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Abstract

We develop techniques that can be applied to find solutions to the recurrence
7] = (an + Bk + 7)‘";1‘ + (&/n + 'k + ’y’)’Z:H + [n = k = 0]. Many interesting
combinatorial numbers, such as binomial coefficients, both kinds of Stirling and asso-
ciated Stirling numbers, Lah numbers, Eulerian numbers, and second-order Eulerian
numbers, satisfy special cases of this recurrence. Our techniques yield explicit expres-
sions in the instances « = —3, 8 = ' = 0, and % = %/ + 1, adding to the result
of Neuwirth on the case o/ = 0. Our approach employs finite differences, continuing
work of the author on using finite differences to study combinatorial numbers satisfying
simple recurrences. We also find expressions for the power sum Z?:o m 4™ for some
special cases of the recurrence, and we prove some apparently new identities involving
Stirling numbers of the second kind, Bell numbers, Rao-Uppuluri-Carpenter numbers,
second-order Eulerian numbers, and both kinds of associated Stirling numbers.

1 Introduction

Graham, Knuth, and Patashnik give the following open problem in Concrete Mathematics
[5, p. 319, Problem 6.94]:

Develop a general theory of the solutions to the two-parameter recurrence

n n — n—1
‘k‘ = (an+5k+7)‘ L

1
. ‘+(a’n+ﬂ’k+7’)

‘+[n =k = 0], for n,k‘ Z 07 (1)
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assuming that |Z| = 0 when n < 0 or k < 0. What special values («, 3, v, o/, 7,
v') yield “fundamental solutions” in terms of which the general solution can be
expressed?

Many numbers of combinatorial interest satisfy recurrences of the form (1). These include bi-
nomial coefficients (A007318), both kinds of Stirling numbers (A008275, A008277), Lah num-
bers (A008297), Eulerian numbers (A008292), second-order Eulerian numbers (A008517),
and even the two kinds of associated Stirling numbers (A008306, A008299).

Perhaps the most general result thus far on solutions to (1) is due to Neuwirth [7]. He
proves that if o’ = 0 then

S T DI

i=0 j=0

n
k
so that the solution to (1) can be expressed as a double sum involving binomial coefficients,
both kinds of Stirling numbers, and generalized factorials. Moreover, for several special
cases, such as v = 2a or v —a = [3, this expression simplifies to a single sum or even a closed
form. Neuwirth uses what he calls Galton arrays, infinite triangular matrices whose entries
are the m values for recurrences of type (1). This matrix form leads to some new insights,
particularly with representing solutions to (1) in terms of solutions to simpler recurrences of
the same type (1). This, in fact, is Neuwirth’s approach for deriving Equation (2).

Regev and Roichman [9] also obtain Neuwirth’s result (2) in the presence of the additional
restriction 3/ = 0, and they show how special cases of the resulting solutions are related to
certain statistics on colored permutations. Other expressions for the solution to (1) are
obtained in the case § =+ =1, v = o = [/ = 0 by Mijajlovi¢ and Markovi¢ [6] and by
Caki¢ [1]. Generating functions can also, of course, be used to solve many recurrences of
type (1). In fact, Graham, Knuth, and Patashnik themselves suggest an investigation of the
generating function > -, ’m;"|wmz” [5, p. 564]. Thus far, though, the work on finding
general solutions to the recurrence (1) has not primarily involved generating functions.

The main purpose of this paper is to extend the results of Neuwirth on recurrences of
type (1). We prove some basic results that can be used to solve simple instances of (1). We
then find expressions for the solution to (1) for the cases « = —3, = 3/ = 0, and % = g—:+1.
The formulas we develop can be used in other cases as well, but we get explicit answers in
these instances. All of the expressions involve, as with Neuwirth’s result (2), nothing more
than binomial coefficients, the two kinds of Stirling numbers, and generalized factorials. For
the cases we consider, then, these numbers are the “fundamental solutions” requested by
Graham, Knuth, and Patashnik. We also use our formulas to give short derivations of some
known combinatorial identities and to prove some apparently new ones involving Stirling
numbers of the second kind (A008277), Bell numbers (A000110), Rao-Uppuluri-Carpenter
numbers (A000587), second-order Eulerian numbers (A008517), and both kinds of associated
Stirling numbers (A008306, A008299).

Our method entails deriving an expression relating the sum Z?:o m f(4,m) to the sum
> o |?|Ajf(j, m), where |}| satisfies a recurrence of type (1) and A; f(j,m) = f(j+1,m)—
f(j,m), the partial finite difference of f with respect to j. This formula is most useful when
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f(nv k) = HZ

of the parameters involved, the sum E?:O m HiH can itself be a solution to a recurrence of

, another solution to the recurrence (1). In particular, by a judicious choice

type (1). In these cases, then, we can “factor” a recurrence of type (1) into two simpler
recurrences that are easier to solve, as does Neuwirth [7]. The choice of HZH = (Z) is partic-
ularly helpful because it allows nearly any m satisfying (1) to be so factored. Working with
finite differences is not as clean as the matrix approach of Neuwirth, but the additional level
of detail enables us to find explicit expressions for some classes of recurrences of type (1) that
Neuwirth does not. (We note, however, that our paper does not completely avoid matrices
or generating functions. There is an implicit matrix inversion in the inverse relation (8),
which is used in Theorem 18 and in several examples in Section 4. We also use generating
functions in the proofs of Identities 24 and 25.)

This approach relating Z?:o |’;| f(j) and Z?:o |?|Aj f(j) was also used extensively in
previous work [11] of the author, usually to find an expression for the power sum Z?:o m g™,

where m generally satisfied certain special cases of recurrence (1). However, the formulas
presented there can only handle some cases in which § = ' = 0. A secondary purpose of this
paper, then, is to develop methods for finding the power sum in which § and " are not both
zero. Our result for Z?:o m ( 7{1 ) turns out to be key. As examples, we obtain expressions for
the power sums ) 7 <?>jm, > o™, 3 {?}jm, and 7 {?}(—1){7””, where (})
is an Eulerian number (A008292), () is a second-order Eulerian number (A008517), and
{3} is a Stirling number of the second kind (A008277). The first of these four expressions
is easily derivable from a known identity involving Eulerian numbers, but the other three
appear to be new.

In Section 2 we present some basic results on recurrences of type (1). In Section 3 we
give our formula relating Z?:o |’;|f(j, m) and Z?:o ‘?‘Ajf(j, m), and we use this formula
to derive expressions for the solution to (1) in the cases a« = —( and = ' = 0. Section 4
contains our formula for the important special case f(j,m) = ( Tjn ) We use this formula to

1. give a short derivation of a known identity involving Eulerian numbers (A008292),

2. find apparently new expressions containing second-order Eulerian numbers (A008517)
and both kinds of associated Stirling numbers (A008306, A008299), and

3. derive an expression for the solution to (1) in the case § = g—: + 1.

Finally, in Section 5 we apply our formula for the case f(j,m) = ( jn ) to find expressions for
the power sums for <Z>, <<Z>>, {Z}, and {Z}(—l)k’

In most instances we find it easier to work with slight variations of the recurrence (1)
rather than the form in which we first stated it. In particular, the formulas are often cleaner
if the coefficients «, o', and (3 are applied to factors n — 1,n — 1, and k — 1, respectively,
instead of n, n, and k. For notational simplicity we also assume that m =0 when n <0 or
k < 0 and that recurrence relations hold only for n, k > 0. In addition, we take 0° to be 1.
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2 Basic results

In this section we present a handful of results on recurrences of the form (1). These results
can be used to solve some simpler recurrences of this type.
First, we have the following.

Theorem 1. Suppose HZ” = fi(n, k;)”";lH—l—fg(n k) Hk lH—l— n==k=0]| cmd| | = h(n)g;(n—
k) fi(n, k)"t 4 h(n)ga (k) f2(n, k) [ 71 + [n =k = 0]. Then

e (Hho)) (ﬁgm)) (Hgm’)) ;

Proof. Equation (3) is clearly true in the case n = k = 0. Otherwise,

(3)

h(n)gi(n — k) fi(n, k) (Hh ) (n;ﬁlkgl(j)) (ﬁgQ(j)) ”ng
+ h(n)ga (k) fo(n, k) (ﬁh(y)) (ﬁmm) (ﬁgw)) )
(Hh )(Hm )(Hg J)) A" |
({1) (o) (L0 ) e i
1) i) 1)1

Since the right-hand side of Equation (3) satisfies the recurrence for |Z|, the theorem holds.
O

The following corollary contains the most commonly-used special cases of Theorem 1.
Corollary 2. Let ¢ be a constant. Suppose ||| = fi(n, k)|, ||+ fo(n. k)| 21| +[n = k = 0].

1|7 = cfitn, k)" + foln B3] + [ =k = 0] then |7] = ||7|¢"*.

2. If [} = i, K)|["Y| + efa(n, B)[(21| + [n =k = 0] then [}] = ||7]|<*-

3. f |7 = (n— k) fuln, )"t + fa(n, K)[121] + [n =k = 0] then [}] = ||}]|(n — E)L.

b I = 2B+ R R + [ = k= 0 then [] = [ 1

5. 1If |Z| =nfi(n, k)|n;1| —i—nfg(n,k)‘;‘:ﬂ + [n =k = 0] then |Z| = HZHn'



The following theorem shows how to swap the coefficient functions of ‘ . } and ’ o 1‘ It
is easy to prove but quite important, as we use it in all of our major theorems that give
solutions to (1).

Theorem 3. Suppose H H = fi(n, k) H”le+f2 n, k) Hk }H +[n=k=0] and m = fa(n,n—
B+ Al = B)[ED)] + [0 =k = 0] Then [7] = [|,7,]

Proof T he theorem is clearly true in the case n = k = 0. Otherwise, we have fy(n,n —
Hn Lk ‘ + filn,n — )HZ:N = ank”, completing the proof. O

Since (Z), [Z], and {Z}, respectively, are solutions to the recurrences

n n—1 n—1

i i ‘ k_l‘-i—[n k=0],

n n—1 n—1

U A i ER O )
n n—1 n—1

k—k: i ) k_1‘+[n—k—0],

Theorems 1 and 3 allow us to solve a large number of recurrences of the form (1) almost
immediately. For example, Exercise 6.17 in Concrete Mathematics [5, p. 311] asks to find
the solutions to the following recurrences:

Z:”k1’ nZ_i'Jr[n:k:O], (4)
n n—1 n—1

k:(n—k) i +k_1‘+[n:k:0], (5)
”:k”‘l‘w”‘l‘ﬂn:k:oy (6)
k k k—1

Corollary 2 immediately implies that the solution to (5) is [}| = (})(n — k)! (A094587)
and the solution to (6) is [}| = {}}k! (A131689). The solution to (4) is only slightly
more difficult. Applymg Theorem 3 changes the problem to finding the solution to H H =

n||"k1H + HZ_N + [n = k = 0]. This is almost the recurrence for [}], and, in fact, since

(6] = [n = 0], it can be easily shown that [}7}] solves |[}[| = n||"; '] + || 21]| + [n = k = 0]
(see also Theorem 6). Thus the solution to (4) is || = [niﬁk] (A094638).
A somewhat more complicated example involves the recursion
n n—1 n—1
N=rm)|" [ F =k =0 @
By Theorem 1, we can solve the recurrence (7) if we can solve
n n—1 olln —1
. _(n—k)(n+k;)H I ‘+k: k_lH—i-[n—k— ]
-1 n
(n ) I + E1 +[n 0]
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But, since n? — k? + k? = n?, ||8H = nQH"BIH + [n = 0], and HZH = nQHZjH + [n = 0], it must
be the case that ||| = (n!)?[n > k]. Thus the solution to (7) is || = (n_%%[n > k] =
(")%(n — k)! (A021009).

3 Factoring with finite differences

We now develop a few results that greatly expand our ability to solve recurrences of the
form (1).

Let A;f(j,m) denote the finite difference of f(j,m) with respect to j; i.e., A;f(j,m) =
f(7+1,m)— f(j,m). We have the following.

Theorem 4. Suppose m = (a(n—1) —l—ﬁk—i—v)‘";l‘ + (@ (n—=1)+p0'(k—-1) —l—v’)’Z:H +[n=
k =0]. Then, forn > 1,

n n—1

nl.. . n—1 . .
S g =S \<<a+a'><n— )+ (54 8+ +7) fGm)
=0 |/ =0 !/
n—1 n—
+ o/ (n—1)+ 55 +)A2;f(j, m).
7=0
Proof. By definition,
n—1 n—1 n—1
n—1 _ n—1 ‘ n—1 ,
]gn]>m): . ‘g(n7]+1am)_ . ’g(nu?? )
J=0 Jj=0 J J=0 J

Let g(n,j,m) = (a/(n = 1) + 3'(j = 1) ++)f (4, m). Then Ajg(n,j,m) = (/(n — 1)+ 575 +
Y)A; f(5,m) + ' f(4,m) (see, for instance, [5, p. 55]). We then have

"o+ 5 800G+ 511G
7=0
=3 =0+ g G+ ) = Y@= )+ 56 = 40 Gm)
Jj=0 7=0
oD INSCESNEED W W UEUER R RRVCERND
-3 @m0+ 86 = D+ m)
=0
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n—1
n —

(n—=1)+Bj +)f(,m)

nn
:ij

=0 =0
n—1 n—
(n—=1)+p5(G—1)+)f0m)
o J
j=
n n—1 n—1
o fOm) + 7 | (aln = 1) +9)f(0,m) - (a(n —1) + fn+7)f(n,m).
Since the recursion definition implies |}}| = !"81‘(a(n— 1)+~) and |";1‘ = 0, collecting terms
yields the result. O

The most useful values of f(7,m) in Theorem 4 for the present work are numbers ||ZH
(with 7 = n and m = k) themselves satisfying a recurrence of the form (1).

Corollary 5. Suppose‘ ‘— an—1)+pk+7) |” 1!—1— (n=1)+p3(k=1)++ ‘Z H+
k=0] and ||}|| = (@(n — 1)+ Bk +3)||". | + @(n — 1) + Bk — 1)+ 7)1 + n—k:()].
Then
n—1 n—1 j L B )
*Z , . (a+o (aj+Bk+7)) (n—1)
=0 = | J

+(ﬁ+ﬂ’(@j+ﬁk+"y)+’y’o‘z)j+'y+’y’(6k—|—"y)>

n

(o/ (&7 + Ak - 1) w) (n—1)

_|_
M1

+[n=k=0].
Proof. 1f n.= 0 then 7 |?| Hi” H H =[k=0]. Forn>1and j > 0, we have
JW_ |7+ |
==

- (aj+5k+7)H‘]iH + (@) + Bk - 1)+5)Hk11H N HiH
= (@ + Bk +7 — 1)”2“ +(aj + Bk —1) M)Hk’ilH'

Applying Theorem 4 and collecting terms yields the result. O]

Corollary 5 is important mainly because of special cases of «,3,v,a/, [, and 4 in
which all of the terms involving j vanish. Then Corollary 5 reduces to a recurrence of
the form S(n,k) = fi(n,k)S(n — 1,k) + fa(n,k)S(n — 1,k — 1) + [n = k = 0], where
S(n, k) = Z?:o |?| HiH If, furthermore, the terms involving nk also vanish, then f; and f,

7



are each linear functions of n and k, and thus we have a recurrence relation of the form (1).
(Neuwirth [7] gives examples of scenarios in which this happens.) The value of these latter
special cases of Corollary 5 is that they enable us to “factor” certain recurrences of the
type (1) into simpler recurrences that may be solvable. In particular, when combined with
Theorem 1, we can obtain the expression (2) due to Neuwirth [7] for the case o/ = 0 of
recurrence (1), although we express it in a slightly different form.

Theorem 6. (Neuwirth) If |7| = (a(n — 1) + Bk +)|". | + Bk + )11 + [n =k = 0],

then
i SE O

=0 7=0

Proof. By Theorem 1, !Z! = Hle(ﬁ’i +7’)||Z||, where HZH satisfies

Ll = (atn = 1)+ Bk +7) +n=k=0].

k kE—1

n—lH

il

By Corollary 5, ||7]| = > i—o R(n, 5)S(4, k), where

R(n,k)=(a(n—1)+v)R(n—1Lk)+ R(n—1,k—1)+ [n=k = 0],
S(n, k) = pkS(n, k) +Sn—1,k—1)+ [n=k=0].

By Corollary 2, S(n, k) { } " * and an expression for R(n, k) can be obtained by apply-
ing Corollary 5 again. We have R(n k)=>"T(n,9)U(i, k), where

T(n,k)=an—-—1)Tn—-1,k)+T(n—1,k—1)+[n=~k=0],
Un,k)=~Umn—-1,k)+Un—-1,k—1)=[n=~k=0].
By Corollary 2, T'(n, k) = [}]a™* and U(n, k) = (7)y"*. O

Regev and Roichman [9] refer to solutions |k| in Theorem 6 for the case ' =0, =1
as binomial-Stirling numbers.

If any of a, (3, or 7 is zero then the following identities (see, for example, [5, p. 265]) can
be used to simplify the solution in Theorem 6:

" [n] (i n+1
2 [6)= 6l
SO -G}
= \J k k+1
For example, Theorem 6 gives the solution to the recurrence (7) to be

BB

Simplifying this result and comparing it with our original solution to (7) yields the following
identity:




Identity 7. ) § | § |
() e-o-2 [ -2 G

We can also obtain an expression for the solution to the case @« = —f3 in the recurrence (1)
by combining Theorem 3 with Theorem 6.

Theorem 8. If |}| = (an — ak +7)|", 1|—1— 'm—1)+ 'k —1)+7’)‘Z:H+[n:k20]
then
. H (i)Y [ ] ( ){ k,}(o/+ﬂ’)”‘i(—ﬂ’)”'“‘"(v’)i‘j-
i=0 7=0
Proof. By Theorem 3, m = ankH, where HZH satisfies the recurrence
n , , , ~lln—1 n—1
=((@+8)n—-1)=k+9) + (ak +7) +n=k=0].
k k k—1
Applying Theorem 6 completes the proof. m

In addition, we can find an expression for the solution to (1) when g = 3’ = 0, o/ # 0,
by going back to Corollary 5. (If &' = 0 then we use Theorem 6 instead.)

Theorem 9. If o/ # 0 and || = (a(n — 1) +7)|"; 1|—|— ‘(n—1)+ )|} H+ =k =0]

then ; z; { } (n ’ j) (}1) R (vl — ay ) ()T ()

Proof. By Corollary 5, |}| = > o R(n, 5)S (4, k), where

/

R(n,k) = (fy—o(j)R(n—l,k)Jr(n—1+%)R(n—l,k—1)+[n—k—0],

S(n, k) =aSn,k)+a'S(n—1,k—1)+[n=Fk=0].

By Corollary 2 S(n,k) = (7)a"*(a/)*. By Theorem 3 and Corollary 2, R(n, k) = T(n,n —
B)(y — )", where

T(n, k)= (n—l—l—%)T(n—l,k‘)—i—T(n—l,k—1)+[n:k‘:0].

By Theorem 6, T'(n, k) = >, [7] (i)(v—/)"*k. O



4 An upper binomial transform

Using Theorems 6, 8, and 9 to factor a recurrence of type (1) into recurrences of simpler
types is based on cases of Corollary 5 in which all nonlinear terms and terms involving j
vanish. In this section we prove that for most cases letting HZH = (2) in Corollary 5, scaling
the coefficient of ’";1‘ or |Z:H appropriately via Corollary 2, and applying properties specific
to (Z) will also cause all nonlinear terms and terms involving j to vanish. The cases 1) a # 0,
6=0,0 #0and 2) o #0,3 =0, 5 +# 0 are the only two for which this procedure does not
work. Thus, except in these cases, the solution ‘Z‘ to any recurrence of type (1) produces a

sum ||} = > o m (7), where ||| satisfies another recurrence of type (1). Then the inverse
relation [10, p. 45|

n “n| [ n “|n|| /i ke
= = | | = 1) 8
ARPMHIHRHEDIH WIS ®
7=0 7=0
implies that if we Can find an expression for H H then we have one for ‘Z‘ as well. In particular,
for the case ﬁ ﬂ/ + 1, H || can be factored using Theorem 8.

Since the expression ) 37, ( )a; is sometimes called the binomial transform [13] the sum

ST i=0 |J |( ) can be considered a kind of upper binomial transform.

Theorem 10. Suppose !"! = (a(n—1)+pk+7) }" 1|+ n=—1)+0(k—=1)++ |Z H+
k=0]. Let ||7|| denote the sum ZJ 0‘ (). Then

=B+ 8)k+1)

n—1 ’ / N
k+1H+((oz+a)(n—1)+(ﬁ+2ﬁ)k+”y+’y)‘ i H

Fm-1+FE-1 7))

H +n=k=0|.
Proof. By Corollary 5,

| (i;)

j=0

n
J

=0

10



«—w+ﬂMk+wfl”;1KkiJ
+Zi: ”;1‘(ki1)(a'(n—1)+ﬁ’(k—1)+7’)+[n=k=0],

where we have used the fact that (j — k) (i) = (k+ 1)(kil) (This is easily proved by
expressing (i) as Wlk),) O

Thus if 3+ 3 = 0, the choice of ||i|| = (i) in Corollary 5 produces a recurrence of
type (1). We state this fact formally in the following corollary.

Corollary 11. Suppose |}| = (a(n—1)+Bk+7)|".!|+(/(n=1)+ B8/ (k—1)+7) [} 1|+ [n =
k =0], with 5+ 3 =0. Let HZH denote the sum 37, m(i) Then

n

=@+ =1+ Fk+7+7) "

k kE—1

@ -n syt

+[n+k=0].

We now give a few examples illustrating Corollary 11. The first is a short derivation
of two known expressions relating the Eulerian numbers <Z> (A008292) and the Stirling
numbers of the second kind {}} (A008277).

Identity 12. ) |
=% 002
0=

Proof. The Eulerian numbers satisfy the recurrence [5, p. 268]

()= en(" om0t Y m—so)

By Corollary 11, HZH =>" <”> (i) satisfies ||Z|| = (n—k:)H";H%—(n—k)HZjH%—[n =k=0]

j=04;
But this recurrence is easy to solve: Corollary 2 tells us that ||| = (n — k)!R(n, k), where
R(n, k) satisfies

Rn,k)=R(n—1,k)+(n—k)Rin—1,k—1)+n=%k=0].
By Theorem 3, R(n,k) = { " }. This proves { ", }(n — k)! = > =0 <’;> (7). Reindexing
produces Identity 12. .
Applying the inverse relation (8) to Identity 12, we have <Z> = Z;‘L:o {nﬁ]} (i) (—1)7*(n—
J)!. Reindexing yields Identity 13. O

Identity 13.

11
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Identities 12 and 13 are stated in Graham, Knuth, and Patashnik [5, p. 269], and Iden-
tity 13 is proved in Charalambides [2, p. 519] via Eulerian polynomials.

Another example yields what are apparently new identities relating the second-order
Eulerian numbers () (A008517) and the associated Stirling numbers of the first kind [}]
(A008306). The second-order Eulerian numbers satisfy the recurrence [5, p. 270]

()= G0k ) ==,

and the associated Stirling numbers of the first kind [Z] satisfy (see, for example, Comtet [3,
p. 256] or Fekete [4])

F AR ) AR Py RO

We have the following.
Identity 14.

[ T-2 G5

=

-S [ C)er

J

Identity 15.

Proof. The recurrence satisfied by the associated Stirling numbers of the first kind can be
converted to the form of the recurrence (1) via the transformation Si(n, k) = ["1*], which
changes diagonals of [7] into rows of Si(n, k). The numbers S;(n, k) then satisfy

Sin,k)=(n+k—-1)Sn—1Lk)+(n+k—-1)Sn—1,k—1)+[n=~k=0]. 9)

Applying Corollary 11, we have that the sum 7'(n, k) =37 ) (7) satisfies the recurrence

Tnk)=C2n—k—-1DTn—1LEk)+C2Cn—k—-1)Tn—1k—=1)+n=FkFk=0].

By Theorem 3, T'(n,n — k) satisfies the recurrence for S;(n, k). This proves Identity 14.
Replacing k with n — k in Identity 14 and applying the inverse relation (8) yields <<Z>> =
Z?:0|[2:__]7 1(2)(=1)7**. Reindexing produces Identity 15. O
In many cases the restriction that 5+ ' be zero does not really prevent one from using
Corollary 11. This is because, thanks to Corollary 2, any recurrence of the form (1) with
G # 0 and (3 # 0 can have the coefficient of }";1| or ‘Z:H scaled so that Corollary 11 can
be applied. In addition, if @« = § = 0, then Corollary 2 allows for the factor #'(n — k)
to be introduced to the coefficient of |”;1‘ so that Corollary 11 can be applied. Similarly,
if o/ = 3’ = 0, then Corollary 2 shows that introducing the factor —Gk to the coefficient
of ‘Z:H allows Corollary 11 to be used. We illustrate this idea by deriving an apparently

new relationship between the associated Stirling numbers of the first (A008306) and second
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(A008299) kinds. The associated Stirling numbers of the second kind are denoted {{} }} and
satisfy the recurrence (see, for example, Comtet [3, p. 221-222] or Fekete [4])

Gy = Yoo rn-r-u
[t ot el Py (E RS
(i o] [l [y [E R

Proof. As with the associated Stirling numbers of the first kind, the recurrence for the
associated Stirling numbers of the second kind can be converted to the form (1) via the
transformation Sy(n, k) = {{ ”Zk }}, where, as before, diagonals are changed to rows. Then
the numbers Sy(n, k) satisfy

Identity 16.

Identity 17.

Moreover, we can see from the recurrence that Sy(n,0) = [n = 0] and Sy(1,1) = 1. Thus
Sh(n, k) = Se(n + 1,k + 1) is also of the form (1) and, in fact, satisfies

So(n, k) = (k+1)S5(n, k) + (n+ k +1)S5(n, k) + [n = k = 0.

It is also the case that Si(n,0) = [n = 0] and S;(1,1) = 1; thus S{(n, k) = Si(n+ 1,k + 1)
is of the form (1) as well, and

Sin,k) = (n+k+1)S1(n, k) + (n+k+1)S{(n, k) + [n =k =0].
By Corollaries 2 and 11 the sum T'(n, k) = 37, S5(n, j) (7)(—1) satisfies
Tnk)=(—n—k—-1D)Tn—1Lk)+(—n—k—-1)Tn—1k—1)+n=~kFk=0|.

Applying Corollary 2 again, we see that (—1)" Z?:o Sh(n, j) (i) (—1)7 satifies the recurrence

for Si(n,k). Putting all of this together, we have, for k& > 0, the identity [”Zﬁ;’z}] =

Z;‘:O{{”ﬁf}}(@(—l)”ﬂ. Reindexing and including the boundary condition [7] = [n =
k = 0] produces Identity 16. -
By Equation (8), we also have, for k > 0, { ”Zﬁ“z = Zyzol[";if]] (1)(—=1)"*. Reindex-

ing and including the boundary condition {{ o }} = [n = k = 0] yields Identity 17. [

We also have the following more general result, which uses Corollary 11 to transform
recurrences of type (1) in which 5= g—; + 1 into a form in which Theorem 8 can be applied.

13
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Theorem 18. If § = g—: + 1, then the solution to |Z| = (a(n—1)+ Bk + 7)|";1{ + (a/(n —
D+ 8 k=1 +9)[ 2| +[n=Fk=0]is

n
k —
<n n [TL
X
i=0 j=0 L'
Proof. By
R(n, k) = (-O‘g/(

—1)"#(Z)"=F where R(n, k) satisfies the recurrence

1) — ﬂk—%ﬁ/) R(n —1,k)

+(@n-1)+p0k-1)+9)Rn—1,k—1)+[n=Fk=0].

Letting S(n, k) =37, R(n, j)(

J

Since, by assumption, o/ = B

and applying Corollary 11, we have

)
)(n—1)+6’k+ (v’—%ﬁ/»sm—m)
)

+ 6 (k—1)++)Sn—1,k—1)+[n=Fk=0].

— [, this is the recurrence

S(n, k) = (—ﬁ'(n— 1)+ 0’k + (’y’ — g)) S(n—1,k)
+@n-1)+3k-1)++)Sn—1,k—1)+[n=k=0].

By Theorem 8,

n—k

S(n,k) =[] (—5’i+ﬁ’+7’ -

i=1

Applying Equation (8), we have

n

k

@) g ({0

i=

(20 H(){ }a+ﬁ’)”—%—ﬁ')ﬂ‘”-nwviﬁ).

Since, by assumption, o/ + 3’

_ af

5 simpifying this expression completes the proof. O

14



5 Row sums and power sums

For many combinatorial numbers |}| satisfying recurrence (1) the row sum Y. i 0‘ |, o

more generally, the power sum ", ‘"‘ j™, is of interest. In this section we discuss some
3=01;

consequences of our results pertaining to these quantities. Denote the power sum Z?:o |’;| gm

by S™. For notational simplicity we also refer to the row sum S? by S,,.
First, we have the following result on row sums (also proved by Neuwirth [7]).

Corollary 19. (Neuwirth) Suppose |}| satisfies || = (a(n—1) —i—ﬁlﬁ—’y)‘";l‘ +((n—1)+
Bk —1)+)|i71] + [n=k = 0] and that 3+ 3 = 0. Then

in

k
k=0

:1:[((044—0/)@'4-7—1—7’).

Proof. Taking k = 0 in Corollary 11 means that the row sum S,, satisfies the recurrence
Sp=((a+a)n—=1)+7+7)Su1+[n=0]
O

The (known) row sums for several well-known combinatorial numbers are special cases
of Corollary 19. Some of these are given in Table 1.

Recurrence Values

Name Notation (o, 5,7v;a/,5',7) Row Sum
Binomial coefficients @) (0,0,1;0,0,1) 2"
Alternating binomial coefficients (M) (=1)F  (0,0,1;0,0,-1) [n = 0]
Signed Stirling numbers, first kind s(n, k) (—1,0,0;0,0,1) [n=0]+[n=1]
Unsigned Stirling numbers, first kind m (1,0,0;0,0, 1) n!
Eulerian numbers () (0,1,1 1,-1,0) n!
Second-order Eulerian numbers <<Z>> (0,1,1;2,-1,0) (2n — D!

Table 1: Row sums for some combinatorial numbers

Corollary 19, applied to the recurrences (9) and (10), immediately yields the follow-
ing identities on alternating diagonal sums of the two kinds of associated Stirling numbers
(A008306, A008299).

Identity 20.

Identity 21.
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(Identity 20 at least is known, as it appears in Comtet [3, p. 256].)

In addition, Theorem 10 and Corollary 19 answer a question in the author’s paper [11].
In this work we derive formulas that can be used to find the row sums for numbers satisfying
recurrences of the form (1) that have § = (' = 0. In particular, numbers of this type have
“nice” row sums. However, some combinatorial numbers that do not have § = ' = 0 (such
as the Eulerian (A008292) and second-order Eulerian numbers (A008517)) also have “nice”
expressions for their rows sums, while others (such as the Stirling numbers of the second kind
(A008277)) do not. Theorem 10 and Corollary 19 explain this difference: The requirement
for a “nice” row sum (in the sense here) is that 5+ 3’ be zero. If 5+ 5’ = 0, then we obtain
the fairly simple expression in Corollary 19, but if 8+ 3’ # 0 then, from Theorem 10, we
have the more complicated expression

=(B+8)Sp 1+ ((a+a)(n—1)+7+7)Su-1+[n=0]

that also contains the sum S! | = Z?;& ‘”;1‘3
In the more general case of the power sum » ), m 7™ we can also use Theorem 10 or

Corollary 11. This is because ( 7{1 )m! = j™, and we can convert falling powers j™ to ordinary
powers j™ via the relation [5, p. 264]

"= :0 {T}y (1)

As examples, we find expressions for the sums > 7, <?>jm, 2 imoNI™s 2o { rim,
> =0 {?}(—1)73"”. Doing so completes the author’s study begun in Splvey [11] of using
finite differences to find explicit expressions for the power sum Z?:o m 7™ for some common

combinatorial numbers |Z| .

Identity 22. ) .
(=R oo

Proof. Identity 12 implies

L= Y0 -{l e

Applying Equation (11) then yields the result. O

Identity 23.
- n = (m 2n —1
m _ |
VYDA ] i L
j:O =0
Proof. 1dentity 14 implies

S () E()O- [

Applying Equation (11) produces the identity. O
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The power sum for the Stirling numbers of the second kind (A008277), > 7, {?} g™, is
more complicated because Theorem 10 must be used instead of Corollary 11. In particular,
if ||| denotes > im0 {?} (7), then Theorem 10 implies, for m > 0,

n n—1 n—1 n—1
= 1 1
1 RS SIS e o
Reindexing and rearranging terms, we have, for m > 1,
ni_ l n+1) n - l n ' (12)
m milm —1 m—1 milm — 2

Taking m = 1, we see that Z;’L:o {?}({) can be expressed as a linear combination of the
Bell numbers (A000110) w(n) and @(n + 1), where w(n) = 37, {T;} [3, p. 210], and the
coefficients do not depend on n. Taking m = 2 in the recurrence (12) shows that 7 {?} (2)
can be written as a linear combination of @w(n), @w(n+1), and w(n+2), where, once again, the
coefficients do not depend on n. In general, we can see that Z?:o {?} ( 731 ) can be expressed as
a linear combination of w(n),w(n+1),...,w(n +m), where the coefficients do not depend
on n. Since (fn)m' = j™ and in view of Equation (11), the power sum Z?:o {?}jm can
be expressed in the form Z?io cmi@(n + 1), where the ¢,,; coefficients do not depend on n.
Determining the ¢,,; for small values of m leads to the conjecture ¢,,; = (T)R(m —1), where
R(n) =37, {?}(—1)]‘7 the nth alternating row sum of the Stirling numbers of the second
kind, also known as the the nth Rao-Uppuluri-Carpenter number (A000587) [8]. This turns
out to be the case, and, once conjectured, easily established using generating functions. More

generally, we have the following identities.

Identity 24.

ZZ; {ZL}J’” = i:; (T) R(m — i)w(n + i)

Identity 25.

En: {T.L}(—l)jjm = i (”;)w(m — i) R(n + 1)

j=0 J =0

Proof. The Bell numbers have exponential generating function (egf) e¢"~!, and the Rao-
Uppuluri-Carpenter numbers have egf =< [5, p. 351]. It is known that if f(x) is the egf of
the sequence {a;}§°, then D™(f(x)) is the egf of the sequence {a,,;}° [14, p. 40], where D™
denotes differentiation n times with respect to z. Thus the egf of {ew(n+1i)}2, is D" (e 1),
and the egf of {R(n + 1)}, is D"(e'~¢").

We now prove, by induction, that D™(e ') = e~ 3" | {?}ejx. We know the claim is
true for n = 0. Since D(e® ') = (e 71), the claim is also true for n = 1. Assuming, for
n > 2, the claim is true in the case n — 1, we have
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D () = D (eewlg {n]— 1}ejw>

7=0
n—1 n 1 n—1 n 1
e (3 { - } S { (Jm)
e ) ger + )
j=0 J J=0 J
L(n—1 " (n—1
e —1 - . jx - jz
- (G )
Jj=0 j=1
n n—1
_ e —1 Jx - JjT
Ee )
7=0
o (50)
o U

(In the second-to-last step, we used the recurrence {Z} = k{ngl} + {Zj} and the fact that
{g} =0 forn > 1. In the last step, we used the fact that {Z} = {Zj .) A similar argument
shows that D"(e'™") = '~ 370 {"}H(=1)7e/".

Since it is the case that if f(x) is the egf for {a,}3* and g(z) is the egf of {b,}g°,
then f(z)g(z) is the egf of the sequence Y (7)aib,—; [14, p. 42], we have that the egf

of X1 (M R(m — i)w(n + 1) is 8 D ico {j}e”. Because e/ = Y>> I°IT this egf can be

expressed as
0o n n . 2
WA -

m=0 j=0

Since the coefficient of £ in this expression is Z? 0 {?} J™, Expression (13) must also be

the egf of >0 {"}j Thus Zj 0 { bim =" (MY R(m—1i)w(n+i). A similar argument
n+1i). O

shows that > " 0{ = =3 (Nw ( —i)R

(
Remark: Here, the investigation of Equation (12) led to expressions for the power sum
and alternating power sum for the Stirling numbers of the second kind (A008277). View-
ing Equation (12) from another perspective led to a new recurrence for the Bell numbers

(A000110) [12].
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