| fig © 025
2| Y0’ o wis 21¢
2|54
2 EO'/Oﬂlg,
2| Yo’ o w5 031
n=9| 2 7790I?610 16 J9 © P16 2 0'30/1,23 2 O'goﬂlﬁ
2|09 0 K16 2|09 016 2|09 owig 2|05 0123 0 figg
2 O’S 2|vg 0019 16 | po 2|09 01160 K19
2leg 0 K17 8|vg 0 Kig 209 0€l;
2| ¢ 2|49
2|Kgovag — Vg O R12 | 2| [lg © 026
2

=/
O9




Table A.7: 2-component of m,14(S™) with generators
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k=21 k=22 k=23 k=24
n=10{/2|noo k11 |16 0100 p17 16 | p1o 2610
2|o100k17 || 2|V100013 8|v10 0 K13 2| jt10 0 027
2|03, 2|e10 0 Kig 2| b1 2|54,
2|Kipovsg —vigokiz|| 4|10
41910 32| A(pa1)
n=11{/2|n1 oK1z ||16|011 0 p1g 16 | p11 2611
2l0110K18 || 2|V110014 8|v11 0K14 2| [i11 0028
2|03, 2|e11 0 K1g 2 b1 2|51,
2|6 o a3 2|1 4|€1
n=12|2|n3 0 k13 || 32 o*" 16 | p12 21019
2/0120K19 || 4|0120p19 £20" || 8|vi20FR5 2| [i12 0 029
2 0'{)2 2 V12 0 015 2 ¢12 2 5’12
2| X0 ooy || 2|12 0 Koo 2|12 ANSD)
2100 pga
n=13| 2 7]130I§14 16 P13 © 028 16 ﬁlg 2 (513
2|03 V130016 8|v13 0 K1 2| 113 0 030
2/ X0opues || 2|e130 kK21 2|13 2|01
4l Nows 2|13 2|13
n=14|/2|n14 0 K15 || 16 o*! 16| p14 21014
2 Jf4 2 w14OV§O 8 |14 0 K17 2| fi14 0 031
4 SNovsy || 2|06 2| b4 215,
2|e14 0 Koo 2|14 2|€14
8|C*
n=15| 2 ’170/%16 16 O'*/ 16 ﬁ15 2 (515
2|03 2| w0 V3 8 |15 0 K1g 2| ji15 0 032
2|X%XNowsz|| 2|v15001s 2| 915 2|05
2| €15 0 Kog 2|15 2|é15
2|z b
9| p* 2t
n=16 2 n160R17 16 O'TG 16 )516 2 516
2| o3 16 | Xo*’ 8|16 0 Rig 2| fi1g © 033
2 E3>\Ol/34 2 W160V§2 2 ¢16 2 636
2|vfgorvsy || 2|vi60019 2|16 2|E16
2| 216 © Koy 2| xe 2| w20
2| np 2
2| €l 2| e
2\Vig 2176 © €32
2|16 © V32
n=17||2|m7okig || 16|07, 16| p17 21017
2|03, 2| wi7 0 V3, 8| v17 0 Kag 2| 117 0 034
2|\vi;ovss || 2117 039 2| p17 2|6,
2 |e17 0 Kas 217 2| pi7
2 &?{7 2 771‘70633
2\ Viy 2|17 ° V33
n=18 2 77180/%19 16 O'TS 16 ,518 2 618
2| oy 2|18 0091 8|v18 0 Kot 2| 118 © 035
2|vigovss || 2|e18 0 Kag 2| pig 2|51
2 w18 16 A(037)
2|€7g
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Table A.8: 2-component of 7,1 4(S™) with generators

k=21 k=22 k=23 k=24
n=19|| 2|ni9 oKy | 16 O’T9 16| p1g 21019
2|03y 2| v19 0092 8|19 0 Kaa || 2| h19 © 036
2|Vigovsr || 2|e19 0 Koy 2| 919 2|5l
2|3 onag 2|19
n=20 2 720 © ;‘%21 16 USO 16 ﬁ20 2 520
2|03 2| vy 0023 8| V20 0 Rag || 2| [izo © 037
2|XBomna | 2|e20 0 kag 2| 920
2|Bomo || 4] A(var) + 2035 | 2|20
n=21 2 721 © K22 8 O';l 16 /321 2 521
2|03, 2|21 0094 8|Vo1 0 Kaq || 2| fi21 © 038
2|58 0n1 || 2|e210kKag 2| P21
2|21
n=22| oo A(L45) 4 0'52 16| pos 2| 099
2 M2 0Fa23| 2|va20025 8| Va2 0 Ras || 2| izz © 039
2|03, 2| €220 K30 2| p22 41 A(vss)
H:23 2 7723 o R24 2 0'33 ].6 [323 2 (523
2|03, 2|93 002 8| Va3 0 Kap || 2| fl2z © 040
2|23 0 K31 2| a3 2|7
n=24 2|94 0097 o0 A(L49) AR
2| €24 0 K32 16| pay 2| fiz4 0 041
8| vog 0 Koz || 2127
2| pay 27
n=25 16| pas 2| 895
8| V25 0 Kag || 2| fi25 © 042
2| o5 230
n=26 2 626
2| fi2e © 043
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The generators have the following relations (though we do not list all the

relations):
=20
Y2 = v
nzo¥r =0
vgong =0
Eo_/// — 20_//
Yo' =20’
Y25 = 2504

0109 M17 = V10 + €10

n5 0e5 = 2¢
»2e' = +9us 0 0y
vs 0 Lo’ = 2u5 0 0g
o' ovyy =72k + 1)v7 0019
vrooig =12k + 1)’ o vy
vg 0 019 =7(4k + 2)09 0 V1

o120v19 =0

ezovy =1 o
eomz=1"0eg
13 0 X&' =knj3 o s

n3 o s = 24

vs 0 o' o5 =74k(s
€y O V13 = 0
22 = 425

V7 0E19 = 26 O V14

Vg 0 Vg = 2Ug 0 /14

roovig =0

n3o Xy’ =0

vsoXo onis =0

vg =0

v o iy = 8A(013)
¥20 =0
u52 oo11 =0

vgo (g =20" 0013

[Z e l/%5 = 2H7+?4k0'/ 0014

/1

Yot =2p
Epm _ 2p"
EQp// _ 2p/
24,0/ _ 2013

010 © V17 = 010 © €17

o108 =0

l/goorn ovig =0
¥('=0"omaoers
1/500801/125 =150¢Eg
€3 =E€30V11 =M30€&4 =E307118
010 0 Vi7 =?kp10 © 019
010 ©N16 © €17 =7kfi10 © 019
H10 © 019 = 010 © 17 + A(8021)
2277* =7¢€ 2371'30(514)
E’I]i} =7 237'(31(515)

77?2) o0&y =2¢
Y& =% oKy

1Z4:%8 EO'/ 0015 :?(Qk—l- 1)22(5/ 00'13) =7

110 © 11 © 020 = 010 © 17 © H18
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nzo Y& =0
vs o Xp” =7
vgoég =0

Cg O 090 :7(4]6 + 2)0’9 o CIG
010 0 G171 =7 € 2mas(S™0) \ 4mas(S10)

SN = 2N
ne! = 2¢’
22N =2

$2¢ =26,

012 0 C19 = 8A(025) = 16C12

YN =205,

20 = —V30

n3 o fis = 2/

Vs O ZO'/ o 15 = 22<5/ 0/1/13> =7

vs 0 N2 = ¥2(e omyz 0 e14) =7

vsomgogy = X2(e o,

3

S =2
Vg O g © 018 = 1604
2N ong =0
32 omg =0
§1a0m32 =0

22&)/ = 2CL)14 O V3p

wigovzy =0

nzo X =0
Ve o Kig = 2R/
Yk = +2ky

Y3 =60 oeos

200 =m30€4 0 K12
48y =1 o finn

2810 = 010 © V17 © K3g



The Hopf invariants of the generators are:

H(n2) = t3
HW') =ns
H(I/4) = L7

H(o") = 77%1
H(o') =ms
H(O’g) =15
H(es) = v3
H(D@) =11 mod 21/11
H(H3) ——
H(") =e5
H(W) = ps
H(C5) = 80’9
H(0') = 77%1
H(0) = 123
H(K,7) Z?

H(é3) =vs00g80v15 mod vs 0130 fig

H(p"™) =nj o pu1 = 4Gy
H(p") = mi o po

H(p") =13 mod {vi} + {msoeis}

H(p') = 8017
H(p1s) = n3s = 45

H(CI) = Cll mod 2C11
H(ws) = va7

H(’?*/) = 77%9

H(77>1k6) =731

H() ="
H(fiz) = p"

H(elp) = V223
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H(\") =mgoes mod niyo oo

H(E") = vy + Mg 0 €20 = N9 © 021

H(N)=¢e91 mod 191 022
H(E') = Dy + €21 = 121 0 022
H(&12) = 023 mod 2023
H(A) = V225

H(”T(}) = lV31 mod 21/31

H(@') = s mod %Pmig(5?)
H(C) =8p
H(gg) = Jfl mod 20%1

H(w') = €93 mod 123 0 04

H(r") =7
H(k7) =7
H(B') = Cio

H(a) = vg 0 k1o
H(o™"") = (25 mod 2(z3

H(c™") = V3; + nor 0 €28
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H(0*') = a9 + €29

H(JT6) =031 mod 203

H@a) =«
H(p") = 16
H(p") =m0 12

H(p') =iz mod o130 120 © p121

H(pg) = 16p17
H(¢s) = 09
H(110) = 0y
H(E") = m29 0 €30
H(
H(

3
Va9
€31

*/)
16)

™|

H(03) =vs00s mod vs 058
H(65) =611 mod & ongg
H(C) =G mod 21
H(€10) = €19
H(C*) = (7 mod 2m3s(S*7)
H(1™") = 129 0 pizo0
H(pig) = par
H(iy) = 7725
H (1) = mar
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