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Abstract

In this paper, we derive several combinatorial identities involving the g-derangement
numbers (for the major index) and many other g-numbers and g-polynomials of com-
binatorial interest, such as the ¢-binomial coefficients, the ¢-Stirling numbers, the ¢-
Bell numbers, the ¢-Pochhammer symbol, the Gaussian polynomials, the Rogers-Szeg6
polynomials and the Galois numbers, and the Al-Salam-Carlitz polynomials. We also
obtain two determinantal identities expressing the ¢-derangement numbers as tridiag-
onal determinants and as Hessenberg determinants.

1 Introduction

The derangement number d, (sequence A000166 in the On-Line Encyclopedia of Integer
Sequences) counts the derangements (i.e., permutation with no fixed points) of an n-set. By
a simple application of the principle of inclusion-exclusion, we have the formula

d, = Xn: (Z) (n— k) (=1). (1)

k=0
Moreover, these numbers satisfy the recurrences

Gt = (04 1) dy + (1) )
dpi2 =M+ 1)dpi1 + (n+1)d, (3)
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with initial conditions dg = 1 and d; = 0.
The g-derangement numbers [32, 5] are defined by the formula

i) =3 () In = W (-0, a

k=0
where [n], =1+ q+¢*>+ -+ ¢" !, and satisfy the recurrences

dn1(g) = [0 + 1y du(g) + (1) 1g("3) (5)

dny2(q) = [0+ g dnya(q) + [0+ 14 0" du(g) (6)
with initial conditions do(¢) = 1 and d (g ) 0.
The major index maj(o) of a permutation o of {1,2,...,n} is the sum of all positions k

for which o(k) > o(k 4+ 1). The ¢g-numbers d,(q) arise from the g-counting of derangements
by major index and have several interesting combinatorial properties. Indeed, if &, is the

set of all derangements of {1,2,... n}, then we have [32]
q) = Z g™
TEDn

Moreover, considered as a polynomial in ¢, the g-derangement number d,,(¢) has non-negative
integer coefficients forming a unimodal sequence [5]. These coefficients have a spiral property
[33], which implies their unimodality and also the fact that the maximum coefficient of d,,(q)
appears exactly in the middle of the polynomial, i.e., is the coefficient of ¢l"»=D/4l (as
conjectured by Chen and Rota [5]). Furthermore, they have the ratio monotonicity property
(for n > 6) [7] which implies log-concavity and the spiral property.

For the ordinary derangement numbers d,, (and their generalizations [3, 10, 23, 24, 25])
there are a lot of combinatorial identities. In this paper, we derive several g-analogues of
these identities. They involve the ¢g-derangement numbers d,(¢) and many other g-numbers
or g-polynomials, such as the ¢g-binomial coefficients, the ¢-Stirling numbers and the ¢-Bell
numbers, the ¢-Pochhammer symbol, the Gaussian polynomials, the Rogers-Szeg6 polyno-
mials and the Galois numbers, and the Al-Salam-Carlitz polynomials. Finally, we obtain two
determinantal identities expressing the g-derangement numbers as tridiagonal determinants
and as Hessenberg determinants.

2 g-binomial identities

We start by recalling some basic definitions of g-number theory. For every n € N, we have
the g-natural number [n], = 1+ q+ ¢*+ -+ + ¢" ' and the g-factorial number [n],! =
n]yn —1],---[2]4[1],- Then, for every n,k € N, we have the g-binomial coefficients (or
Gaussian coefficients [12]) defined by

SN (R LI TR
<)q: ], — &,

ki 0, otherwise,



and satisfying the recurrence

(i20), = () + (), "

with initial conditions (g)q =1 and (Z)q = 0p,0. Moreover, we have the relations
1 n
il = bl Bt =t @ (7)< (P
g1 q

In this first section, we derive some g-binomial identities using an elementary approach
[21] which exploits the properties of the g-binomial coefficients and the recurrences of the
g-derangement numbers. In Section 5, we derive some other g-binomial identities by using
the more advanced technique of the g-exponential series.

Our first result is the following:

Theorem 1. For every n € N, we have the identity

3 (1) S = (1) e )

Proof. By recurrence (6), we have

di+2(q)
[k + 1],

= djt1(q) + " di(q) .

+

Consequently, we have

n—1 n—1

> (T,

(k N 1) dy+1(q) + nz_l <k Z 1>qqk+1dk(Q)

k=0 k=0
or
~ (n di+1(q) - ( ) ( )
Z = di(q) + Z 'di(q)
P (k)q k], — kE+1
or
" (n di41(q) - ((n) I<:+1( n ) )
= +q di(q) — do(q) -
; (k>q [k]q ;0 k" q k + 1 q
By recurrence (7) and the initial condition do(q) = 1, we have identity (9). O

Similarly, we have the following formula.

Theorem 2. For every n € N, we have the identity

n

2 (Z)qdk+1(Q> = ; (Zi i)q[k]qdk(@ + nl (Z)qq%_ldk—l(Q)- (10)

k=0 k=

3



Proof. By recurrence (6), we have

or

or

or
" /n - n n a n
diaa(0) — da(a) = (( Jee(,0) ) o)+ 3 (1) o).
;O(k:)q k), k1), kz_o k+1),
By recurrence (7) and the initial condition d;(q) = 0, we have identity (10). O
We also have the following formula.

Theorem 3. For every m,n € N, we have the identity

§é<?“+n+ﬂ>[Mﬂ(—Lﬁ%m@*ﬁ¢4®:=5é<ﬁy+n>[ma(—lfq“ﬂﬁg+@) (11)

m+k+1) [k, c~\m+kJ, [kl

k=0
In particular, for m = 0, we have the identity

B (e S o

k=0

Proof. From recurrence (5), we have

dria(q) _ di(q) g
ST R AR

and consequently

n

1 ( m+n ) (_1)k+1[n]q!q(m+§+2)d’“+—1(q>

o \m+k+1 [k +1]!
n—1 n—1 k+1)
m-—+n k+1 (M+k+2> dk(q) ( m-+n ) (m+k+2) q( 2
— —1 | 2 + ! 5 :
(m+k+1)q< GRS () e



that is,

n n—1
m—i—n) [n]q! k m+k+1 m-+n [n]q! k (m+k+1) kil
> (1) ) + (—1)Fg\" 2 ) gm R, (g)
- (m—i—k [&],! 2 \m + k+ 1), [k
—Z by Ll g ),
m+kJ, k]!
or
< m+n m k+1( m+n ) nl,! k()
+q" (=1L 2 di(q)
k:0<(m+k)q m+k+1/,) [k
m—l—n) (") "\ (m+n\ [n],! () 4 (5)
- ORI .
( m ), ; m+k ), [kl
Hence, by formula (7), we have identity (11). O

Using the same approach, we also have the following result.

Theorem 4. We have the identity

n

¢ [Klgdi(a) + 3 (~1)¢(2) = [0+ 1),dn(q). (13)

k=0
Proof. Since [k + 1], = 1 + q[k],, recurrence (5) can be rewritten as

k+1)

dis1(q) = (1 + qlkly) dig) + (1) g

or k+1)

di1(q) — di(q) = q[k]g di(q) + (~1)*1¢(

Hence, we have

Z dk+1 Z (q) =q [k]q dk(Q) + Z( 1)k+1q(k+1>
ST dila) = S dila) = ¢ > [Klydelg) + 3 (~1)q(®)
don(@) — dofa) = a3 Ky dela) + 3 (1 — 1



Hence, by the recurrence (5) once again, we have the identity

[+ Ugda(q) + (1)) = ¢ Y Ky dila) + 3 (1)) + (=)
k=0 k=0

which simplifies to identity (13). O
Similarly, we also have the following property.

Theorem 5. We have the identity

kio (ZI i)q(—l)’“ (54 = qz ( ) EqUE) [k — 1), din (q) + k; (Z)qq“. (14)

Proof. Once again, we start by the recurrence (5) written as

k+1)

di1(q) — di(q) = glk]y di(q) + (~1)*+1gl

Then we have

5,2 o8-
q: <kf_1)< 151 k], di(q )+:_: (kil) ("3%)4("31),
which is
;:1 (Z)q(— R +§ (k;+ 1)( 143 1 dy(q)
D3 (1) 0a = s (1)t
: k; ((Z)ﬁqk“ (l{:il))( k("2 (q) -
:qkf;(Z)q(—D’“q(k?)[k Jy di 1 ( Z() ) 1.
By recurrence (7), this last identity simplifies to identity (14). 0



3 ¢-Stirling identities

The ¢-Stirling numbers of the second kind are defined as the connection constants [9, 21]
between the ordinary powers 2™ and the g-falling factorials xf = x(z — [1],)(x — [2]¢) - - - (v —
[n —1],), that is, as the coefficients {Z}q for which

Equivalently, they are the numbers defined by the recurrence

{Zii}q:{Z}q”’””q{kil}q (15)

with initial values {g}q = 0p0 and {g}q = 0,0

Similarly, the g-Stirling numbers of the first kind are defined as the connection constants
[9, 21] between the g¢-rising factorials zj = x(z + [1],)(z + [2],) -+~ (v + [n — 1],) and the
ordinary powers x", that is, as the coefficients mq for which

n —~ [n k
xqzz{k]x |
k=0 q

Equivalently, they are the numbers defined by the recurrence

{ZI ﬂq - [ZL + Inl lk Z 1L (16)

with initial values mq = 0p0 and [g]q = 0k.0-
For the ¢-Stirling numbers, we have the inverse relations

e {ife = w=X s )

and

k=0 k=0
Consider the g-Bell numbers defined by

i =3 {3} 19

Although they are not the cumulative constants of the ¢-Stirling numbers considered above,
we have the following formulas relating the g-derangement numbers and the ¢g-Bell numbers,
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Theorem 6. We have the identities

> {Zi 1} (—1)*di(q) = bu(q) (20)
> {Zi ﬂ (—1)"br(q) = du(q). (21)

Proof. By recurrence (5), we have

di1(q) — [k + Uydi(g) = (1) g

Hence, we have the identity

kJer)

:Z_: {k i 1}q(—1)k+1dk+1(q) - :Z:) {k Z 1}q( DRk +1,di(q) = :Z:: {k i 1}qq ey
or ,; {Z}q(—n’fdk(q) + kg { - 1}q<—1>‘f[k +1),de(q) = k: {Z}qq@

kzno ({Z}q + [k + 1]q{k i 1}q) (—1)*di(q) = ki:o {Z}qq(é)

By recurrence (15) and definition (19), we have identity (20). Then, by this identity, we get
identity (21) at once as its inverse relation (by property (18)). O

To prove the next theorem, we need the following result.

Lemma 7. For every n,k € N, we have the identity

{Z i } - Z (n> {k}q (22)

Proof. Since



T e S (e -y = (3T e

Then, from this relation, we have

" (n+1 kﬁ_n n ii_n n Z-i 7 E_i " /n AN i
RANIEES ST WD RHEE P IHTI R
k=0 q i=0 i=0 k=0 q k=0 \i=k q

By equating the coefficients of %, we obtain identity (22).
Now we can prove the following result.

Theorem 8. We have the identity

n

3 {Z}q(_nkqn‘kdk(q) = "0 (Z) (1770 (@) .

k=0

Proof. By identities (20) and (22), we have

i) =3 (Z () {k}q) 1t =3 () {}evia,

Thus, if we set
then we have the identity

whose inverse is

This is identity (23).
We also have the following result.
Theorem 9. We have the identity

>{ }q(—l)kdkﬂ(Q) - {Z}q<—1>qu[k1qdk_1<q> .

k=0

(23)



Proof. By recurrence (6), we have

desa(g) = [k 4 Uydios(g) = [k + 11,6 di(a)

Then we have

or

n

k=1

or

{

n_l{k:—tl}( D) disa(a) nzl{ml} U et =

q k=0

n—1

n

= (—=1)* [k + 1,6 di(q),
0 {k t 1}q

n

By recurrence (15), we have identity (24).

Similarly, we also have the following formula.

Theorem 10. We have the identity

> {3t =3 T et awi

k=0

Proof. By recurrence (6), we have

or

ey 1(q)drs2(q) = [k + Ugdii1(q)® + [k + 1g¢" di(q)dis1 (q),

[k + 1]gdis1(0)* = dir1(@)dir2(q) — [k + 1qq" " di(q)dii1(q) -

Hence, we have

5 { " }q(—l)’f“q—(k?z) [k + 1)ydis1(q)?
- k:) { " }q(—l)“lq_(kf)dk+1(Q)dk+2(Q)
_ nz_; {k Z 1}q(—1)’f+1q—('“32)[k + 1yq" " di(q)dis1(q)

10

k}q(—l)’“dk+1(q)+ ;{kil}( 1) [k + 1ydrs1(q) = s {:}q(—l)k[k,‘]qqkdk_l(q)’
[

<{Z} e, 1}) V(@) = 3= {3} 1 o)



or

Since [0}, = 0 and d;(¢) = 0, we have
> {Z} (~1)*q (2 [k de(q)?

- k; <{Z}q + [k + 1]q{k Z 1}q> (=1 ¢ ) d(q) s (q)

Finally, by the recurrence (15), this identity simplifies to identity (25). O

Now consider the ¢-Bell numbers B, (q) defined by the recurrence

Bualg) =) (Z) ¢"" M By(q) (26)

k=0

with initial value By(q) = 1. Notice that the g-numbers b,(q) and B,(q) are different ¢-
analogues of the ordinary Bell numbers (A000110). For these ¢-Bell numbers, we have the
following result.

Theorem 11. We have the identity

n

> (1) vt m@ dot) =3 () ot (DB - @)

k=0

Proof. Let 0,(q) be the sum on the right-hand side of identity (27). Then, by the recurrence

11
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(26), we have

B
Il
o

i
o

|

~
I
o

M-

~
I
o

Il
W'M:
o
TN N N o/ N/
) . < R}
|

I
NE

= ar
_ Z; (T;)( g () (; (” N Z')q[n - z]q'<—1>kq<’5>) Bi(g)

and this is the claimed identity. O

4 Elementary identities

Several combinatorial identities can be derived from the following property of linear recur-
rences of the first order: the general solution of the recurrence

Ynt1l = Apni1Yn + bn+1

is given by
. — a
Yn = @pYo + Z CL_* bk? (28)
k=1 k

where af = ajas - - - a,, provided that a, # 0 for all n € N.
First of all, we have the following simple result.

12



Theorem 12. For every m,n € N, we have the identity

m+n+1
m

P =( )[n+ 1)
! (29)

“(m+n m
+[m+n+ 1]qz (m N k) [ — K]glg" ™ duo(q)
k=0 q

In particular, for m = 0, we have the identity
" /n
dale) =0+ 11, Y () = K o) (30
k=0 q

Proof. Let y,,(q) = dpmins1(q). By recurrence (6), we have

Yn+1 (q) = dm+n+2<Q) = [m +n+ 1]11 dm+n+1(Q> + [m +n+ 1](1 qm+n+1dm+n(q)>

or
Yn+1 (Q) = [m +n+ 1](1 yn(Q) + [m +n+ 1]q qm+n+1dm+n<Q) .

This is a linear recurrence of the first order with coefficients a,, = [m + n|, and b, =
[m +n], ¢™ " dpmsin—1(g). Since

@ = )y ]y = e (m”)q[n]q!,

then the solution, being yo(q) = dyni1(q), is

n

yn(Q) = (m;— n) [n]q!dm+1(Q) + Z [Tn[?j;]:']q [W”L[ﬂl]qk]q [m + k]q qm+kdm+k—1(q)

m + n>q[n]q!dm+1(Q) + kz:; % [m + kﬁ]q qm+kdm+k_1(q)

" ”) (gl (2) + > (Z . Z) [+ Kl [n = gl " dya (q)

(
( +

— (m; n)q[n]q!dm+1(q) + [m +n), 2”: (m e 1>q[” — Kol " dir1(q)
( +

— m+k—1

”)q[n]q!dmmq) . ("

)i b= 2 o).
k=0 q

m + k

Finally, by replacing n by n 4 1, we obtain formula (29). O

13



Theorem 13. For every m,n € N, we have the identity

A ini2(q) m+1 +h+1 m+k(Q)
= § mn 31
[m+n+1],! + 1 [m + k]! (1)

In particular, for m = 0, we have the identity

Q)| _ kzquCEZ_f!)‘ (32)

Proof. Let y,(q) = ‘L{‘Ji—ﬁ(,) By recurrence (6), we have

mint2(@) _ [mAn+ 1g(dmini1(g) + ¢ dmin(q))

Yn+1(0) = [m+n+1), [m +n+ 1],
_ dm+n+1(Q) m4n+1 dern(q)
[m + nlg! [m + nlg!”

or
m+n—+1 dm+n (Q)

Yn+1(q) = yn(q) +4q [m+nl,!

This is a linear recurrence of the first order with a,, = 1 and b,, = qm+"ﬁ;”12—11]q), for n > 1.

So, by formula (28), we have the solution

n—1

)+ m+k +k— 1(61) + mAk+1 Ym+ :
U Zq S A0 kZ:Oq kL
or
dm+n+1(Q) _ m+1 Z mAk+1 m+k(Q)
[m + nj,! [m + k!
Now by replacing n by n + 1, we obtain identity (31). O
Theorem 14. For every m,n € N, we have the identity
Qi1 (@) dmsnt2(0) _ nneer) G (@)dmr1(q) m( dir1(q)° 33
1) =49 T Z (%) (33)
g\ 2 /im+n+1],! q e g\ 2 /[m+ k|,
In particular, for m = 0, we have the identity
dyi1(q)dy “~ d 2
q\ 2 [n+1] D=0 gt 2 (K]



Proof. Let y,(q) = Zmtnl@dminsi(@) By recurrence (6), we have

[m+n]q!
y 1<q) _ dm+n+l (Q)dm+n+2(Q) _ dm—i—n—f—l(q) (dm—i-n—i-l (C]) + qm+n+1dm+n(Q))
" [m +n + 1],/ [m + nj,!
_ Amtn+1 (Q)2 4 qm+n+1 dm+n(Q)dm+n+1(Q)
[m + nly! [m + nly! 7
or p ()
m+n+1 m+n+1(q
Yn+1(q) = ¢ Yn(q) i+,
This is a linear recurrence of the first order with a,, = ¢™*" and b, = % for n > 1.
Since a} = qm”Jr(n;l), by formula (28), we have the solution
n mn+(n+1) 2
mn+("T1 q dm+/€(Q)
yn(@) = ¢ yo(q) + ;
ot qu-f—(k; ) [m+k—1],!
n—1
mna- ("1 n+1 m(n—k— dm k q 2
= ¢y (g) +¢(F) 37 gmlni (k“; )"
k=0 q\ 2 /[m+ k!
or »
Arnin(@dmsnt1(9) o din(@)dint1(q) +3 gk dik11(9)°
(n+1) | - [m] | q (k+2) | N
g\ 2 /Im+nl,! q: =0 g\ 2 ) [m+ k|,

Now by replacing n by n + 1, we obtain identity (33). O

The next formula can be obtained with the same elementary approach used in Section 2.

Theorem 15. We have the identity

dm+n+1<Q)2 _ qz(”’*;“) dm(‘])z B qz(gﬂ)
a2 [ )
n m+k
i Z e o) dm+1(q) N ")
[m+ Klg![k +m+ 1] = [m + K]
In particular, for m = 0, we have the identity
doi1(q)? — ¢"" ) _9 Z 1)k+1g (41 dk—@) + — ¢F+ (36)
[0+ 1],!? [Flo!k + gt &= [k

Proof. By recurrences (5), we have

At @7 = (I b+ Uydmaala) + (-1 Y

m+k+4+1 2 m+k+1)

= [m+k+ 12dmnx(q)* + 2(— 1) (" ) 4 ke 1y ik(g) + (7

15



Hence, we can write

dm+k+1 (q)2 _ dm+k<Q)2 + 2(_1)m+k+1 (m+2k+1) derk(Q) q2(m+2+ )
[m+k+1],12  [m+ k],!? m+ k|l m+k+1],!  [m+k+1],2

and, consequently, we have

n n

dm+k+1 2 dm+k ’
Z[ (9)° (9)

2 T+ k + 1,2 [+ k],

k=0
n n m-+k+1
" dir(4) AT
+ 25 (mqymhtg (M) + + :
kz:;( ) 1 [m+klglm+k+ 1! = Im+k+1]"

or
Z m+k(Q)2 _ i dm+k(Q)2
p [m + k], 12 — [m + k], 12

n+1

+9 Z m+k+1 T”*Qk“) dm+k(Q) i Z [ 92(
k

[m+ Klm +k+ 1]~ = [m+ k]

By simplifying, we get the identity

dm+n+1<Q>2 _ m + 9 Z m+k+1 m+2k+1) dm+k(q)
m+n+1,2  [m, [m + k]! [m + k + 1]!
3 A7) LA g

—m+ kg [m+n+ 1 [m]

which yields identity (35) at once. O

5 g¢-exponential series

Many identities can be obtained by using the g¢- exponential generating series. Recall that
the product of two g-exponential series f(t) = -, fn . and g(t) = >, >0 gn#nq! is given

by
£ g0 =3 (Z (k) figo- k> o

n>0

and that the ¢-derivative (Jackson’s derivative) ©, of a g-exponential generating series f(t) =
> >0 fn#nq! is defined [16, 17, 18] by the formula

t)— f(t t"
qu(t) = —f((qq)_ I{t( ) = Z(:)fnﬂ[n—]q,

16



The g-exponential series (Jackson’s q-exponential) [16]
E0=Y =l =
n>0 " k>0 q Jat
is the eigenfunction of the g-derivative, that is,
D,E,(A\t) = AE,(t).
In particular, since ®,E,(t) = E,(t), we have the relation

Ey(qt) = (1 — (1 —q)t) Ey(1) .

Consequently, considering the g-Pochhammer symbol (z;q)m = (1—x)(1—qx) - - -

we have, for every m € N, the identity

m—1

Ey(q™t) = [ (1= (1= @)d"t) - Ey(t) = (1 — q)t: ) Ey(t) .
k=0

Moreover, the inverse of the g-exponential series is

and we have the identities [30]
E (—t)E,(t) =1

E,(t) B,(~t) = E, (1 . Z t2) .

(38)

(1_qm_1x)7

(39)

(40)

(41)
(42)

By definition (4) and series (40), we have at once that the g-exponential generating series

of the g-derangement numbers is

Dt) = S ) = B0

n>0

We consider the following g-polynomials:

e the q-Pochhammer symbol

($§ Q)n = (1 — SE)(l — qgj) . (1 _ qn—lz) (Z) (—1)kq<§

e the Gaussian polynomials [13, 14, 9]

(43)

gn(Q; -73) = ($ — 1)(;1: — q) .. ([L’ _ qn—l) _ (Z) (_1)n_kq(ngk)xk 7

17



e the g-Hermite polynomials (or Rogers-Szegd polynomials) ([29, 4, 1, 13], [27, p. 180])

o =3 (1)

k=0

and the Galois numbers [13, 26]
" /n
k=0 q
e the g-Carlitz polynomials (or Al-Salam-Carlitz polynomials) ([2], [8, p. 195], [15, 6, 19])
U (q;2) = <n) —a)" (),
D=3 (1) Corta)

having g-exponential generating series

Pest) = w0y = gy = Pl Bt (16)
) = o) = g = B0 By (47)
H (1) = ;}Hn(q; x)[;—i! — E,(t) E,(at) (48)

Galt) = nz;;c:n(q)[;—il = B, (19)
Uiy 1) = nz;)a@ @) = ot = Blet et G0

Using the properties of the g-exponential series, we have at once the following results.

Theorem 16. We have the identities

5 () et i = 3= () b - it 1 o1
o
> (1) st =3 () w9



Proof. By series (43), (46), (47), (48), (50) and (40), we have the identities

D,(1) .ty = Pt
Dy(t) E, (2,t) = g‘i(f’?
D, (1) Hy (1) = 21
D,fat) yfa. ) = 0

which are equivalent to identities (51), (52), (53) and (54), respectively.
Moreover, we also have the next result.

Theorem 17. We have the identity

- pdi(@) dnk(g™') 1+ (=1)"
;(‘1) K, T — W], 5

or, equivalently,

k=0
Proof. By identity (41), we have
E,(—t) B, () _ 1
(I—=t)(1+1) 1—1¢2

Dq(_t) Dcr1 (t) =

Now we have

D=0 Dy () = SVt Yy = S0 (- ) e

i>0 Z]q! >0 [j]q71! i,j>0

Hence, we have the identity

- kdk dy_1 -1 " 1 —1)" n
Z<Z<_” oK [n_ii_fﬂf -

n>0 \ k=0

and this yields identity (55). This identity and [n],-1! = [n]q!q7(2), immediately

identity (56).

19
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Theorem 18. We have the identity

) R B . Nig:

k=0
Proof. By identity (42), we have
Ey(t) " Ey(=t)""
(1—=t)(1+1)

1 11— —1
:—Eq2<—qt2>
1—1¢ 14+4¢

Dy(t)Dy(—1) =

. ;t” : %;(—U’“qg(l§> G—:LZ)k %

=2 (0 (i Z)k e EE=

_ ; (§(—1>qu” (;Z)k [[lef;) [;;Tq!

oy (LGS e (e )

Taking the coefficients of #nq, in the first and in the last series, we have identity (57).

Recall that for the ¢-binomial coefficients we have the g-series

m+n\ , 1 B 1
Z( m )qt A=A —gt) I =) (L=q™) (5 Qmer

n>0
Then we have the following result.

Theorem 19. For every m,n € N, we have the identities

Zn: (Z)q (m; k)q[k]q!q’“dn-k(q) = i (Z)q (m;;ijf 1)q(—1)”_k[k]q!q<n2k)

k=0 k=0

> (Z) (a ' k) ) = 3 (Z) (O‘ o 1) (=1l a2

k=0 k=0
Proof. From the g-series (58), we have the g-exponential series

1 B m—+n . i
=00 =) (1= ¢ ‘Z( m )J W,

(") i

1
(1= qt) (1 —?t) - (1 —qm+it) 2

n>0
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Then, by formula (43), we have the identity

Dy(t) Ey(t)”!

(1=q)(I=g’t)--- (L=gm*'t) (1 =1)(1—qt)(1—g*)-- (1= g7+t
which is equivalent to identity (59). Similarly, we have the identity

Dy(t) _  Ey)

(I —t)ott — (1— )2

which is equivalent to identity (60). O
To prove the next theorem, we need the following result.

Lemma 20. We have the q-exponential series

E,(t)7% = Z(—l)”q<2) Gnlq™) —

= [n)g!

(61)

Proof. By formula (40) and relations (8), the coefficient of ﬁ;, in the g-exponential series
E,(t)™?is

En: (Z)q(—l)kq(é)(—1)"‘kq("2k) = (-1)"ql%) :0 (Z>qq_k(n_k) = (-1 ”0 (Z)q

k=0
By the definition (45) of the Galois numbers, this implies identity (61). O

Recall that the g-multiset coefficients are defined by

k—1
n (” i ) k>
(k) _ ko)
a 1, itk=0
and that they have g-generating series

,; ((Z)qtk T -—g(1 _1qzt) Ty Sl t;lq)n . (62)

Theorem 21. For every m,n € N, we have the identity

n

i (Z)qqu di(q) = [nly! Y ((Z))q(l —q)tq"" Y. (63)

k=0 k=0
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Proof. We have the g-exponential series

uw#Z%Z@kMM@;ﬂﬂwwmmzwﬁﬁ?T

n>0 \ k=0 ]q ’

By identity (39), we have

E,(t)E,(t)™! 1 1
Lt — — BOEO7 |
I=gm) (1=t @)m  1—q"t ((1-a)t:q)m
n tn
- (MJ (Z)u—@ﬁkaQ ,
n>0 k=0 q (72!
from which we have at once identity (63). O

We conclude this section proving the following elementary identity involving the g¢-
Pochhammer symbol.

Theorem 22. We have the identity

doio(q) 2™ . i dir1(q) +dilg) 2% i dy+1(q) 2" + dy(g) 2 (64
[0+ 1! (g2 O = k]! (qz;0)r &= [Klg! (g5 @) rgr
Proof. By recurrence (6), we have
diro(q) & = [k + g diia(q) @ + [k + 1], ¢" o di(q)
= [k + g drra(q) @ + [k + Uy di(q) — [k + 1], (1 = ¢""'2) di(q),
and consequently
dy2(q) o™ _ di(q) 2! X di(q) a - dp(q) 2"
k+1g! (qzs @i Kl (g @i [Klg! (qz@)en [Klg! (qz5@)n
Then we have
Z": desa(q) " (dia(e) 2! z": di(g) 2" ~dilg) @t
k41 (e = Kl (s a)en = (Kl (@3 @e = [Klg! (qz50)i’
which is
"Z“ dia(9) 2 N~dle) ot §Sdeale) i di(q) "
— Kl (e 2 Ko (e =0 Kl (@i@k = [Flg! (a25@)ie”
or
dpyo(q) 2™ . ~ dia(q) +di(g)  2F Z":dk+1(q) 2"+ di(q) xk‘
[+ 1! (g5 @t = k]! (qz;q) = [K]g! (g5 @) rsa
This is the claimed identity. O



6 Determinantal identities

Since the g-derangement numbers satisfy a three-term recurrence, they can be represented
in terms of tridiagonal determinants (or continuants ([20, pp. 516-525], [31])).

Theorem 23. We have the identity

0]y —q
[1q [;]q —2q2 )
do(q) = [ ]q [ ]q —q (65)

n—1

-2, -2, —q
1], [n—1),

nxn

Proof. The tridiagonal determinants in formula (65) satisfy recurrence (6) with the appro-
priate initial values. This implies at once the claimed identity. O

The g-derangement numbers can also be represented in terms of Hessenberg determinants
[31, p. 90], as follows.

Theorem 24. Consider the n X n lower Hessenberg matrix

aoo(q) —1 0 0 .. 0
a10(q) a11(q) -1 0 . 0
a(q) az(q) az(q) -1 e 0
An(q) = . _ , _ . _
n-21(0) @n-22(q) an-23(q) an-2alq) -+ 1
_an—1,1(q) (ln_lyz(q) an-13(q) an_1’4(q) o an—l,n—1(q)_
where _
Z . . .
() ai—j(q), ifi>j;
(o) — J/q
0=, fi=j-1
0, otherwise
where .
ak(g) - 2 — 1 <qn - (1 - Q)n> [n]q! . (66)

Then we have the identity
dn(q) = det Ay (q) - (67)

Proof. Let b,(q) = det A,(q). By expanding the determinant along the last column, we get

the recurrence
n

b = () @t 4(0)

k=0

23



with initial value bo(q) = 1. Hence, considering the g-exponential generating series

tTL

algit) = 3 an(a) and  b(g;t) = an@[ﬁ—iw

n>0 [n]q! n>0
we have the g-differential equation
Dyblg;t) = alg; 1) b(g; t) -
If b(q;t) = D,(t), then by(q) = do(q) = 1, as requested, and

. _qu(Q§t)_®qu(t)
WG =Ty D)

By series (43) and relation (38), we have
Dy(gt) = Dy(t)

CDqu(f) = (q — 1)t

1 E,(qt)™t  E,(t)™!

B (q—1)t( l—qt  1—t )

- A (e - B

(=1t \(1—g)(1+(g—1)t) 1t
_ qt E,(t)~*
(A=t —gt)(1 4 (g—1)t)
which is
D,D,(t) = a D,(t).

(1 —gt)(1+ (¢ —1)1)

Therefore, we have

(¢:1) qt q 1 q 1
a(q:t) = = — .
T 0 g+ (-1t 2¢—11—qt 2¢—11—(1— )

This decomposition yields identity (66), and, consequently, this proves identity (67). ]

7 Final remarks

In the literature, there are also other g-analogues for the derangement numbers. For instance,
we have the ¢-derangement numbers [11]

D@ =3 (y) -y (03

k=0
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satisfying the recurrences

Dyya(q) = [n+1]g Du(q) + (=1)"* (69)
Dry2(q) = q[n+ 1]y Dnya(q) + [0+ 1]y Du(q) (70)

with initial conditions Dy(q) = 1 and D;(q) = 0. Moreover, they have g-exponential gener-

ating series
_ E(—t
E D, ( = ol )
! 1—t

n>0 ‘1'

The g-numbers d,(q) and D, (q) are not independent, as shown in the next theorem.

Theorem 25. For every n € N, we have the relation

dulq™") = q~B)Du(q). (71)
Moreover, we have the formulas
_ - n—k ("5" (" @
dn(q) = k:O(_l) gt )W (72)
_ - n—=k <qn k+17Q)
Dy(q) = k:o(_l) A=k (73)

By formula (68), this is relation (71).

Since [n],! = ((1” from definition (4) we have
d (q) _ - [n]ql (_1)kq(§) _ i <_1)kq(§) (q,Q)n — - <_1)kq(§) (qk—i-l.q)
’ = (Ml —(1—g)* (e = (1—qr* e

This is equivalent to identity (72). Similarly, formula (68) can be rewritten as formula
(73). O
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We also have the following result.

Theorem 26. We have the ordinary generating series

— Zdn(Q) ;o Z (‘qu( :) t"Q(q; ¢"t)

n>0 k>0 (1-q)* (l%q;q)k—&—l
_ n __ (_1>kq(k;r1> tk
- ;D"(Q)t _; 1-a* (1+¢)(9),,,

where

Qlg:it) = Y (-1 e,

n>0

Proof. From recurrence (5), we have

Zd”“(qwzzlf_qnqﬂ ()" + Y (=1 1gls) e,

n>0 n>0 n>0
which is dod) — d . . .
GO0 _ L (a(g:1)  qagrqn) + QLD
t 1—g¢q t
. dgit) — 1= ——d(g:t) — —T d(g:qt) + Qlg: 1) — 1
Qa _’1__q Q7 1__q Q7q Q7 )
or . y
q
1— —— . _ . I A .
( . q) d(g;t) = Qg:t) — . d(q; qt),
which is

Qlg;t) gt
- (I-g(1—%

By repeatedly applying this formula, we get

d(g;t) = ) d(g; qt) -

e (1)kgE) t* Q(a; ¢*)
) = L T T ) (1
(— 1)n+1q("+2) gl o
T e G _%)...(1—%)d(q’q 2
= Y (_l)kq(2)th(q;qkt)+< s o d(g; ¢"'t).

—~ (1-9" (:9),, (-0 (5%:49),..

Taking the limit for n tending to +o00, we obtain series (74).
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Similarly, from recurrence (69), we have

1— qn+1

> Dun(@t" =) 1o Du(g) " + Y (=)™,
n>0 n>0 n>0
which is D(:1) — Do(a) . .
¢;t) — Dolq
= D(q;t) — ¢D(q;qt)) — ——
; 1_q( (:1) = aD(g:at) = 7o
or
1= Y Digt) = —— — T Digqt)
1_q q7 _1—|—t 1_q Q7Q7
or
1 qt
D(g;t) = - D(q; qt).
1+0(1-) (-9 -)

By repeatedly applying this formula, we get

k;l)

noo k( L
Dign) =y t

— (1—q)k (1_|_qkt)(1_1%})(1_‘1_75)...(1_‘1_’%)

1—q 1—q
n+2
(_1)7’L+1q( 2 ) tn+1 )
' (1 —gq)*! (1—4)(1_q_t)‘..(1_qnt)D(q;q“t)
1 1—q 1—q 1—q
n k+1
(~1)%q('5) th

—~ (1= (1+d)(5:9),,
(~1r1g(F) g
_ n+1 t .

Taking the limit for n tending to +o00, we obtain series (75).

+

D(q;q"*'t).
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